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Preface

This second edition continues the author’s attempt to present linear elasticity with sound,
concise theoretical development, numerous and contemporary applications, and enlightening
numerics to aid in understanding solutions. In addition to making corrections to typographical
errors, several new items have been included. Perhaps the most significant addition is a new
chapter on nonhomogeneous elasticity, a topic rarely found in existing elasticity texts. Over the
past couple of decades, this field has attracted considerable attention, with engineering interest
in the use of functionally graded materials. The new Chapter 14 contains basic theoretical
formulations and several application problems that have recently appeared in the literature.
A new appendix covering a review of mechanics of materials has also been added, which
should help make the text more self-contained by allowing students to review appropriate
undergraduate material as needed.

Almost 100 new exercises, spread out over most chapters, have been added to the second
edition. These problems should provide instructors with many new options for homework,
exams, or material for in-class discussions. Other additions include a new section on curvi-
linear anisotropic problems and an expanded discussion on interface boundary conditions for
composite bodies. The online solutions manual has been updated and corrected and includes
solutions to all exercises in this book.

This new edition is again an outgrowth of lecture notes that I have used in teaching a two-
course sequence in the theory of elasticity. Part I is designed primarily for the first course,
normally taken by beginning graduate students from a variety of engineering disciplines. The
purpose of the first course is to introduce students to theory and formulation and to present
solutions to some basic problems. In this fashion students see how and why the more
fundamental elasticity model of deformation should replace elementary strength of materials
analysis. The first course also provides the foundation for more advanced study in related areas
of solid mechanics. The more advanced material included in Part II has normally been used for
a second course taken by second- and third-year students. However, certain portions of the
second part could also be easily integrated into the first course.

What is the justification for my entry of another text in the elasticity field? For many years,
I have taught this material at several U.S. engineering schools, related industries, and a
government agency. During this time, basic theory has remained much the same; however,




changes in problem-solving emphasis, elasticity applications, numerical/computational meth-
ods, and engineering education have created the need for new approaches to the subject. I have
found that current textbook titles commonly lack a concise and organized presentation of
theory, proper format for educational use, significant applications in contemporary areas, and a
numerical interface to help develop solutions and understand the results.

The elasticity presentation in this book reflects the words used in the title—theory,
applications, and numerics. Because theory provides the fundamental cornerstone of this
field, it is important to first provide a sound theoretical development of elasticity with sufficient
rigor to give students a good foundation for the development of solutions to a broad class of
problems. The theoretical development is carried out in an organized and concise manner in
order to not lose the attention of the less mathematically inclined students or the focus of
applications. With a primary goal of solving problems of engineering interest, the text offers
numerous applications in contemporary areas, including anisotropic composite and function-
ally graded materials, fracture mechanics, micromechanics modeling, thermoelastic problems,
and computational finite and boundary element methods. Numerous solved example problems
and exercises are included in all chapters.

What is perhaps the most unique aspect of this book is its integrated use of numerics. By
taking the approach that applications of theory need to be observed through calculation and
graphical display, numerics is accomplished through the use of MATLAB®, one of the most
popular engineering software packages. This software is used throughout the text for applica-
tions such as stress and strain transformation, evaluation and plotting of stress and displace-
ment distributions, finite element calculations, and comparisons between strength of materials
and analytical and numerical elasticity solutions. With numerical and graphical evaluations,
application problems become more interesting and useful for student learning.

Contents Summary

Part T of the book emphasizes formulation details and elementary applications. Chapter 1
provides a mathematical background for the formulation of elasticity through a review of
scalar, vector, and tensor field theory. Cartesian tensor notation is introduced and is used
throughout this book’s formulation sections. Chapter 2 covers the analysis of strain and
displacement within the context of small deformation theory. The concept of strain compati-
bility is also presented in this chapter. Forces, stresses, and equilibrium are developed in
Chapter 3. Linear elastic material behavior leading to the generalized Hooke’s law is discussed
in Chapter 4, which also briefly discusses nonhomogeneous, anisotropic, and thermoelastic
constitutive forms. Later chapters more fully investigate these types of applications.

Chapter 5 collects the previously derived equations and formulates the basic boundary
value problems of elasticity theory. Displacement and stress formulations are made and
general solution strategies are identified. This is an important chapter for students to put the
theory together. Chapter 6 presents strain energy and related principles, including the recipro-
cal theorem, virtual work, and minimum potential and complementary energy. Two-dimen-
sional formulations of plane strain, plane stress, and antiplane strain are given in Chapter 7.
An extensive set of solutions for specific two-dimensional problems is then presented in Chapter
8, and many applications of MATLAB are used to demonstrate the results. Analytical solutions
are continued in Chapter 9 for the Saint-Venant extension, torsion, and flexure problems.

The material in Part I provides a logical and orderly basis for a sound one-semester
beginning course in elasticity. Selected portions of the text’s second part could also be
incorporated into such a course.
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Part II delves into more advanced topics normally covered in a second elasticity course. The
powerful method of complex variables for the plane problem is presented in Chapter 10, and
several applications to fracture mechanics are given. Chapter 11 extends the previous isotropic
theory into the behavior of anisotropic solids with emphasis on composite materials. This is an
important application, and again, examples related to fracture mechanics are provided. Curvi-
linear anisotropy has been added in this chapter to explore some basic solutions to problems
with this type of material structure.

An introduction to thermoelasticity is developed in Chapter 12, and several specific
application problems are discussed, including stress concentration and crack problems. Poten-
tial methods, including both displacement potentials and stress functions, are presented in
Chapter 13. These methods are used to develop several three-dimensional elasticity solutions.

A new Chapter 14, which covers nonhomogeneous elasticity, has been added. The material
in it is unique among standard elasticity texts. After briefly covering theoretical formulations,
several two-dimensional solutions are generated along with comparison field plots with the
corresponding homogeneous cases. Chapter 15 presents a distinctive collection of elasticity
applications to problems involving micromechanics modeling. Included in it are applications
for dislocation modeling, singular stress states, solids with distributed cracks, micropolar,
distributed voids, and doublet mechanics theories.

Chapter 16 provides a brief introduction to the powerful numerical methods of finite and
boundary element techniques. Although only two-dimensional theory is developed, the
numerical results in the example problems provide interesting comparisons with previously
generated analytical solutions from earlier chapters.

This second edition of Elasticity concludes with four appendices that contain a concise
summary listing of basic field equations; transformation relations between Cartesian,
cylindrical, and spherical coordinate systems; a MATLAB primer; and a new review of the
mechanics of materials.

The Subject

Elasticity is an elegant and fascinating subject that deals with determination of the stress,
strain, and displacement distribution in an elastic solid under the influence of external forces.
Following the usual assumptions of linear, small-deformation theory, the formulation estab-
lishes a mathematical model that allows solutions to problems that have applications in many
engineering and scientific fields.

® Civil engineering applications include important contributions to stress and deflection
analysis of structures, such as rods, beams, plates, and shells. Additional applications lie
in geomechanics involving the stresses in materials such as soil, rock, concrete, and
asphalt.

® Mechanical engineering uses elasticity in numerous problems in analysis and design of
machine elements. Such applications include general stress analysis, contact stresses,
thermal stress analysis, fracture mechanics, and fatigue.

® Materials engineering uses elasticity to determine the stress fields in crystalline solids,
around dislocations, and in materials with microstructure.

® Applications in aeronautical and aerospace engineering include stress, fracture, and
fatigue analysis in aerostructures.

The subject also provides the basis for more advanced work in inelastic material behavior,
including plasticity and viscoelasticity, and the study of computational stress analysis employ-
ing finite and boundary element methods.
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Elasticity theory establishes a mathematical model of the deformation problem, and this
requires mathematical knowledge to understand formulation and solution procedures. Govern-
ing partial differential field equations are developed using basic principles of continuum
mechanics commonly formulated in vector and tensor language. Techniques used to solve
these field equations can encompass Fourier methods, variational calculus, integral transforms,
complex variables, potential theory, finite differences, finite elements, and so forth. To prepare
students for this subject, the text provides reviews of many mathematical topics, and additional
references are given for further study. It is important for students to be adequately prepared for
the theoretical developments, or else they will not be able to understand necessary formulation
details. Of course, with emphasis on applications, we will concentrate on theory that is most
useful for problem solution.

The concept of the elastic force-deformation relation was first proposed by Robert Hooke in
1678. However, the major formulation of the mathematical theory of elasticity was not
developed until the 19th century. In 1821 Navier presented his investigations on the general
equations of equilibrium; he was quickly followed by Cauchy, who studied the basic elasticity
equations and developed the notation of stress at a point. A long list of prominent scientists and
mathematicians continued development of the theory, including the Bernoullis, Lord Kelvin,
Poisson, Lamé, Green, Saint-Venant, Betti, Airy, Kirchhoff, Rayleigh, Love, Timoshenko,
Kolosoff, Muskhelishvilli, and others.

During the two decades after World War II, elasticity research produced a large number of
analytical solutions to specific problems of engineering interest. The 1970s and 1980s included
considerable work on numerical methods using finite and boundary element theory. Also
during this period, elasticity applications were directed at anisotropic materials for applications
to composites. More recently, elasticity has been used in modeling of materials with internal
microstructures or heterogeneity and in inhomogeneous, graded materials.

The rebirth of modern continuum mechanics in the 1960s led to a review of the foundations
of elasticity and has established a rational place for the theory within the general framework.
Historical details can be found in the texts by Todhunter and Pearson, History of the Theory of
Elasticity; Love, A Treatise on the Mathematical Theory of Elasticity; and Timoshenko,
A History of Strength of Materials.

Exercises and Web Support

Of special note in regard to this text is the use of exercises and the publisher’s website,
www.textbooks.elsevier.com. Numerous exercises are provided at the end of each chapter for
homework assignments to engage students with the subject matter. The exercises also provide
an ideal tool for the instructor to present additional application examples during class lectures.
Many places in the text make reference to specific exercises that work out details to a particular
problem. Exercises marked with an asterisk (*) indicate problems that require numerical and
plotting methods using the suggested MATLAB software. Solutions to all exercises are
provided online at the publisher’s website, thereby providing instructors with considerable
help in using this material. In addition, downloadable MATLAB software is available to aid
both students and instructors in developing codes for their own particular use to allow easy
integration of the numerics.

Feedback
The author is ardently interested in continual improvement of engineering education and definitely
welcomes feedback from users of this book. Please feel free to send comments concerning
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suggested improvements or corrections via surface mail or email (sadd@egr.uri.edu). It is likely
that such feedback will be shared with the text’s user community via the publisher’s website.
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1

Mathematical Preliminaries

1.1

Similar to other field theories such as fluid mechanics, heat conduction, and electromagnetics,
the study and application of elasticity theory requires knowledge of several areas of applied
mathematics. The theory is formulated in terms of a variety of variables including scalar,
vector, and tensor fields, and this calls for the use of tensor notation along with tensor algebra
and calculus. Through the use of particular principles from continuum mechanics, the theory is
developed as a system of partial differential field equations that are to be solved in a region of
space coinciding with the body under study. Solution techniques used on these field equations
commonly employ Fourier methods, variational techniques, integral transforms, complex
variables, potential theory, finite differences, and finite and boundary elements. Therefore, to
develop proper formulation methods and solution techniques for elasticity problems, it is
necessary to have an appropriate mathematical background. The purpose of this initial chapter
is to provide a background primarily for the formulation part of our study. Additional review of
other mathematical topics related to problem solution technique is provided in later chapters
where they are to be applied.

Scalar, Vector, Matrix, and Tensor Definitions

Elasticity theory is formulated in terms of many different types of variables that are either
specified or sought at spatial points in the body under study. Some of these variables are scalar
quantities, representing a single magnitude at each point in space. Common examples include
the material density p and temperature T. Other variables of interest are vector quantities that
are expressible in terms of components in a two- or three-dimensional coordinate system.
Examples of vector variables are the displacement and rotation of material points in the elastic
continuum. Formulations within the theory also require the need for matrix variables, which
commonly require more than three components to quantify. Examples of such variables
include stress and strain. As shown in subsequent chapters, a three-dimensional formulation
requires nine components (only six are independent) to quantify the stress or strain at a point.
For this case, the variable is normally expressed in a matrix format with three rows and three
columns. To summarize this discussion, in a three-dimensional Cartesian coordinate system,
scalar, vector, and matrix variables can thus be written as follows:




mass density scalar = p

displacement vector = u = ue; + ve, + wes
O Ty Ta

stress matrix = [o] = [ T)x 0y Ty

T Tz O

where e, e, e3 are the usual unit basis vectors in the coordinate directions. Thus, scalars,
vectors, and matrices are specified by one, three, and nine components, respectively.

The formulation of elasticity problems not only involves these types of variables, but also
incorporates additional quantities that require even more components to characterize. Because
of this, most field theories such as elasticity make use of a rensor formalism using index notation.
This enables efficient representation of all variables and governing equations using a
single standardized scheme. The tensor concept is defined more precisely in a later section,
but for now we can simply say that scalars, vectors, matrices, and other higher-order variables
can all be represented by tensors of various orders. We now proceed to a discussion on the
notational rules of order for the tensor formalism. Additional information on tensors and index
notation can be found in many texts such as Goodbody (1982) or Chandrasekharaiah and
Debnath (1994).

1.2 Index Notation

Index notation is a shorthand scheme whereby a whole set of numbers (elements or compon-
ents) is represented by a single symbol with subscripts. For example, the three numbers
ai, ap, a3 are denoted by the symbol a;, where index i/ will normally have the range 1, 2, 3.
In a similar fashion, a;; represents the nine numbers a1, ai2, a3, azi, ax, a3, asi, axn, ass.
Although these representations can be written in any manner, it is common to use a scheme
related to vector and matrix formats such that

a apn  diz dap
ai= (azx |, q;j= |dy dx» daxz (1.2.1)
as asy  ds dass

In the matrix format, a,; represents the first row, while a;; indicates the first column. Other
columns and rows are indicated in similar fashion, and thus the first index represents the row,
while the second index denotes the column.

In general a symbol a;; ; with N distinct indices represents 3V distinct numbers. It
should be apparent that a; and a; represent the same three numbers, and likewise a; and
amn signify the same matrix. Addition, subtraction, multiplication, and equality of index
symbols are defined in the normal fashion. For example, addition and subtraction are

given by
ay £ by ayg by apEbp a3 b
a; + bi = | d + bz , a,j + b,‘j = | d2 + b21 ann + b22 ans + b23 (122)
az + bs az1 b3y azx L£by azzE b3

and scalar multiplication is specified as
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Jay Aayy Aapn Aags
).a,» = )ﬂQ . /Ia,j = ia21 )ﬂgg /1023 (123)
Jas Aaz Jazy  Aaz

The multiplication of two symbols with different indices is called outer multiplication, and a
simple example is given by

a1b1 ay b2 a b3
a,~b_,- = a2b1 (12[)2 a2b3 (124)
a3b1 a3b2 a3b3

The previous operations obey usual commutative, associative, and distributive laws, for
example:

ai+bi=bi+a

a;iby = bray;

ai+bi+c¢)=(@+b)+c¢ (1.2.5)
aj(bjcr) = (aibj)c;

a;j(bx + cx) = ajiby + ajic

Note that the simple relations a; = b; and a; = b;; imply that a; = by, a, = b, ...and
a1 = b1y, a;p = bz, ... However, relations of the form a; = b; or a;; = by have ambiguous
meaning because the distinct indices on each term are not the same, and these types of
expressions are to be avoided in this notational scheme. In general, the distinct subscripts on
all individual terms in an equation should match.

It is convenient to adopt the convention that if a subscript appears twice in the same term,
then summation over that subscript from one to three is implied; for example:

3
aij = E ajj =ay +axp +ass

i=1

(1.2.6)

3
agb; =Y aib; = @iy + anbs + aibs
=

It should be apparent that a; = a;; = ayx = ..., and therefore the repeated subscripts or
indices are sometimes called dummy subscripts. Unspecified indices that are not repeated are
called free or distinct subscripts. The summation convention may be suspended by underlining
one of the repeated indices or by writing no sum. The use of three or more repeated indices in
the same term (e.g., a;; or a;;b;) has ambiguous meaning and is to be avoided. On a given
symbol, the process of setting two free indices equal is called contraction. For example, a;; is
obtained from a;; by contraction on i and j. The operation of outer multiplication of two
indexed symbols followed by contraction with respect to one index from each symbol
generates an inner multiplication; for example, a;bj is an inner product obtained from the
outer product a;;b,,x by contraction on indices j and m.

A symbol a;;. p,

Ajj..m..n..k = Aij..n.m..k (] 27)

Mathematical Preliminaries 5



while it is antisymmetric or skewsymmetric if
Aij..m..n..k = —Aij..n..m..k (128)

Note that if a;;. . .,.x is symmetric in mn while b,
product is zero:

aii...m...n,..kbpq...m...n...r =0 (1 29)

A useful identity may be written as
1 1
aij = 5 (aij + @) + 5 (@ — @) = ag) + ayy) (1.2.10)

The first term ag; = 1/2(a;; + a;;) is symmetric, while the second term ap; = 1/2(a;; — aj) is
antisymmetric, and thus an arbitrary symbol a; can be expressed as the sum of symmetric
and antisymmetric pieces. Note that if a;; is symmetric, it has only six independent components.
On the other hand, if a;; is antisymmetric, its diagonal terms a;; (no sum on ) must be zero, and it
has only three independent components. Note that since ay;;; has only three independent compon-
ents, it can be related to a quantity with a single index, for example, g; (see Exercise 1-15).

EXAMPLE 1-1: Index Notation Examples

The matrix a;; and vector b; are specified by
1 20 2
a,j = 0 4 3 N b,' = 4
2 1 2 0

Determine the fO“OWing qllantities: aij, a,:,-a,:/-, a,:/-a_/-k, a,:/-b_/-, (ll:/'b,'b_/', b[b[, b,’bj, a(,j/-), a[,:,-], and
indicate whether they are a scalar, vector, or matrix.
Following are the standard definitions given in Section 1.2,

a;; = ay; + axp + azz =7 (scalar)
a;iajj = ayay) + appdiz + aizaiz + axdy; + axaxn + ax3arz + ds1az) + axnaz + aszass
=14+4+04+0+16+9+441+4 =39 (scalar)

1 10 6
ajjaj = ajlay + apas +apazy = [ 6 19 18 | (matrix)
6 10 7
10
a;ibj = anby + apby + apnbs = | 16 | (vector)
8
al'jb,'bj = (l][blb] + alzblbz + a13b1b3 + a21b2b1 + .= 84 (scalar)

6 FOUNDATIONS AND ELEMENTARY APPLICATIONS



EXAMPLE 1-1: Cont’'d
=b b1 + bzbz + b3bs =4 + 16 + 0 = 20 (scalar)

16 0 (matrix)

0 0 0
1 20 10 2 111
a@—g(aﬁaﬂ):g (2) élt ; +5 é 431 ; = } 42; ; (matrix)
1 ([t 207 [t o2 0 1 -1
a[,-ﬂzi(a,,-faj,-):5 043|212 4 1|=|-1 0 1 (matrix)
2 1 2 0 3 2 1 -1 0

1.3 Kronecker Delta and Alternating Symbol

A useful special symbol commonly used in index notational schemes is the Kronecker delta
defined by

e 1 00

5,--:{(1)’%;’.("0 s _ 1o 1 0 (1.3.1)
T 00 1

Within usual matrix theory, it is observed that this symbol is simply the unit matrix. Note that

the Kronecker delta is a symmetric symbol. Particular useful properties of the Kronecker delta

include the following:

dij = 0ji
0 = 3,0; = 1
51'jaj = a;, (Sijai = qj (1.3.2)

Ojjajx = ik, Ojpdix = ajj
dijaij = aii» 050 =3

Another useful special symbol is the alternating or permutation symbol defined by

—1, if ijk is an odd permutation of 1,2,3 (1.3.3)

+1, if ijk is an even permutation of 1,2,3
Eijk =
0, otherwise

Consequently,  e13 = &1 = &30 = Lepy = e = &3 = —L,e1p =31 = éop = ... = 0.
Therefore, of the 27 possible terms for the alternating symbol, 3 are equal to +1, three are equal to
—1, and all others are 0. The alternating symbol is antisymmetric with respect to any pair of its indices.

This particular symbol is useful in evaluating determinants and vector cross products, and
the determinant of an array g;; can be written in two equivalent forms:

a dapz 43
det[a;] = |aij| = |an1  axn  ax | = gpaiiazaz = &anapa (1.3.4)
asy dasy dasj

Mathematical Preliminaries 7



where the first index expression represents the row expansion, while the second form is the
column expansion. Using the property

51'17 5iq 51’)'
Eijkepqr = 5/ 5_,‘61 51',« (1.3.5)
Ok Okg  Okr

another form of the determinant of a matrix can be written as

1
det[aij] = ge,jkqu,-ail,ajqak, (1.3.6)

1.4 Coordinate Transformations

Itis convenient and in fact necessary to express elasticity variables and field equations in several
different coordinate systems (see Appendix A). This situation requires the development of
particular transformation rules for scalar, vector, matrix, and higher-order variables. This
concept is fundamentally connected with the basic definitions of tensor variables and their
related tensor transformation laws. We restrict our discussion to transformations only between
Cartesian coordinate systems, and thus consider the two systems shown in Figure 1-1. The two
Cartesian frames (x,x2,x3) and (x}, x}, x3) differ only by orientation, and the unit basis vectors
for each frame are {e;} = {e;,e2,e3} and {e}} = {e], €}, €}}.

X3

1
/
Xq 4

FIGURE 1-1 Change of Cartesian coordinate frames.

Let Q;; denote the cosine of the angle between the x/-axis and the x;-axis:
Q;j = cos (X, x;) 1.4.1)

Using this definition, the basis vectors in the primed coordinate frame can be easily expressed
in terms of those in the unprimed frame by the relations

8 FOUNDATIONS AND ELEMENTARY APPLICATIONS



e, = 0ne; + O0pey + 033
¢, = Oz1e1 + Oner + Oxes (1.4.2)
¢y = 03161 + Oner + 0333

or in index notation

e; = Qye; (14.3)
Likewise, the opposite transformation can be written using the same format as

e = Qﬁe} (1.4.4)
Now an arbitrary vector v can be written in either of the two coordinate systems as

Vv =vie| +Vvyer + vie3 = vie;

=€, +1,e, + ey = Ve (145
Substituting form (1.4.4) into (1.4.5), gives
V= Viniej/'
but from (1.4.5),, v = vj’-e;, and so we find that
vi = Qi (1.4.6)
In similar fashion, using (1.4.3) in (1.4.5), gives
Vi = Qv (1.4.7)

Relations (1.4.6) and (1.4.7) constitute the transformation laws for the Cartesian components
of a vector under a change of rectangular Cartesian coordinate frame. It should be understood
that under such transformations, the vector is unaltered (retaining original length and orienta-
tion), and only its components are changed. Consequently, if we know the components of a
vector in one frame, relation (1.4.6) and/or relation (1.4.7) can be used to calculate components
in any other frame.

The fact that transformations are being made only between orthogonal coordinate systems
places some particular restrictions on the transformation or direction cosine matrix Q;;. These
can be determined by using (1.4.6) and (1.4.7) together to get

Vi = jSV} = 0;iOjvk (1.4.8)
From the properties of the Kronecker delta, this expression can be written as
Oivi = QjiQuvi or (Q;iQjx — di)vk =0

and since this relation is true for all vectors v;, the expression in parentheses must be zero,
giving the result

0;iQjx = i (1.4.9)
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In similar fashion, relations (1.4.6) and (1.4.7) can be used to eliminate v; (instead of v’) to get
0ij01 = dik (1.4.10)

Relations (1.4.9) and (1.4.10) comprise the orthogonality conditions that Q; must satisfy.
Taking the determinant of either relation gives another related result:

det[Q;] = +1 (1.4.11)

Matrices that satisfy these relations are called orthogonal, and the transformations given by
(1.4.6) and (1.4.7) are therefore referred to as orthogonal transformations.

1.5 Cartesian Tensors

Scalars, vectors, matrices, and higher-order quantities can be represented by a general index
notational scheme. Using this approach, all quantities may then be referred to as tensors of
different orders. The previously presented transformation properties of a vector can be used to
establish the general transformation properties of these tensors. Restricting the transformations
to those only between Cartesian coordinate systems, the general set of transformation relations
for various orders can be written as

d = a, zero order (scalar)
a; = Qjpay, first order (vector)

af.j = QipQjqap,, second order (matrix)
@y = QipQjqQirtpgr third order (1.5.1)

/
Ay = 0ipQjqQirQisapyrs, fourth order

a:'jkmm = Qinijkr e thapqr.nt general order

Note that, according to these definitions, a scalar is a zero-order tensor, a vector is a tensor
of order one, and a matrix is a tensor of order two. Relations (1.5.1) then specify the transform-
ation rules for the components of Cartesian tensors of any order under the rotation Q;;. This
transformation theory proves to be very valuable in determining the displacement, stress, and
strain in different coordinate directions. Some tensors are of a special form in which their
components remain the same under all transformations, and these are referred to as isotropic
tensors. It can be easily verified (see Exercise 1-8) that the Kronecker delta §;; has such a
property and is therefore a second-order isotropic tensor. The alternating symbol ¢ is found to
be the third-order isotropic form. The fourth-order case (Exercise 1-9) can be expressed in terms
of products of Kronecker deltas, and this has important applications in formulating isotropic
elastic constitutive relations in Section 4.2.

The distinction between the components and the tensor should be understood. Recall that a
vector v can be expressed as

Vv =Vvie; +V2€2+V3e3 = vie;
R /o BV (1.5.2)
=vi€] T e, tV3e; = Ve,
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In a similar fashion, a second-order tensor A can be written

A= Ajere; +Apee; +Aze e

+Azieze) +Aperer + Apere; (153)
+ As1eze; + Apezer + Aszeses e

= Ajeie; = Ajeie;
and similar schemes can be used to represent tensors of higher order. The representation used
in equation (1.5.3) is commonly called dyadic notation, and some authors write the dyadic
products e;e; using a tensor product notation e; ®e;. Additional information on dyadic notation
can be found in Weatherburn (1948) and Chou and Pagano (1967).

Relations (1.5.2) and (1.5.3) indicate that any tensor can be expressed in terms of compon-
ents in any coordinate system, and it is only the components that change under coordinate
transformation. For example, the state of stress at a point in an elastic solid depends on the
problem geometry and applied loadings. As is shown later, these stress components are those
of a second-order tensor and therefore obey transformation law (1.5.1);. Although the com-
ponents of the stress tensor change with the choice of coordinates, the stress tensor (represent-
ing the state of stress) does not.

An important property of a tensor is that if we know its components in one coordinate
system, we can find them in any other coordinate frame by using the appropriate transform-
ation law. Because the components of Cartesian tensors are representable by indexed symbols,
the operations of equality, addition, subtraction, multiplication, and so forth, are defined in a
manner consistent with the indicial notation procedures previously discussed. The terminology
tensor without the adjective Cartesian usually refers to a more general scheme in which the
coordinates are not necessarily rectangular Cartesian and the transformations between coordin-
ates are not always orthogonal. Such general tensor theory is not discussed or used in this text.

EXAMPLE 1-2: Transformation Examples

The components of a first- and second-order tensor in a particular coordinate frame are
given by

1 103
ai=|4|,a;=10 2 2
2 32 4

Determine the components of each tensor in a new coordinate system found through a
rotation of 60° (m/6 radians) about the x3-axis. Choose a counterclockwise rotation
when viewing down the negative x3-axis (see Figure 1-2).

The original and primed coordinate systems shown in Figure 1-2 establish the angles be-
tween the various axes. The solution starts by determining the rotation matrix for this case:

cos60°  cos30° cos90° 12 V3/2 0
Q;j = | cos150° cos60° cos90° [ = [ —/3/2 1/2 0
cos90°  cos90° cos0° 0 0 1

Continued
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EXAMPLE 1-2: Transformation Examples—Cont’d

A X3

X3

A

> Xp

Xq
FIGURE 1-2 Coordinate transformation.

The transformation for the vector quantity follows from equation (1.5.1);:

12 V32 0]1 [1/2+2v3
ai=Qjai=|-V3/2 1/2 0||4]|=]2-+3/2
0 0 1][2 2

and the second-order tensor (matrix) transforms according to (1.5.1);:

12 V32 o1 0 31 12 32 o]"
ay = QipQigtpg = | —v3/2 1/2 0|0 2 2||—v3/2 1/2 0
0 0 1][3 2 4 0 0 1

7/4 V3/4 3/2+\/_§
=1 V3/4 5/4 1-3v3/2
13/2+V3 1-3V3)2 4

where [ 7 indicates transpose (defined in Section 1.7). Although simple transformations
can be worked out by hand, for more general cases it is more convenient to use a
computational scheme to evaluate the necessary matrix multiplications required in the
transformation laws (1.5.1). MATLAB software is ideally suited to carry out such
calculations, and an example program to evaluate the transformation of second-order
tensors is given in Example C-1 in Appendix C.

1.6 Principal Values and Directions for Symmetric
Second-Order Tensors

Considering the tensor transformation concept previously discussed, it should be apparent
that there might exist particular coordinate systems in which the components of a tensor
take on maximum or minimum values. This concept is easily visualized when we consider the
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components of a vector shown in Figure 1-1. If we choose a particular coordinate system that has
been rotated so that the x3-axis lies along the direction of the vector, then the vector will have
components v = {0, 0, |v|}. For this case, two of the components have been reduced to zero,
while the remaining component becomes the largest possible (the total magnitude).

This situation is most useful for symmetric second-order tensors that eventually represent
the stress and/or strain at a point in an elastic solid. The direction determined by the unit vector
n is said to be a principal direction or eigenvector of the symmetric second-order tensor a;; if
there exists a parameter / such that

a;in; = /l}’l,' (161)

where A is called the principal value or eigenvalue of the tensor. Relation (1.6.1) can be
rewritten as

(a,-j — )»5,'])111' =0

and this expression is simply a homogeneous system of three linear algebraic equations in the
unknowns 7y, 1y, n3. The system possesses a nontrivial solution if and only if the determinant
of its coefficient matrix vanishes; that is:

det[a,j — )ué,‘j] =0
Expanding the determinant produces a cubic equation in terms of A:
detla; — 201 = =23 +1,J* — U+ 1, =0 (1.6.2)

where
I, =a; = a1 +axn+as

a  an daxy dzs ai  aps

+ (1.6.3)

11, = E(aiiajj — ajay) =

azy  ax asy dasz asy  ass

11, = det[a,j]

The scalars I, I1,, and 111, are called the fundamental invariants of the tensor a;;, and relation
(1.6.2) is known as the characteristic equation. As indicated by their name, the three invariants
do not change value under coordinate transformation. The roots of the characteristic equation
determine the allowable values for A, and each of these may be back-substituted into relation
(1.6.1) to solve for the associated principal direction n.

Under the condition that the components a;; are real, it can be shown that all three roots
A, 22, /3 of the cubic equation (1.6.2) must be real. Furthermore, if these roots are distinct, the
principal directions associated with each principal value are orthogonal. Thus, we can con-
clude that every symmetric second-order tensor has at least three mutually perpendicular
principal directions and at most three distinct principal values that are the roots of the
characteristic equation. By denoting the principal directions n'", n®, n® corresponding to
the principal values Ay, 4>, 43, three possibilities arise:

1. All three principal values are distinct; thus, the three corresponding principal directions
are unique (except for sense).

2. Two principal values are equal (4; # 4, = 43); the principal direction 'V is unique
(except for sense), and every direction perpendicular to n" is a principal direction
associated with A5, A3.
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3. All three principal values are equal; every direction is principal, and the tensor is
isotropic, as per discussion in the previous section.

Therefore, according to what we have presented, it is always possible to identify a right-
handed Cartesian coordinate system such that each axis lies along the principal directions
of any given symmetric second-order tensor. Such axes are called the principal axes of
the tensor. For this case, the basis vectors are actually the unit principal directions
{(nV, n®, 1}, and it can be shown that with respect to principal axes the tensor reduces to
the diagonal form

210 0
aj=10 4 0 (1.6.4)
' 0 0 X

Note that the fundamental invariants defined by relations (1.6.3) can be expressed in terms of
the principal values as

IL,=A+A+1
II, = AMAy + 2o /3 + 434 (1.6.5)
I, = 1243

The eigenvalues have important extremal properties. If we arbitrarily rank the principal values
such that 4; > 4, > A3, then 4; will be the largest of all possible diagonal elements, while A3
will be the smallest diagonal element possible. This theory is applied in elasticity as we seek
the largest stress or strain components in an elastic solid.

EXAMPLE 1-3: Principal Value Problem

Determine the invariants and principal values and directions of the following symmetric
second-order tensor:

2 0 0
a,:/‘ = 0 3 4
0 4 -3

The invariants follow from relations (1.6.3)

Ia:(l,',‘:2+373:2
2 0 3 4 2 0
1, = =6—-25-6=-25
3 4 -3 0 -3
2.0 0
m,=10 3 41=2(-9-16)=-50
0 4 -3
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EXAMPLE 1-3: Cont’'d

The characteristic equation then becomes

det[a; — /6] = —2> + 272 +25.-50 =0
= U= =25=0
S =52=23=—5

Thus, for this case all principal values are distinct.
For the A; = 5 root, equation (1.6.1) gives the system

1
—3n" =0
—2n(21> + 4ngl) =0
(1) 1 _
4n,’ —8ny’ =0
which gives a normalized solution n(V = 4+ (2e, + e3) / /5. In similar fashion, the other
two principal directions are found to be n® = +e;, n® = + (e, — 2e3)//5. It is easily
verified that these directions are mutually orthogonal. Figure 1-3 illustrates their direc-
tions with respect to the given coordinate system, and this establishes the right-handed

principal coordinate axes (x, x5, x}). For this case, the transformation matrix Q;; defined
by (1.4.1) becomes

0 2/V5 1/V5
1

Qij = 0 0
0 1/V/5 —2/V5
Notice the eigenvectors actually form the rows of the Q-matrix.
X3
X
n() -~
n@ =X
n® 2
X \\
1 Xé \\
\
A Xé

FIGURE 1-3  Principal axes for Example 1-3.

Using this in the transformation law (1.5.1);, the components of the given second-
order tensor become

Continued
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EXAMPLE 1-3: Principal Value Problem—Cont’d

This result then validates the general theory given by relation (1.6.4) indicating that the
tensor should take on diagonal form with the principal values as the elements.

Only simple second-order tensors lead to a characteristic equation that is factorable,
thus allowing solution by hand calculation. Most other cases normally develop a general
cubic equation and a more complicated system to solve for the principal directions.
Again, particular routines within the MATLAB package offer convenient tools to solve
these more general problems. Example C-2 in Appendix C provides a simple code to
determine the principal values and directions for symmetric second-order tensors.

1.7 Vector, Matrix, and Tensor Algebra

Elasticity theory requires the use of many standard algebraic operations among vector, matrix,
and tensor variables. These operations include dot and cross products of vectors and numerous
matrix/tensor products. All of these operations can be expressed efficiently using compact
tensor index notation. First, consider some particular vector products. Given two vectors a and
b, with Cartesian components g; and b;, the scalar or dot product is defined by

a-b=a b + ab, + azb; = a;b; (1.7.1)

Because all indices in this expression are repeated, the quantity must be a scalar, that is, a
tensor of order zero. The magnitude of a vector can then be expressed as

la| = (@ @)'? = (@a)'* (1.7.2)

The vector or cross product between two vectors a and b can be written as

ey € €3
axb= ay a; asz| = eéjkajbkef (173)
by by b3

where e; are the unit basis vectors for the coordinate system. Note that the cross product gives a
vector resultant whose components are &;a;b;. Another common vector product is the scalar
triple product defined by

ay dp as
a-bxc= ]’)1 b2 ]’)3 = 8,jkaibjck (1.7.4)
¢ € €3

Next consider some common matrix products. Using the usual direct notation for matrices and
vectors, common products between a matrix A= [A] with a vector a can be written as

Aa = [Alla} = Aja; = /Ay

1.7.5
aTA = {a}T[A] = a,-A,:,— = A,:,-a,— ( )

where a’ denotes the transpose, and for a vector quantity this simply changes the column
matrix (3 x 1) into a row matrix (1 x 3). Note that each of these products results in a vector
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resultant. These types of expressions generally involve various inner products within the index
notational scheme, and as noted, once the summation index is properly specified, the order of
listing the product terms does not change the result. We will encounter several different
combinations of products between two matrices A and B:

AB = [A][B] = A;;Bj

AB" = A;By;

A'B = A;Bj (1.7.6)
tr(AB) = A;Bj;

tr(AB") = tr(A"B) = A;B;;

where AT indicates the franspose and A is the trace of the matrix defined by

Al = A;

1.7.7)
trA =A; =A +An + A3

Similar to vector products, once the summation index is properly specified, the results in
(1.7.6) do not depend on the order of listing the product terms. Note that this does not imply
that AB = BA, which is certainly not true.

1.8 Calculus of Cartesian Tensors

Most variables within elasticity theory are field variables, that is, functions depending on
the spatial coordinates used to formulate the problem under study. For time-dependent
problems, these variables could also have temporal variation. Thus, our scalar, vector, matrix,
and general tensor variables are functions of the spatial coordinates (xy, x, x3). Because many
elasticity equations involve differential and integral operations, it is necessary to have an
understanding of the calculus of Cartesian tensor fields. Further information on vector differen-
tial and integral calculus can be found in Hildebrand (1976) and Kreyszig (1999).
The field concept for tensor components can be expressed as

a = a(xy,x;,x3) = a(x;) = a(x)
a; = aj(x1,x2,x3) = a;(x;) = a;(x)

a; = a;{(x1,X2,%3) = a;;(x;) = a;;(x)

It is convenient to introduce the comma notation for partial differentiation:

0 0 0

a;=—_7-a;, a;;=_7—"40a; Q=7 4aj;
Ox; o Y Oxp

It can be shown that if the differentiation index is distinct, the order of the tensor is increased
by one. For example, the derivative operation on a vector a; ; produces a second-order tensor or
matrix given by
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801 6a1 801

o o On
g = |22 On Oa
" 8x1 8)(2 8)(3
Oay  Oa; - Day
8x1 8)(2 aX3

Using Cartesian coordinates (x,y,z), consider the directional derivative of a scalar field func-
tion f with respect to a direction s:

G _opdn ol o
ds  Oxds Oyds 0Ozds

Note that the unit vector in the direction of s can be written as

n—@e +@e +%e
Tds ' ds T ds

Therefore, the directional derivative can be expressed as the following scalar product:

ﬂ:wVf (1.8.1)
ds

where Vf is called the gradient of the scalar function f and is defined by

o o  of

Vf =grad f = e, = = = 1.8.2
f = grad f 818x+e28y+e382 (1.8.2)
and the symbolic vector operator V is called the del operator
0 0 0
V=e —+te—+e— (1.8.3)

Ox dy 0z

These and other useful operations can be expressed in Cartesian tensor notation. Given the
scalar field ¢ and vector field u, the following common differential operations can be written in
index notation:

Gradient of a Scalar V¢ = ¢ ;e;
Gradient of a Vector Vu = u; je;e;
Laplacian of a Scalarnabla*¢ =V - V¢ = P (18.4)
Divergence of a Vector V-u = u; ;
Curl of a Vector V x u = gjuy je;

Laplacian of a Vector V*u = u; ye;

18
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If ¢ and y are scalar fields and u and v are vector fields, several useful identities exist:

V(oY) = (VO + d(Vy)

VA(¢) = (V2O + G(VY) + 2V - Vi
V- -(pu) =V -u+ ¢V -u

V x (pu) = Vo x u+ $(V x u)
V-uxvy=v-(Vxu—u-(Vxv)

V x V¢ =0 (1.8.5)
V. -V¢ =V
V-Vxu=0

Vx(Vxu)=V(V- u—Vu
ux(qu):%V(u-u)—qu

Each of these identities can be easily justified by using index notation from definition relations

(1.8.4).

EXAMPLE 1-4: Scalar and Vector Field Examples

Scalar and vector field functions are given by ¢ = X — y2 and u = 2xe; + 3yze, + xyes.
Calculate the following expressions, V¢, V2¢, V- u, Vu,V x u.
Using the basic relations (1.8.4)

V¢ = 2xe, — 2ye,
Vip=2-2=0
V-u=2+43240=2+3z

2 0 0
Vu=u;=|0 3z 3y
y x 0
€] €2 €3

Vxu=|0/0x 9/9y 0/3z|=(x—3ye — yes
2x 3yz Xy

Using numerical methods, some of these variables can be conveniently computed and
plotted in order to visualize the nature of the field distribution. For example, contours of
¢ = constant can easily be plotted using MATLAB software, and vector distributions
of V¢ can be shown as plots of vectors properly scaled in magnitude and orientation.
Figure 1-4 shows these two types of plots, and it is observed that the vector field V¢ is
orthogonal to the ¢-contours, a result that is true in general for all scalar fields. Numeric-
ally generated plots such as these will prove to be useful in understanding displacement,
strain, and/or stress distributions found in the solution to a variety of problems in
elasticity.

Continued
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EXAMPLE 1-4: Scalar and Vector Field Examples—Cont’d

FIGURE 1-4 Contours of ¢ = constant and vector distributions of V.

Next consider some results from vector/tensor integral calculus. We simply list some
theorems that have later use in the development of elasticity theory.

1.8.1 Divergence or Gauss Theorem
Let S be a piecewise continuous surface bounding the region of space V. If a vector field u is
continuous and has continuous first derivatives in V, then

JLu-ndS:JJJVV-udV (1.8.6)

where n is the outer unit normal vector to surface S. This result is also true for tensors of any

order; that is:
JJ ajj. kg dS = JJJ ajj.x, & AV (1.8.7)
s 1%
1.8.2 Stokes Theorem

Let S be an open two-sided surface bounded by a piecewise continuous simple closed curve C.
If u is continuous and has continuous first derivatives on §, then

fi;u-dr:” (Vxu-ndS (1.8.8)
s
C

where the positive sense for the line integral is for the region S to lie to the left as one traverses
curve C and n is the unit normal vector to S. Again, this result is also valid for tensors of
arbitrary order, and so

%aij’...kdxt = JJ ErstQij.. ke, sMr ds (189)
S
C
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It can be shown that both divergence and Stokes theorems can be generalized so that the dot
product in (1.8.6) and/or (1.8.8) can be replaced with a cross product.

1.8.3 Green’s Theorem in the Plane

Applying Stokes theorem to a planar domain S with the vector field selected as u = fe; + ge
gives the result

“ <%—g>dxdy :J (fdx + gdy) (1.8.10)
s\Ox Oy c

Further, special choices with either f = 0 or g = 0 imply

JJ %dxdy :J gn.ds , JJ gdxdy :J fn,ds (1.8.11)
s Ox c s Oy c

1.8.4 Zero-Value Theorem
Let f;;. « be a continuous tensor field of any order defined in an arbitrary region V. If the integral
of f;j..x over V vanishes, then fj; ; must vanish in V; that is:

J” fijxdV=0=f; y =0V (1.8.12)
\%4

1.9 Orthogonal Curvilinear Coordinates

Many applications in elasticity theory involve domains that have curved boundary surfaces,
commonly including circular, cylindrical, and spherical surfaces. To formulate and develop
solutions for such problems, it is necessary to use curvilinear coordinate systems. This requires
redevelopment of some previous results in orthogonal curvilinear coordinates. Before pursuing
these general steps, we review the two most common curvilinear systems, cylindrical and
spherical coordinates. The cylindrical coordinate system shown in Figure 1-5 uses (r, 0, z)

> Xo

FIGURE 1-5 Cylindrical coordinate system.
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FIGURE 1-6 Spherical coordinate system.

coordinates to describe spatial geometry. Relations between the Cartesian and cylindrical
systems are given by

x;1=rcosl, x, =rsinl, x3 =z

P X (1.9.1)
r=\/x{+x5,0=tan —,z=1x3

1 2 X

The spherical coordinate system is shown in Figure 1-6 and uses (R, ¢, 0) coordinates to
describe geometry. The relations between Cartesian and spherical coordinates are

x1 = Rcosfsin ¢, x, = Rsin0sin ¢, x3 = Rcos ¢
R=\/x]+x3+413, ¢ =cos’1—2 X32 5, 0 =tan 2 (1.9.2)
X7+ X5 + X3 X1
The unit basis vectors for each of these curvilinear systems are illustrated in Figures 1-5 and 1-6.
These represent unit tangent vectors along each of the three orthogonal coordinate curves.
Although primary use of curvilinear systems employs cylindrical and spherical coordinates,
we briefly present a general discussion valid for arbitrary coordinate systems. Consider the
general case in which three orthogonal curvilinear coordinates are denoted by el &2, &, while
the Cartesian coordinates are defined by X', X2, %3 (see Figure 1-7). We assume there exist
invertible coordinate transformations between these systems specified by

& =g, 2 ), = a8 8 (1.9.3)
In the curvilinear system, an arbitrary differential length in space can be expressed by
(ds)® = (mdE") + (had &) + (h3d &) (1.9.4)

where h;, hy, hs are called scale factors that are in general nonnegative functions of position.
Let e; be the fixed Cartesian basis vectors and é; the curvilinear basis (see Figure 1-7). By
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€3

> X2

e €

x1

FIGURE 1-7 Curvilinear coordinates.

using similar concepts from the transformations discussed in Section 1.4, the curvilinear basis
can be expressed in terms of the Cartesian basis as

P dxk o — 1 Oxk .
lidsl ki/’llafl k
dxk 1 oxk
6r — — €, = ———e; 1.9.5
e dSz (73 /’12 862 (7% ( )
o, 1%
3 7dS3 ki/’l'«;(‘f)é3 k
where we have used (1.9.4). By using the fact that ¢; - ¢; = ;;, relation (1.9.5) gives
Oxt Ok
)Y =——
o0& ¢
Ox* Oxk
)} =—— 1.9.6
) =55 (1.9.6)
Oxk Oxk
(h3)’ =5
¢ o¢
It follows from (1.9.5) that the quantity
ok = hl% (no sum on r) (1.9.7)

represents the transformation tensor giving the curvilinear basis in terms of the Cartesian basis.
This concept is similar to the transformation tensor Q;; defined by (1.4.1) that is used between
Cartesian systems.

The physical components of a vector or tensor are simply the components in a local set of
Cartesian axes tangent to the curvilinear coordinate curves at any point in space. Thus, by
using transformation relation (1.9.7), the physical components of a tensor a in a general
curvilinear system are given by
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A<ij. k> = QfQ;I T Qiapq.“s (1.9.8)

where a,,.; are the components in a fixed Cartesian frame. Note that the tensor can be
expressed in either system as

a = ajj._jeie; - - e (1.9.9)

= d<jj. k>€i€j - €

Because many applications involve differentiation of tensors, we must consider the differenti-
ation of the curvilinear basis vectors. The Cartesian basis system ey is fixed in orientation and
therefore Oe;/0x = Oey/ A& = 0. However, derivatives of the curvilinear basis do not in
general vanish, and differentiation of relations (1.9.5) gives the following results:

%__i@hmé ! ah"“ m#n#r
9"~ h, o " " oe "
¢ 1 Oh
den = —ﬁé ; m # n, no sum on repeated indices

OE" T hy OE™"

(1.9.10)

Using these results, the derivative of any tensor can be evaluated. Consider the first derivative
of a vector u:

au—i(u é)——au<m>é +u Gem
aéf” - aén <m>€m) — 65" m <m> aén

(1.9.11)

The last term can be evaluated using (1.9.10), and thus the derivative of u can be expressed in
terms of curvilinear components. Similar patterns follow for derivatives of higher-order tensors.

All vector differential operators of gradient, divergence, curl, and so forth, can be expressed
in any general curvilinear system by using these techniques. For example, the vector differen-
tial operator previously defined in Cartesian coordinates in (1.8.3) is given by

1 0 18A18 .10
P

V= hoe M ae t Piop 24 hod R

and this leads to the construction of the other common forms:
Gradient of a Scalar Vf = élhl 86{1 + Azhl 88202 é hl 38? Z 1 8f (1.9.13)
Divergence of a Vector V -u = ﬁ;% (% u<,->> (1.9.14)
Laplacian of a Scalar V2¢ = hlhlzhg Z 885' (h(lzz)ih g?) (1.9.15)
Curl of a Vector V x u = Z ZJ: Z;IZ 82’ (U<k>hi)e; (1.9.16)
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i (0 . 0
Gradient of a Vector Vu = Zze ( Lo> e+ ucj> e)

Laplacian of a Vector V*u = (Zh ag) (Zzek {8;2; e+ ucjs

(1.9.17)

06;
1.9.1
85}) (1.9.18)

J
¢ o¢'

It should be noted that these forms are significantly different from those previously given in
relations (1.8.4) for Cartesian coordinates. Curvilinear systems add additional terms not found
in rectangular coordinates. Other operations on higher-order tensors can be developed in a
similar fashion (see Malvern 1969, app. II). Specific transformation relations and field equa-
tions in cylindrical and spherical coordinate systems are given in Appendices A and B. Further
discussion of these results is taken up in later chapters.

EXAMPLE 1-5: Polar Coordinates

Consider the two-dimensional case of a polar coordinate system as shown in Figure 1-8.
The differential length relation (1.9.4) for this case can be written as
(ds)? = (dr)* + (rd0)?

and thus /#; = 1 and A, = r. By using relations (1.9.5) or simply by using the geometry
shown in Figure 1-8,

e, = cosle; + sin e,

1.9.19
ey = —sinfe; + cos Oe; ( )
and so
de, P dep . Oe, 0Oey
, — , —=—"= 1.9.20
90 ¢ 00 e or  Or ( )
A Xo
&y
\/ é,
. >
A
92 ’/,r”’ 6
x’_} > X
€4
FIGURE 1-8 Polar coordinate system.
Continued
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EXAMPLE 1-5: Polar Coordinates—Cont’'d

The basic vector differential operations then follow to be

Vbl te

Vo = z%"’m%g—‘ga

Vou=ia 18L;)€ 2

Vi = a;(g?) %227? (1.9.21)
Vxu= <——( o)—lfgg)

3 e e

where u = u,é, + upeéy, €, = é, X éy. Notice that the Laplacian of a vector does not
simply pass through and operate on each of the individual components as in the
Cartesian case. Additional terms are generated because of the curvature of the particular
coordinate system. Similar relations can be developed for cylindrical and spherical
coordinate systems (see Exercises 1-17 and 1-18).

The material reviewed in this chapter is used in many places for formulation develop-
ment of elasticity theory. Throughout the text, notation uses scalar, vector, and tensor formats
depending on the appropriateness to the topic under discussion. Most of the general formulation
procedures in Chapters 2 through 5 use tensor index notation, while later chapters commonly
use vector and scalar notation. Additional review of mathematical procedures for problem
solution is supplied in chapter locations where they are applied.

References

Chandrasekharaiah DS, Debnath L: Continuum Mechanics, Academic Press, Boston, 1994.

Chou PC, Pagano NI: Elasticity—Tensor, Dyadic and Engineering Approaches, D. Van Nostrand,
Princeton, NJ, 1967.

Goodbody AM: Cartesian Tensors: With Applications to Mechanics, Fluid Mechanics and Elasticity,
Ellis Horwood, New York, 1982.

Hildebrand FB: Advanced Calculus for Applications, 2nd ed, Prentice Hall, Englewood Cliffs, NJ, 1976.

Kreyszig E: Advanced Engineering Mathematics, 8th ed, John Wiley, New York, 1999.

Malvern LE: Introduction to the Mechanics of a Continuous Medium, Prentice Hall, Englewood Cliffs,
NJ, 1969.

Weatherburn CE: Advanced Vector Analysis, Open Court, LaSalle, IL, 1948.

26 FOUNDATIONS AND ELEMENTARY APPLICATIONS



Exercises

1-1.

1-2.

1-3.

1-4.

1-5.

1-6.

1-7.

1-8.

1-9.

For the given matrix/vector pairs, compute the following quantities: a;;, a;a;j, a;ja., a;b;,
a;b;b;, bb;, b;b;. For each case, point out whether the result is a scalar, vector, or matrix.
Note that a;;b; is actually the matrix product [a]{b}, while a;aj is the product [a][a].

111 1 120 2
@aj=|0 4 2|, b=[0| M®ay=|0 2 1|, b=|1
01 1 2 0 4 2 1

111 1

©aj=|1 0 2|, b= 1}

01 4 0

Use the decomposition result (1.2.10) to express a;; from Exercise 1-1 in terms of the sum
of symmetric and antisymmetric matrices. Verify that aj and aj; satisfy the conditions
given in the last paragraph of Section 1.2.

If a;; is symmetric and b;; is antisymmetric, prove in general that the product a;;b;; is zero.
Verity this result for the specific case by using the symmetric and antisymmetric terms
from Exercise 1-2.

Explicitly verify the following properties of the Kronecker delta:
(S,'jll lj = a;
5,‘jaﬂ< = dji

Formally expand the expression (1.3.4) for the determinant and justify that either index
notation form yields a result that matches the traditional form for det[a;;].

Determine the components of the vector b; and matrix a;; given in Exercise 1-1 in a new
coordinate system found through a rotation of 45° (7 /4 radians) about the x;-axis. The
rotation direction follows the positive sense presented in Example 1-2.

Consider the two-dimensional coordinate transformation shown in Figure 1-7. Through
the counterclockwise rotation 0, a new polar coordinate system is created. Show that the
transformation matrix for this case is given by

—sinf cos0

Qij:{ cos 0 Sinﬂ}

b ay a .
Ifh = L’]} , ajj = { ! 2]} are the components of a first- and second-order tensor in the
2 apy an

X1, Xy system, calculate their components in the rotated polar coordinate system.

Show that the second-order tensor ad;;, where a is an arbitrary constant, retains its form
under any transformation Q;;. This form is then an isotropic second-order tensor.

The most general form of a fourth-order isotropic tensor can be expressed by

000 + Boidji + youdjk
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where o, f3, and y are arbitrary constants. Verify that this form remains the same under
the general transformation given by (1.5.1)s.

1-10. For the fourth-order isotropic tensor given in Exercise 1-9, show that if § = ~, then the
tensor will have the following symmetry Cji; = Cpyj.

1-11. Show that the fundamental invariants can be expressed in terms of the principal values
as given by relations (1.6.5).

1-12. Determine the invariants and principal values and directions of the following matrices.
Use the determined principal directions to establish a principal coordinate system, and
following the procedures in Example 1.3, formally transform (rotate) the given matrix
into the principal system to arrive at the appropriate diagonal form.

1 0 -2 1 0 -1 1 0
(a) 1 -1 0 (b) 1 -2 0 (c) 1 -1 0
0 0 1 0O 0 O 0 0 0

1-13*. A second-order symmetric tensor field is given by

2X1 X1 0
a;; = X1 —6X% 0
0 0 S5x;

Using MATLAB (or similar software), investigate the nature of the variation of the
principal values and directions over the interval 1 < x; < 2. Formally plot the variation
of the absolute value of each principal value over the range 1 < x; < 2.

1-14. Calculate the quantities V - u, V X u, Vu, Vu, tr(Vu) for the following Cartesian
vector fields:
(a) u = x1e1 + x1x2e2 + 2x1X2x3€3
d)u= x%el + 2x1xe5 + xgeg
©)u= x%el + 2xox3€7 + 4x%e3
1-15. The dual vector a; of an antisymmetric second-order tensor a;; is defined by
a; = —1/2¢;ay.. Show that this expression can be inverted to get ajx = —é&a;.

1-16. Using index notation, explicitly verify the vector identities:

(@) (1.8.5),2,3
(b) (1.8.5)4,5,6,7
(c) (1.8.5)5,9,10

1-17. Extend the results found in Example 1-5, and determine the forms of Vf, V- u, Vf,
and V xu for a three-dimensional cylindrical coordinate system (see Figure 1-5).

1-18. For the spherical coordinate system (R, ¢, ) in Figure 1-6, show that

h] = 1,h2 :R, h3 :Rsind)
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and the standard vector operations are given by

of 1 0f 1o

VIi=&ort a6 ¥ Rsing 00
1 0 1 Ouy
V'”_ﬁaze( ur) + g qsaqs(sm"’”‘PHR sing 00
of 19 . o 1o
2 R2 . ICa —_ 7
Vif= R28R R T’ sing g 006 T Resin? ¢ 007

A 1 1 OMR 10
Voxu = e {Rsian) <a¢(sm¢ue) >] + d){Rsind) 90~ RoR K1)

~ 1 auR
= alg (G - 55)
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2

Deformation: Displacements and Strains

2.1

We begin development of the basic field equations of elasticity theory by first investigating the
kinematics of material deformation. As a result of applied loadings, elastic solids will change
shape or deform, and these deformations can be quantified by knowing the displacements of
material points in the body. The continuum hypothesis establishes a displacement field at all
points within the elastic solid. Using appropriate geometry, particular measures of deformation
can be constructed leading to the development of the strain tensor. As expected, the strain
components are related to the displacement field. The purpose of this chapter is to introduce the
basic definitions of displacement and strain, establish relations between these two field
quantities, and finally investigate requirements to ensure single-valued, continuous displace-
ment fields. As appropriate for linear elasticity, these kinematical results are developed under
the conditions of small deformation theory. Developments in this chapter lead to two funda-
mental sets of field equations: the strain-displacement relations and the compatibility equa-
tions. Further field equation development, including internal force and stress distribution,
equilibrium, and elastic constitutive behavior, occurs in subsequent chapters.

General Deformations

Under the application of external loading, elastic solids deform. A simple two-dimensional
cantilever beam example is shown in Figure 2-1. The undeformed configuration is taken with
the rectangular beam in the vertical position, and the end loading displaces material points to
the deformed shape as shown. As is typical in most problems, the deformation varies from
point to point and is thus said to be nonhomogeneous. A superimposed square mesh is shown in
the two configurations, and this indicates how elements within the material deform locally. It is
apparent that elements within the mesh undergo extensional and shearing deformation. An
elastic solid is said to be deformed or strained when the relative displacements between points
in the body are changed. This is in contrast to rigid-body motion where the distance between
points remains the same.

In order to quantify deformation, consider the general example shown in Figure 2-2. In the
undeformed configuration, we identify two neighboring material points P, and P connected
with the relative position vector r as shown. Through a general deformation, these points are
mapped to locations P, and P’ in the deformed configuration. For finite or large deformation
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FIGURE 2-2 General deformation between two neighboring points.

theory, the undeformed and deformed configurations can be significantly different, and a
distinction between these two configurations must be maintained leading to Lagrangian and
Eulerian descriptions; see, for example, Malvern (1969) or Chandrasekharaiah and Debnath

(1994). However, since we are developing linear elasticity, which uses only small deformation

theory, the distinction between undeformed and deformed configurations can be dropped.

Using Cartesian coordinates, define the displacement vectors of points P, and P to be u®
and u, respectively. Since P and P, are neighboring points, we can use a Taylor series

expansion around point P, to express the components of u as
Ou Ou n Ou

ry+——r:

Yozt

u=1u +arx+a—y
ov ov

v:v"—l—@r +—rt+—=r
ox ' oy? 0z°
w:w"—ﬁ—a—r-—s—a—wr —5—@1*,
ox oyt 0z

where u,v,w are the Cartesian components of the displacement vector

2.1.1)
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Note that the higher-order terms of the expansion have been dropped since the components
of r are small. The change in the relative position vector r can be written as

Ar=¢V —-r=u—u’ (2.1.2)

and using (2.1.1) gives

Al‘x = arx + 8—yl’y +EI‘Z
ov Ov ov
Ar},fa1y+a—yr}v+ar2 2.1.3)
A ow n ow n ow
r,=— —r,t+—r
Fox Y oy ozt
or in index notation
Ar; = jr; 2.1.4)

The tensor u; ; is called the displacement gradient tensor, and may be written out as

ox 0Oy Oz
ov Ov Ov
Uj j = o (97)) % (2.1.5)
ov v ow
ox 0Oy Oz

From relation (1.2.10), this tensor can be decomposed into symmetric and antisymmetric
parts as

Ujj = €j + Wij (216)

where

1
eij =5 (Ui + u;,7)
| 2.1.7
wij =5 (ij = i)
The tensor e;; is called the strain tensor, while wj; is referred to as the rotation tensor. Relations
(2.1.4) and (2.1.6) thus imply that for small deformation theory, the change in the relative
position vector between neighboring points can be expressed in terms of a sum of strain and
rotation components. Combining relations (2.1.2), (2.1.4), and (2.1.6), and choosing r; = dx;,
we can also write the general result in the form

U = uj + ejjdxj + widy; (2.1.8)

Because we are considering a general displacement field, these results include both strain
deformation and rigid-body motion. Recall from Exercise 1-15 that a dual vector w; can
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be associated with the rotation tensor such that w; = —1/2¢;wj. Using this definition, it
is found that

o = iy — L (2 Oz

P22 795\ o, ox

o _1 81,{1 8143

Wy = w3 = 2 (8x3 — 8x|> 2.1.9)
L (O0u Ow

W= =5\ an

which can be expressed collectively in vector format as @ = (1/2)(V x u). As is shown in the
next section, these components represent rigid-body rotation of material elements about
the coordinate axes. These general results indicate that the strain deformation is related to the
strain tensor e;;, which in turn is related to the displacement gradients. We next pursue a more
geometric approach and determine specific connections between the strain tensor components
and geometric deformation of material elements.

2.2 Geometric Construction of Small Deformation Theory

Although the previous section developed general relations for small deformation theory, we
now wish to establish a more geometrical interpretation of these results. Typically, elasticity
variables and equations are field quantities defined at each point in the material continuum.
However, particular field equations are often developed by first investigating the behavior of
infinitesimal elements (with coordinate boundaries), and then a limiting process is invoked that
allows the element to shrink to a point. Thus, consider the common deformational behavior of
a rectangular element as shown in Figure 2-3. The usual types of motion include rigid-body
rotation and extensional and shearing deformations as illustrated. Rigid-body motion does not
contribute to the strain field, and thus also does not affect the stresses. We therefore focus our
study primarily on the extensional and shearing deformation.

(Undeformed Element) (Rigid-Body Rotation)

(Horizontal Extension) (Vertical Extension) (Shearing Deformation)

FIGURE 2-3 Typical deformations of a rectangular element.
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FIGURE 2-4 Two-dimensional geometric strain deformation.

Figure 2-4 illustrates the two-dimensional deformation of a rectangular element with
original dimensions dx by dy. After deformation, the element takes a rhombus form as
shown in the dotted outline. The displacements of various corner reference points are indicated
in the figure. Reference point A is taken at location (x,y), and the displacement components of
this point are thus u(x,y) and v(x,y). The corresponding displacements of point B are
u(x + dx,y) and v(x + dx,y), and the displacements of the other corner points are defined in
an analogous manner. According to small deformation theory, u(x+ dx,y) =~ u(x,y)+
(Ou/0x) dx, with similar expansions for all other terms.

The normal or extensional strain component in a direction n is defined as the change in
length per unit length of fibers oriented in the n-direction. Normal strain is positive if fibers
increase in length and negative if the fiber is shortened. In Figure 2-4, the normal strain in the
x-direction can thus be defined by

A'B' — AB
AB

& =
From the geometry in Figure 2-4,
Ou 2 oy 2 ou ou\* [ov\? Ou
pl e bl — i il i ~ -
A'B —\/<dx+8xdx) +<8xdx) \/1+28x+(6x> Jr(@x) dx (1+8x)dx

where, consistent with small deformation theory, we have dropped the higher-order terms.
Using these results and the fact that AB = dx, the normal strain in the x-direction reduces to

_ Ou

= — 2.2.1
b =5 ( )
In similar fashion, the normal strain in the y-direction becomes
ov
5y = — 2.2.2
b} ay ( )
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A second type of strain is shearing deformation, which involves angles changes (see Figure 2-3).
Shear strain is defined as the change in angle between two originally orthogonal directions
in the continuum material. This definition is actually referred to as the engineering shear
strain. Theory of elasticity applications generally use a tensor formalism that requires a shear
strain definition corresponding to one-half the angle change between orthogonal axes; see
previous relation (2.1.7);. Measured in radians, shear strain is positive if the right angle between
the positive directions of the two axes decreases. Thus, the sign of the shear strain depends on
the coordinate system. In Figure 2-4, the engineering shear strain with respect to the x- and
y-directions can be defined as

Ty = g — /CAB =0 +p

For small deformations, o = tan « and f ~ tan f3, and the shear strain can then be expressed as

av 8’/{
adx 87ydy ou Ov
T ov_ oy ox
dx+—dx dy+—dy
Ox dy

Ty (2.2.3)

where we have again neglected higher-order terms in the displacement gradients. Note that
each derivative term is positive if lines AB and AC rotate inward as shown in the figure. By
simple interchange of x and y and u and v, it is apparent that y,, = 7,,.

By considering similar behaviors in the y-z and x-z planes, these results can be easily
extended to the general three-dimensional case, giving the results:

Lo v w
Sx_ax’gy_ay’gz_az 2.2.4)
Oou Ov v Ow ow  Ou o

Vxy :87y+5’ Vyz *@“‘a*y» sz:a'i'&

Thus, we define three normal and three shearing strain components leading to a total of six
independent components that completely describe small deformation theory. This set of
equations is normally referred to as the strain-displacement relations. However, these results
are written in terms of the engineering strain components, and tensorial elasticity theory
prefers to use the strain tensor e;; defined by (2.1.7);. This represents only a minor change
because the normal strains are identical and shearing strains differ by a factor of one-half; for
example, e;] = e, = ¢, and ej; = ey, = 1/2yxy, and so forth.

Therefore, using the strain tensor e;;, the strain-displacement relations can be expressed in
component form as

ou ov ow
e =——,0y =7, ;=

Ox a7 oz

_Lfou ovy (v ow\ 10w D (2.2.5)
o2 \ay Tax) T 2\a: Tay ) T2\ T o

5§
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Using the more compact tensor notation, these relations are written as

1
ej = E(”i,j + u;;)
while in direct vector/matrix notation the form reads:

(2.2.6)

1
e = 3 [Vu + (Vu)T]
transpose.

2.2.7)
where e is the strain matrix and Vu is the displacement gradient matrix and (Vu)' is its

format:

The strain is a symmetric second-order tensor (e; = e;;) and is commonly written in matrix

ey ey ey

e=le]=|ey ¢

ey:
e ey e

(2.2.8)

Before we conclude this geometric presentation, consider the rigid-body rotation of our two-

dimensional element in the x-y plane, as shown in Figure 2-5. If the element is rotated through
a small rigid-body angular displacement about the z-axis, using the bottom element edge, the

rotation angle is determined as dv/0x, while using the left edge, the angle is given by —du/dy.

follow in an analogous manner.

These two expressions are of course the same; that is, 9v/9x = —0u/Oy and note that this
would imply e,, = 0. The rotation can then be expressed as w. =
which matches with the expression given earlier in (2.1.9)3. The other components of rotation

= [(9v/0x) — (Ou/ V)] /2,

Relations for the constant rotation w. can be integrated to give the result:

u* = u, —w.y
Vv =y, + w.x

(2.2.9)

\
\ dy

FIGURE 2-5 Two-dimensional rigid-body rotation.
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where u, and v, are arbitrary constant translations in the x- and y-directions. This result
then specifies the general form of the displacement field for two-dimensional rigid-body
motion. We can easily verify that the displacement field given by (2.2.9) yields zero strain.
For the three-dimensional case, the most general form of rigid-body displacement can be
expressed as

u* = Uy — w;y + wyz
VE = v, — wZ + wx (2.2.10)

W¥ = w, —wyx + wyy

As shown later, integrating the strain-displacement relations to determine the displacement
field produces arbitrary constants and functions of integration, which are equivalent to rigid-
body motion terms of the form given by (2.2.9) or (2.2.10). Thus, it is important to recognize
such terms because we normally want to drop them from the analysis since they do not
contribute to the strain or stress fields.

EXAMPLE 2-1: Strain and Rotation Examples

Determine the displacement gradient, strain, and rotation tensors for the following
displacement field: u :szy, v = Byz, w= sz3, where A, B, and C are arbitrary
constants. Also calculate the dual rotation vector @ = (1/2)(V xu).

2Axy  Ax? 0
ujj = 0 Bz By
Cz 0 3Cxz?

24xy  Ax*/2 CZ3)2

1
¢ =5 (u,-,/ + u‘,-?,‘) = |Ax*/2 B: By/2
Cz3/2 By/2 3Cxz?
) 0 AXr2 —CZ)2
wij = B (Mi.j - ”j,i) = | —Ax%/2 0 By/2
Cz3/2  —By/2 0
1 T DA E N B
=7 (Vxu)= 3 0/ox 9/dy 0/0z|= 3 (—Byey — Cz'e; — Ax’es)

Ax’y Byz CxZ®

2.3 Strain Transformation

Because the strains are components of a second-order tensor, the transformation theory
discussed in Section 1.5 can be applied. Transformation relation (1.5.1); is applicable for
second-order tensors, and applying this to the strain gives

ey = 0ipQjqepq (2.3.1)
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where the rotation matrix Q;; = cos (x}, x;). Thus, given the strain in one coordinate system,
we can determine the new components in any other rotated system. For the general three-
dimensional case, define the rotation matrix as

11 ny np
Qj=|hL m m (23.2)
l3 ms ns

Using this notational scheme, the specific transformation relations from equation (2.3.1) become

e; = exlf + eym% + eznf + 2(exylimy + eymyng + exngly)
e; = exlg + eymg + e_,n% + 2(exylomy + ey.mony + enaly)
e = el + ey + e:n; + 2ewlams + eymany + enzls) (2.3.3)

€y, = edhlh + eymimy + exming + ey (limy +mily) + ey (miny + nima) + ex(mily + liny)
€, = exhhls + eymams + e:nons + ex (lams + molz) + ey (mans 4 nams) + ex(nals + lhns)

e, = el3ly + eynmizmy + e:nzny + e (lamy + maly) + ey.(m3ny + namy) + e (n3ly + l3ny)

For the two-dimensional case shown in Figure 2-6, the transformation matrix can be
expressed as

cosf sinf O

Q= | —sinf cosf 0 2.3.4)
0 0 1
y A
Yo
\
\
\\
| ,
1y o v X
\ Pie
\ _
\ -
\ -7
\ -
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\[ -
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FIGURE 2-6 Two-dimensional rotational transformation.

Under this transformation, the in-plane strain components transform according to

e, = e,cos 0 + ey sin® 0 + 2e,, sin 0 cos 0
e; = e, sin’ 0 + ey cos’ 0 — 2e,y sin0cos 0 (2.3.5)
e;y = —e,sinfcos 0 + e, sin 0 cos 0 + ey ( cos? 0 — sin® 6)

Deformation: Displacements and Strains 39



which is commonly rewritten in terms of the double angle:

,_exte  ex—ey

e, 5 T cos 20 + ey sin 20
o = % — 52 c0s 20 — e 5in20 2.3.6)
;o ey —ey .

€y = > sin20 + e, cos 20

Transformation relations (2.3.6) can be directly applied to establish transformations between
Cartesian and polar coordinate systems (see Exercise 2-6). Additional applications of these
results can be found when dealing with experimental strain gage measurement systems. For
example, standard experimental methods using a rosette strain gage allow the determination of
extensional strains in three different directions on the surface of a structure. Using this type
of data, relation (2.3.6); can be repeatedly used to establish three independent equations
that can be solved for the state of strain (e,,e,,ey,) at the surface point under study (see
Exercise 2-7).

Both two- and three-dimensional transformation equations can be easily incorporated in
MATLAB to provide numerical solutions to problems of interest. Such examples are given in
Exercises 2-8 and 2-9.

2.4 Principal Strains

From the previous discussion in Section 1.6, it follows that because the strain is a symmetric
second-order tensor, we can identify and determine its principal axes and values. According to
this theory, for any given strain tensor we can establish the principal value problem and solve
the characteristic equation to explicitly determine the principal values and directions. The
general characteristic equation for the strain tensor can be written as

det[e;; — edyj] = —+ 3 — e+ 35 =0 2.4.1)

where e is the principal strain and the fundamental invariants of the strain tensor can be
expressed in terms of the three principal strains ey, €3, e3 as

S =er+e+e;
S = ejen + eres + e3e 2.4.2)

I3 = ejeze;

The first invariant 3; = 3 is normally called the cubical dilatation, because it is related to the
change in volume of material elements (see Exercise 2-11).
The strain matrix in the principal coordinate system takes the special diagonal form

(4] 0 0
=10 e 0 (2.4.3)
0 0 es

Notice that for this principal coordinate system, the deformation does not produce any
shearing and thus is only extensional. Therefore, a rectangular element oriented along
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principal axes of strain will retain its orthogonal shape and undergo only extensional deform-
ation of its sides.

2.5 Spherical and Deviatoric Strains

In particular applications it is convenient to decompose the strain tensor into two parts called
spherical and deviatoric strain tensors. The spherical strain is defined by

_ 1 1
€jj = gekkéij S5 595[]' (251)
while the deviatoric strain is specified as
. 1
€jj = e — gekk(sij (2.5.2)

Note that the total strain is then simply the sum
ejj = €jj + &;; (2.5.3)

The spherical strain represents only volumetric deformation and is an isotropic tensor,
being the same in all coordinate systems (as per the discussion in Section 1.5). The deviatoric
strain tensor then accounts for changes in shape of material elements. It can be shown
that the principal directions of the deviatoric strain are the same as those of the strain tensor.

2.6 Strain Compatibility

We now investigate in more detail the nature of the strain-displacement relations (2.2.5), and
this will lead to the development of some additional relations necessary to ensure continuous,
single-valued displacement field solutions. Relations (2.2.5), or the index notation form
(2.2.6), represent six equations for the six strain components in terms of three displacements.
If we specify continuous, single-valued displacements u,v,w, then through differentiation the
resulting strain field will be equally well behaved. However, the converse is not necessarily
true; that is, given the six strain components, integration of the strain-displacement relations
(2.2.5) does not necessarily produce continuous, single-valued displacements. This should not
be totally surprising since we are trying to solve six equations for only three unknown
displacement components. In order to ensure continuous, single-valued displacements, the
strains must satisfy additional relations called integrability or compatibility equations.
Before we proceed with the mathematics to develop these equations, it is instructive to
consider a geometric interpretation of this concept. A two-dimensional example is shown in
Figure 2-7 whereby an elastic solid is first divided into a series of elements in case (a). For
simple visualization, consider only four such elements. In the undeformed configuration shown
in case (b), these elements of course fit together perfectly. Next, let us arbitrarily specify the
strain of each of the four elements and attempt to reconstruct the solid. For case (c), the
elements have been carefully strained, taking into consideration neighboring elements so that
the system fits together thus yielding continuous, single-valued displacements. However, for
case (d), the elements have been individually deformed without any concern for neighboring
deformations. It is observed for this case that the system will not fit together without voids and
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FIGURE 2-7  Physical interpretation of strain compatibility.
gaps, and this situation produces a discontinuous displacement field. So, we again conclude
that the strain components must be somehow related to yield continuous, single-valued
displacements. We now pursue these particular relations.

The process to develop these equations is based on eliminating the displacements from the

strain-displacement relations. Working in index notation, we start by differentiating (2.2.6)
twice with respect to x; and x;:

1
€k =5 (Wi jur + Uj,ikt)

Through simple interchange of subscripts, we can generate the following additional relations:

1
e, ij = E(uk,lij + u, kif)

1

Cl.ik =7 (), ix + g, jix)
1

Cikjl =7 (Wi, k1 + g, ij1)

Working under the assumption of continuous displacements, we can interchange the order
of differentiation on u, and the displacements can be eliminated from the preceding set to get

ejj,i + ewij — eixji — ejrik = 0 (2.6.1)

42
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These are called the Saint-Venant compatibility equations. Although the system would lead to
81 individual equations, most are either simple identities or repetitions, and only 6 are
meaningful. These six relations may be determined by letting k£ =/, and in scalar notation,
they become

Pe, ey ey

a2 oxr T oxdy

82(3}, n e, B c’)zeyz

0z Oy? Oyoz

Pe. e, B >,

8;(2 + 022~ T 9zox (2.6.2)

Dex _ o (_% Oe. N aexy)

0ydz Ox ox 0Oy 0z

6zey 0 ( Oe.e ey 6eyz>
= (-==+24+

0z0x Oy ay 0z Ox

Pe. 0 [ ey Oey. e

Oxdy Oz (‘ 9z = ox Oy )

It can be shown that these six equations are not all independent. Exercise 2-15 illustrates that
certain differential relations exist between these compatibility equations, and Exercise 2-16
shows that the six equations can be reduced to three independent fourth-order relations.
However, it is usually more convenient to use the six second-order equations given by (2.6.2).

In the development of the compatibility relations, we assumed that the displacements were
continuous, and thus the resulting equations (2.6.2) are actually only a necessary condition. In
order to show that they are also sufficient, consider two arbitrary points P and P, in an
elastic solid, as shown in Figure 2-8. Without loss in generality, the origin may be placed at
point P,.

The displacements of points P and P, are denoted by uf’ and u?, and the displacement of
point P can be expressed as

ul = uf + Jc du; = uf + Jca—xldxj (2.63)

Py ue

FIGURE 2-8 Continuity of displacements.
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where C is any continuous curve connecting points P, and P. Using relation (2.1.6) for the
displacement gradient, (2.6.3) becomes

= uj + J (ejj + wip)dx; (264)
c
Integrating the last term by parts gives

[ wjjdx; = wﬁX,’-’ - [ Xjwij, kdxy (2.6.5)
Je Je

where wf;- is the rotation tensor at point P. Using relation (2.1.7),,

1 1 1
wij, & = E(“i,jk — Ujix) = E(Mi,jk — ujik) + E(uk,ji — Ug,ji)

1 w (2.6.6)
= Ea_xj(“i,k +ug,i) — Ea_xi(uj,k + U, j) = €ik,j — Cjk,i
Substituting results (2.6.5) and (2.6.6) into (2.6.4) yields
i =u +wix + J Undx (2.6.7)
' c

where U,'k = €j — Xj(e,'k’j — ejk’,‘).

Now if the displacements are to be continuous, single-valued functions, the line integral
appearing in (2.6.7) must be the same for any curve C; that is, the integral must be independent
of the path of integration. This implies that the integrand must be an exact differential, so that
the value of the integral depends only on the end points. Invoking Stokes theorem, we can
show that if the region is simply connected (definition of the term simply connected is
postponed for the moment), a necessary and sufficient condition for the integral to be path
independent is for Uy, ; = Uy x. Using this result yields

eix,1 — Ojilein,j — ejx,i) — Xj(ein, i — e, i) = eix — Ojlei,;j — eji,i) — Xj(€i, jx — €ji,ik)
which reduces to
xj(eix, 1 — ejr,it — eijrx + eji) =0
Because this equation must be true for all values of x;, the terms in parentheses must vanish,
and after some index renaming this gives the identical result previously stated by the compati-
bility relations (2.6.1):
€ij kit €kl ij — Cik,ji — €jl,ik = 0
Thus, relations (2.6.1) or (2.6.2) are the necessary and sufficient conditions for continuous,
single-valued displacements in simply connected regions.

Now let us get back to the term simply connected. This concept is related to the topology
or geometry of the region under study. There are several places in elasticity theory where
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(a) Two-Dimensional (b) Two-Dimensional
Simply Connected Multiply Connected

(c) Three-Dimensional  (d) Three-Dimensional  (e) Three-Dimensional
Simply Connected Simply Connected Multiply Connected

FIGURE 2-9 Examples of domain connectivity.

the connectivity of the region fundamentally affects the formulation and solution method.
The term simply connected refers to regions of space for which all simple closed curves
drawn in the region can be continuously shrunk to a point without going outside the region.
Domains not having this property are called multiply connected. Several examples of
such regions are illustrated in Figure 2-9. A general simply connected two-dimensional region
is shown in case (a), and clearly this case allows any contour within the region to be shrunk to a
point without going out of the domain. However, if we create a hole in the region as shown in
case (b), a closed contour surrounding the hole cannot be shrunk to a point without going into
the hole and thus outside of the region. Thus, for two-dimensional regions, the presence of one
or more holes makes the region multiply connected. Note that by introducing a cut between the
outer and inner boundaries in case (b), a new region is created that is now simply connected.
Thus, multiply connected regions can be made simply connected by introducing one or more
cuts between appropriate boundaries. Case (c) illustrates a simply connected three-dimensional
example of a solid circular cylinder. If a spherical cavity is placed inside this cylinder as shown
in case (d), the region is still simply connected because any closed contour can still be shrunk
to a point by sliding around the interior cavity. However, if the cylinder has a through hole as
shown in case (e), then an interior contour encircling the axial through hole cannot be reduced
to a point without going into the hole and outside the body. Thus, case (e) is an example of the
multiply connected three-dimensional region.

It was found that the compatibility equations are necessary and sufficient conditions
for continuous, single-valued displacements only for simply connected regions. However,
for multiply connected domains, relations (2.6.1) or (2.6.2) provide only necessary but
not sufficient conditions. For this case, further relations can be developed and imposed on the
problem, and these are found through the introduction of cuts within the region to make it
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simply connected as per our earlier discussion. For the two-dimensional case shown in Figure
2-9(b), this process will lead to a relation commonly called a Cesaro integral taken around any
closed irreducible curve enclosing the internal cavity. Thus for multiply connected domains,
strain compatibility is guaranteed if compatibility relations (2.6.2) are satisfied and all Cesaro
integrals vanish. Details on this topic are given by Fung (1965), Fung and Tong (2001), or
Asaro and Lubarda (2006).

Although the compatibility relations guarantee (under appropriate conditions) continuous
displacements, they do not ensure uniqueness of the displacement field. At the end of
Section 2.2 we mentioned that, through integration of the strain displacement relations,
the displacements can be determined only up to an arbitrary rigid-body motion. In some
elasticity problems (e.g., thermal stress, crack problems, and dislocation modeling), it is
necessary to use multivalued displacement fields to properly model the problem. Chapters
10, 12, and 15 contain a few examples of such problems, and a specific case is given in
Exercise 2-18.

2.7 Curvilinear Cylindrical and Spherical Coordinates

The solution to many problems in elasticity requires the use of curvilinear cylindrical and
spherical coordinates. It is therefore necessary to have the field equations expressed in terms of
such coordinate systems. We now pursue the development of the strain-displacement relations
in cylindrical and spherical coordinates. Starting with form (2.2.7)

e= % [Vu+ (Vw)']

the desired curvilinear relations can be determined using the appropriate forms for the
displacement gradient term Vu.

The cylindrical coordinate system previously defined in Figure 1-5 establishes new com-
ponents for the displacement vector and strain tensor

u = ure, + upeyp + u.e,

€ €y € (2 7 1)
€= |¢e9 €y €p:

Notice that the symmetry of the strain tensor is preserved in this orthogonal curvilinear system.
Using results (1.9.17) and (1.9.10), the derivative operation in cylindrical coordinates can be
expressed by

Ou,.e . +au9e . +auz
ar T gy T gy

1 [Ou, 1 Juy 1 0u,
+ ; (% — 1/[6> epe, + ; (l/lr + %> epey + ;%egez (272)

+%ee +%ee +%ee
dz T Ty 0T gy

Vu=

e.e;
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Placing this result into the strain-displacement form (2.2.7) gives the desired relations in
cylindrical coordinates. The individual scalar equations are given by

Ou, 1 < 8u0> ou,
e, =——,ep=—| U+ , €7 =
r

or 00 0z

1 /10u,  Oug up
e/'@*i(;awﬁ‘?)
1 (Ouy  10u,
e”Z_E(EJF?ae)
1 (0u,  Ou,
eﬂ‘—a(a+ﬁ)

For spherical coordinates defined by Figure 1-6, the displacement vector and strain tensor can
be written as

(2.7.3)

U = uger + ugpey + Ugep
€R  €Rp CRO (2.7.4)
€= [€ERp €p €40

€R0  €p0 €0

Following identical procedures as used for the cylindrical equation development, the strain-
displacement relations for spherical coordinates become

er :%, e -1 (MR +au"’>
OR R 9
€0 =5 si1n¢ <% + sin ¢ug + cos d)u¢)
ero :% G%—Z:Jr%—%) 2.7.5)

eon =+ [~ e duo w0
=2 \Rsing 90 ' OR R

We can observe that these relations in curvilinear systems contain additional terms that do not
include derivatives of individual displacement components. For example, in spherical coordin-
ates a simple uniform radial displacement ur gives rise to transverse extensional strains
e4 = ep = ug/R. This deformation can be simulated by blowing up a spherical balloon and
observing the separation of points on the balloon’s surface. Such terms were not found in the
Cartesian forms given by (2.2.5), and their appearance is thus related to the curvature of the
spatial coordinate system. A more physical interpretation can be found by redeveloping these
equations using the geometric procedures of Section 2.2 on an appropriate differential element.
A two-dimensional polar coordinate example of this technique is given in Exercise 2-19.
Clearly, the curvilinear forms (2.7.3) and (2.7.5) appear more complicated than the corres-
ponding Cartesian relations. However, for particular problems, the curvilinear relations, when
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combined with other field equations, allow analytical solutions to be developed that could not
be found using a Cartesian formulation. Many examples of this are demonstrated in later
chapters. Appendix A lists the complete set of elasticity field equations in cylindrical and
spherical coordinates.
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Exercises

2-1. Determine the strain and rotation tensors e;; and w;; for the following displacement fields

(a) u==Axy, v= Bxz?, w= C()c2 +y2)
(b) u = Ax>, v = Bxy, w = Cxyz
©)u= Ayz3, Vv = Bxyz, w= C(x2 + 22)

where A, B, and C are arbitrary constants.

2-2. A two-dimensional displacement field is given by u = k(x> +y?), v = k(2x —y), w =0,
where £ is a constant. Determine and plot the deformed shape of a differential rectangular
element originally located with its left bottom corner at the origin as shown. Finally,
calculate the rotation component w;.

AY

dy

y X<

dx

2-3. A two-dimensional problem of a rectangular bar stretched by uniform end loadings
results in the following constant strain field:

Cy 0 0
ejj = 0 —C2 0
0 0 O
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2-4.

2-5.

2-6.

2-7.

where C; and C, are constants. Assuming the field depends only on x and y, integrate
the strain-displacement relations to determine the displacement components and identify
any rigid-body motion terms.

A three-dimensional elasticity problem of a uniform bar stretched under its own weight
gives the following strain field:

Az 0 O
ej=|0 Az 0
0 0 Bz

where A and B are constants. Integrate the strain-displacement relations to determine
the displacement components and identify all rigid-body motion terms.

Explicitly verify that the general rigid-body motion displacement field given by (2.2.10)
yields zero strains. Next, assuming that all strains vanish, formally integrate relations
(2.2.5) to develop the general form (2.2.10).

For polar coordinates defined by Figure 1-8, show that the transformation relations can be
used to determine the normal and shear strain components e,, ey, and e,¢ in terms of the
corresponding Cartesian components:

_ex—i—ey ex—ey

e, 2 cos 20 + ey, sin20
e) = % - ucos29 — ey, sin20
e,y = & Gin20 + e,y cos 20

A rosette strain gage is an electromechanical device that can measure relative surface
elongations in three directions. Bonding such a device to the surface of a structure allows
determination of elongational strains in particular directions. A schematic of one such
gage is shown in the following figure, and the output of the device will provide data on
the strains along the gage arms a, b, and c¢. During one application, it is found that

e, = 0.001, ¢, = 0.002, and e, = 0.004. Using the two-dimensional strain
transformation relations, calculate the surface strain components e,, e,, and e,y.
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2-8*. A two-dimensional strain field is found to be given by e, = 0.002, e, = —0.004, and
ey, = 0.001. Incorporating the transformation relations (2.3.6) into a MATLAB code,
calculate and plot the new strain components in a rotated coordinate system as a
function of the rotation angle 6. Determine the particular angles at which the new
components take on maximum values.

2-9*. A three-dimensional strain field is specified by

1 -2 0
ej=|-2 -4 0|x107?
0 05

Determine information on the strains in the shaded plane in the following figure that

makes equal angles with the x- and z-axes as shown. Use MATLAB to calculate and

plot the normal and in-plane shear strain along line AB (in the plane) as a function of
angle 0 in the interval 0 > 0 > /2.

45°

2-10*. Using MATLAB, determine the principal values and directions of the following state

of strain:
2 -2 0
ej=|-2 —4 1|x107
0 1 6

2-11. A rectangular parallelepiped with original volume V, is oriented such that its edges
are parallel to the principal directions of strain as shown in the following figure. For
small strains, show that the dilatation is given by

change in volume AV
9= ek =————————————— =

original volume Vo
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2-12.

2-13.

2-14.

2-15.

Determine the spherical and deviatoric strain tensors for the strain field given in
Exercise 2-10. Justify that the first invariant or dilatation of the deviatoric strain tensor
is zero. In light of the results from Exercise 2-11, what does the vanishing of the
dilatation imply?

Using scalar methods, differentiate the individual strain-displacement relations for
ex, ey, and e, and independently develop the first compatibility equation of set (2.6.2).

Using relation (1.3.5), show that the compatibility relations (2.6.1) with / =k can be

expressed by 7;; = €y Ejmp €ip.im = 0, which can also be written in vector notation as
VxexV=0.

In light of Exercise 2-14, the compatibility equations (2.6.2) can be expressed as

Nij = Eiki€jmpCipom = 0, Where 7);; is sometimes referred to as the incompatibility tensor
(Asaro and Lubarda, 2006). It is observed that 7; is symmetric, but its components

are not independent from one another. Since the divergence of a curl vanishes, show
that they are related through the differential Bianchi relations n;; ;= 0, which can be
expanded to

Mg Mo +133=0
Maag +M2p + 133 =0
N30t N300 11333 =0

Thus we see again that the six compatibility relations are not all independent.

2-16. Show that the six compatibility equations (2.6.2) may also be represented by the three
independent fourth-order equations
Oe, o3 Dey,  De,,  Oeyy
[ _— _|_
0y20z2  Oxdy0oz ox Oy 0z
84ey _ o3 B Oez;  Oeyy n Jey.
0z20x2  Oxdyodz dy 0z  Ox
O%e, _ 03 B Oeyy  Oey, n e,
Ox20y?  Ox0yoz 0z  Ox Oy

2-17.

Show that the following strain field

ex =Ay’, ey =Ax e,y =Bxy(x +y), e: = e, = e, =0
gives continuous, single-valued displacements in a simply connected region only if the
constants are related by A = 2B/3.
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2-18.

2-19.

In order to model dislocations in elastic solids, multivalued displacement fields are
necessary. As shown later in Chapter 15, for the particular case of a screw dislocation
the displacements are given by

b
u=v=0, w:—tan_IX
2n X
where b is a constant called the Burgers vector. Show that the strains resulting from
these displacements are given by

by b x
€y =€y = €; = €yy = 0, Cy; = 7Em,€yz = Em

Although we would expect for such a case that the compatibility relations would not
be satisfied, verify that these strains are in fact compatible. This is an example of a case
in which the compatibility relations are necessary but not sufficient to guarantee single-
valued displacements.

Consider the plane deformation of the differential element ABCD defined by polar
coordinates r, 0 as shown in the following figure. Using the geometric methods outlined
in Section 2.2, investigate the changes in line lengths and angles associated with the
deformation to a configuration A’B'C’'D’, and develop the strain-displacement relations

T A Yy L
= O\ e ) T2\ ae T or r
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2-20. Using the results from Exercise 2-19, determine the two-dimensional strains e,, ey, €,9
for the following displacement fields

A
(a) u, = —, ug = Bcosl
,

(b) u, = Ar?, up = Brsin0
(¢) u =Asin +Bcost, ug =Acos —Bsinf + Cr

where A, B, and C are arbitrary constants.
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3

Stress and Equilibrium

3.1

The previous chapter investigated the kinematics of deformation without regard to the force or
stress distribution within the elastic solid. We now wish to examine these issues and explore
the transmission of forces through deformable materials. Our study leads to the definition and
use of the traction vector and stress tensor. Each provides a quantitative method to describe
both boundary and internal force distributions within a continuum solid. Because it is com-
monly accepted that maximum stresses are a major contributing factor to material failure,
primary application of elasticity theory is used to determine the distribution of stress within a
given structure. Related to these force distribution issues is the concept of equilibrium. Within
a deformable solid, the force distribution at each point must be balanced. For the static case,
the summation of forces on an infinitesimal element is required to be zero, while for a dynamic
problem the resultant force must equal the mass times the element’s acceleration. In this
chapter, we establish the definitions and properties of the traction vector and stress tensor and
develop the equilibrium equations, which become another set of field equations necessary in
the overall formulation of elasticity theory. It should be noted that the developments in this
chapter do not require that the material be elastic, and thus in principle these results apply to a
broader class of material behavior.

Body and Surface Forces

When a structure is subjected to applied external loadings, internal forces are induced
inside the body. Following the philosophy of continuum mechanics, these internal forces are
distributed continuously within the solid. In order to study such forces, it is convenient to
categorize them into two major groups, commonly referred to as body forces and surface
forces.

Body forces are proportional to the body’s mass and are reacted with an agent outside of the
body. Examples of these include gravitational-weight forces, magnetic forces, and inertial
forces. Figure 3-1(a) shows an example body force of an object’s self-weight. By using
continuum mechanics principles, a body force density (force per unit volume) F(x) can be
defined such that the total resultant body force of an entire solid can be written as a volume
integral over the body
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Body Forces: F(x)
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Surface Forces: T"(x)

S
(b) Sectioned Axially Loaded Beam

FIGURE 3-1 Examples of body and surface forces.

Fr = m F(x)dV (3.1.1)
\%4

Surface forces always act on a surface and result from physical contact with another
body. Figure 3-1(b) illustrates surface forces existing in a beam section that has been
created by sectioning the body into two pieces. For this particular case, the surface S
is a virtual one in the sense that it was artificially created to investigate the nature
of the internal forces at this location in the body. Again, the resultant surface force
over the entire surface S can be expressed as the integral of a surface force density function
T'(x)

Fs= ” T"(x)dS (3.1.2)
N

The surface force density is normally referred to as the traction vector and is discussed in
more detail in the next section. In the development of classical elasticity, distributions
of body or surface couples are normally not included. Theories that consider such force
distributions have been constructed in an effort to extend classical elasticity for applications
in micromechanical modeling. Such approaches are normally called micropolar or couple-
stress theory (see Eringen 1968) and are briefly presented in Chapter 15.
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3.2 Traction Vector and Stress Tensor

In order to quantify the nature of the internal distribution of forces within a continuum solid,
consider a general body subject to arbitrary (concentrated and distributed) external loadings, as
shown in Figure 3-2. To investigate the internal forces, a section is made through the body as
shown. On this section consider a small area 4A with unit normal vector n. The resultant
surface force acting on AA is defined by AF. Consistent with our earlier discussion, no
resultant surface couple is included. The stress or traction vector is defined by

AF
" L
T (x,n) = AgTO_AA (3.2.1)

Notice that the traction vector depends on both the spatial location and the unit normal vector
to the surface under study. Thus, even though we may be investigating the same point, the
traction vector still varies as a function of the orientation of the surface normal. Because the
traction is defined as force per unit area, the total surface force is determined through
integration as per relation (3.1.2). Note, also, the simple action-reaction principle (Newton’s
third law)

T'(x,n) = —-T"(x, — n)

Consider now the special case in which 4A coincides with each of the three coordinate planes
with the unit normal vectors pointing along the positive coordinate axes. This concept is shown
in Figure 3-3, where the three coordinate surfaces for 4A partition off a cube of material. For
this case, the traction vector on each face can be written as

Tn(x’n =e1) =0, + Tyy€r + Tyz€3
T'(x,n = e;) = 11 + 0,63 + Ty.€3 (3.2.2)
Tn(x’n =e3) = T, + Tzy€2 +o0-€3

where e, e, ez are the unit vectors along each coordinate direction, and the nine quantities
{0y, 0y, 02, Ty, Tyx, Tyz, Tzys Tax, Tyz} are the components of the traction vector on each of
three coordinate planes as illustrated. These nine components are called the stress components,

1
(Externally Loaded Body) (Sectioned Body)

FIGURE 3-2  Sectioned solid under external loading.
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FIGURE 3-3 Components of the stress.

with o, o,, o, referred to as normal stresses and Ty, Ty, Ty, Tzy, Tz, Ty called the shear-
ing stresses. The components of stress ¢;; are commonly written in matrix format

o=o]= Tyx Oy Ty 3.2.3)
Tox Tzy Oz

and it can be formally shown that the stress is a second-order tensor that obeys the appropriate
transformation law (1.5.3);.

The positive directions of each stress component are illustrated in Figure 3-3. Regardless of
the coordinate system, positive normal stress always acts in tension out of the face, and only
one subscript is necessary because it always acts normal to the surface. The shear stress,
however, requires two subscripts, the first representing the plane of action and the second
designating the direction of the stress. Similar to shear strain, the sign of the shear stress
depends on coordinate system orientation. For example, on a plane with a normal in the
positive x direction, positive 1, acts in the positive y direction. Similar definitions follow for
the other shear stress components. In subsequent chapters, proper formulation of elasticity
problems requires knowledge of these basic definitions, directions, and sign conventions for
particular stress components.

Consider next the traction vector on an oblique plane with arbitrary orientation, as
shown in Figure 3-4. The unit normal to the surface can be expressed by

n = n.ey + nye; + n:e3 3.2.4)

where ny, ny, n. are the direction cosines of the unit vector n relative to the given coordinate
system. We now consider the equilibrium of the pyramidal element interior to the oblique and
coordinate planes. Invoking the force balance between tractions on the oblique and coordinate
faces gives
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z

FIGURE 3-4 Traction on an oblique plane.

T"=nT'(n=e)+nT"(n=e)+nT"'(n=e3)
and by using relations (3.2.2), this can be written as

T = (anx + Tyxlly + sznz)el
+ (tyny + oyny + Tyn2)er (3.2.5)

+ (Tt + Ty My + o:n;)es
or in index notation
Tln = 0jin; (326)

Relation (3.2.5) or (3.2.6) provides a simple and direct method to calculate the forces on
oblique planes and surfaces. This technique proves to be very useful to specify general
boundary conditions during the formulation and solution of elasticity problems. Based on
these previous definitions, the distinction between the traction vector and stress tensor should
be carefully understood. Although each quantity has the same units of force per unit area, they
are fundamentally different since the traction is a vector while the stress is a second-order
tensor (matrix). Components of traction can be defined on any surface, but particular stress
components only exist on coordinate surfaces, as shown in Figure 3-3 for the Cartesian case.
Clearly, equation (3.2.6) establishes the relation between the two variables, thereby indicating
that each traction component can be expressed as a linear combination of particular stress
components. Further discussion on this topic will be given in Section 5.2 when boundary
condition development is presented.

Following the principles of small deformation theory, the previous definitions for the
stress tensor and traction vector do not make a distinction between the deformed and un-
deformed configurations of the body. As mentioned in the previous chapter, such a distinction
only leads to small modifications that are considered higher-order effects and are normally
neglected. However, for large deformation theory, sizeable differences exist between
these configurations, and the undeformed configuration (commonly called the reference
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configuration) is often used in problem formulation. This gives rise to the definition of an
additional stress called the Piola-Kirchhoff stress tensor that represents the force per unit
area in the reference configuration (see Chandrasekharaiah and Debnath 1994). In the
more general scheme, the stress oj; is referred to as the Cauchy stress tensor. Throughout
the text only small deformation theory is considered, and thus the distinction between
these two definitions of stress disappears, thereby eliminating any need for this additional
terminology.

3.3 Stress Transformation

Analogous to our previous discussion with the strain tensor, the stress components must also
follow the standard transformation rules for second-order tensors established in Section 1.5.
Applying transformation relation (1.5.1)3 for the stress gives

o = QipQigOpq (3.3.1)

where the rotation matrix Q;; = cos (x;, ;). Therefore, given the stress in one coordinate
system, we can determine the new components in any other rotated system. For the general
three-dimensional case, the rotation matrix may be chosen in the form

ll nmp; nm
Oi=|hb m m (3.3.2)
l3 ms ns

Using this notational scheme, the specific transformation relations for the stress then become

O’; = axl% + oymf + azn% + 2t lymy + tyomyng + )
a;, = oix.lg + (fymg + a_,n% + 2tylomy + Tymony + T12lp)
O',Z = O'xl§ + O-ym_% + O'zn_% + Z(TXy[3m3 + TyzM313 + Tz,\'n3]3) (333)

Tf\-y = o1l + oymymy + o:niny + T (limy + myly) + ty.(myng + nymy) + t(nily + Lino)

T;,_, = 0,z + oymams + 6.n0n3 + Ty (bmz + mMolz) + Ty.(mans + noms) + o (n2ls + lhns)

r;x = o301 + oymzmy + o.n3ny + T (my + msly) + ty.(m3ng + nzamy) + t(n3ly + o)

For the two-dimensional case originally shown in Figure 2-6, the transformation matrix was
given by relation (2.3.5). Under this transformation, the in-plane stress components transform
according to

=g, cos’ 0+ oy sin® 0 + 27,y sin0 cos 0

!
X

o
o;, = g, sin’ 0 + oy cos’ 0 — 27,y sin0 cos 0 (3.3.4)
r_;,y = —o,sinflcos 0 4 g, sin 0 cos 0 + 7,( cos? 0 — sin” 0)

which is commonly rewritten in terms of the double angle
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/ Ox+ 0y 0x—0y

0, = T + TCOS 20 + Ty sin 20

/ o.+0, 0,—0 .
o, = Ty - Tycos 20 — 1,y sin 20 (3.3.5)
/ O'y — Oy

5 sin20 + 7,y cos 20

Similar to our discussion on strain in the previous chapter, relations (3.3.5) can be directly
applied to establish stress transformations between Cartesian and polar coordinate systems
(see Exercise 3-3). Both two- and three-dimensional stress transformation equations can be
easily incorporated in MATLAB to provide numerical solutions to problems of interest (see
Exercise 3-2).

3.4 Principal Stresses

We can again use the previous developments from Section 1.6 to discuss the issues of principal
stresses and directions. It is shown later in the chapter that the stress is a symmetric tensor.
Using this fact, appropriate theory has been developed to identify and determine principal axes
and values for the stress. For any given stress tensor we can establish the principal value
problem and solve the characteristic equation to explicitly determine the principal values and
directions. The general characteristic equation for the stress tensor becomes

det[;; — 001 = —0> + 116> — Lo + 13 =0 (3.4.1)

where ¢ are the principal stresses and the fundamental invariants of the stress tensor can be
expressed in terms of the three principal stresses 7, 02, 03 as

Iy =01+02+03
[2 :0'1(72+O'20'3+O'30'1 (342)

I3 = 010203

In the principal coordinate system, the stress matrix takes the special diagonal form

g1 0 0
gi=10 o O 3.4.3)
0 0 03

A comparison of the general and principal stress states is shown in Figure 3-5. Notice that for
the principal coordinate system, all shearing stresses vanish and thus the state includes only
normal stresses. These issues should be compared to the equivalent comments made for the
strain tensor at the end of Section 2.4.

We now wish to go back to investigate another issue related to stress and traction
transformation that makes use of principal stresses. Consider the general traction vector 7"
that acts on an arbitrary surface as shown in Figure 3-6. The issue of interest is to determine the
traction vector’s normal and shear components N and S. The normal component is simply the
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FIGURE 3-5 Comparison of general and principal stress states.

FIGURE 3-6 Traction vector decomposition.

traction’s projection in the direction of the unit normal vector n, while the shear component is
found by Pythagorean theorem:

N=T"n (3.4.4)
S — (|TI’L|2 o N2)1/2 o
Using the relationship for the traction vector (3.2.5) into (3.4.4); gives
N=T"-n=T'n = o;njn;
DO (3.4.5)

2 2 2
o1ny + on; + o3n3

where, in order to simplify the expressions, we have used the principal axes for the stress
tensor. In a similar manner,

2
|Tn| =T"-T"'= TInTln = 0iN;j0 il

2.2

(3.4.6)
= O’%}’l% + a%n% + o3n3
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Using these results back into relation (3.4.4) yields

2 2 2
N = o1n] + o2n; + 0315

(3.4.7)
S§? 4+ N? = o%n% + O’%I’l% + a%n%
In addition, we add the condition that the vector n has unit magnitude
l=nf+n3+n3 (3.4.8)

Relations (3.4.7) and (3.4.8) can be viewed as three linear algebraic equations for the
unknowns n%, n%, n% Solving this system gives the following result:

= S2+ (N — a2)(N — 03)
(o1 — 02)(01 — 03)

2 :Sz+(N—03)(N—U|)
(02 — 03)(02 — 01)

2 :S2 + N —0a))(N —02)
37 (03— 01)(03 — )

(3.4.9)

Without loss in generality, we can rank the principal stresses as g; > ¢, > g3. Noting that the
expressions given by (3.4.9) must be greater than or equal to zero, we can conclude the following

§*+ (N —02)(N —03) >0
S24+ (N —a3)(N—a1) <0 (3.4.10)
S+ (N —0)N —02) >0

For the equality case, equations (3.4.10) represent three circles in an S-N coordinate system,
and Figure 3-7 illustrates the location of each circle. These results were originally generated by
Otto Mohr over a century ago, and the circles are commonly called Mohr’s circles of stress.
The three inequalities given in (3.4.10) imply that all admissible values of N and S lie in
the shaded regions bounded by the three circles. Note that, for the ranked principal stresses, the
largest shear component is easily determined as Sy = 1/2|0; — 03|. Although these circles
can be effectively used for two-dimensional stress transformation, the general tensorial-based
equations (3.3.3) are normally used for general transformation computations.

EXAMPLE 3-1: Stress Transformation

For the following state of stress, determine the principal stresses and directions and find
the traction vector on a plane with unit normal n = (0, 1, 1)/ V2.

311
UU' = 1 0 2
1 20

Continued
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EXAMPLE 3-1: Stress Transformation—Cont’d

The principal stress problem is first solved by calculating the three invariants, giving
the result /; =3, I, = —6, Iz = —8. This yields the following characteristic equa-
tion:

—0°+36°+66—-8=0

The roots of this equation are found to be ¢ = 4, 1, — 2. Back-substituting the first root
into the fundamental system (see 1.6.1) gives

i ) 4 =0
A — 4y 20 —
n(ll) + 2n§1) — 4}1(31> =0

Solving this system, the normalized principal direction is found to be n = (2, 1, 1)/
V6. In similar fashion the other two principal directions are n? = (-1, 1, 1)/
V3, 1® =, —1, H/V2.

The traction vector on the specified plane is calculated by using the relation

31 1 0 2/V2
T'=|1 0 2||1/V2|=|2/V2
1 2 0] |1/V2 2/V2

S2+(N-oy)(N-0,) =0

S2 +(N-05)(N-0y)=0

FIGURE 3-7 Mohr’s circles of stress.
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3.5 Spherical, Deviatoric, Octahedral,
and von Mises Stresses

As mentioned in our previous discussion on strain, it is often convenient to decompose the
stress into two parts called the spherical and deviatoric stress tensors. Analogous to relations
(2.5.1) and (2.5.2), the spherical stress is defined by

Gjj :%Gkk 0ij (3.5.1)
while the deviatoric stress becomes
. 1
Oij = 01 — 3 Okk 0jj (3.5.2)
Note that the total stress is then simply the sum
ojj = G;j + 0y (3.5.3)

The spherical stress is an isotropic tensor, being the same in all coordinate systems (as per the
discussion in Section 1.5). It can be shown that the principal directions of the deviatoric stress
are the same as those of the stress tensor itself (see Exercise 3-14).

We next briefly explore a couple of particular stress components or combinations that have
been defined in the literature and are commonly used in formulating failure theories related to
inelastic deformation. It has been found that ductile materials normally exhibit inelastic
yielding failures that can be characterized by these particular stresses.

Consider first the normal and shear stresses (tractions) that act on a special plane whose
normal makes equal angles with the three principal axes. This plane is commonly referred to as
the octahedral plane. Determination of these normal and shear stresses is straightforward if we
use the principal axes of stress. Since the unit normal vector to the octahedral plane makes
equal angles with the principal axes, its components are given by n; = £(1, 1, 1)/+/3. Refer-
ring to Figure 3-6 and using the results of the previous section, relations (3.4.7) give the desired
normal and shear stresses as

1 1 1
N =04 = 5(01 + 0y + 03) = gakk = 511
1
S =10 = 3101 = 02)° + (02 = 03 + (73 = 01)°]'/? (3.5.4)
1
- g(21% — o)

It can be shown that the octahedral shear stress 7., is directly related to the distortional
strain energy (defined by equation (6.1.17) ), which is often used in failure theories for ductile
materials.

Another specially defined stress also related to the distortional strain energy failure criteria
is known as the effective or von Mises stress and is given by the expression

1
G = Gyonttises = —=1(01 — 62)* + (02 — 03)* + (03 — 01)*]"/2 (3.5.5)

V2
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Note that although the von Mises stress is not really a particular stress or traction compon-
ent in the usual sense, it is obviously directly related to the octahedral shear stress by the
relation o, = (3/ V2)T . If at some point in the structure, the von Mises stress equals the yield
stress, then the material is considered to be at the failure condition. Based on this fact, many
finite element computer codes commonly plot von Mises stress distributions based on the
numerically generated stress field. It should be noted that the von Mises and octahedral shear
stresses involve only the differences in the principal stresses and not the individual values.
Thus, increasing each principal stress by the same amount will not change the value of o, or
Toer- This result also implies that these values are independent of hydrostatic stress. We will not
pursue failure criteria further, and the interested reader is referred to Ugural and Fenster (2003)
for details on this topic.

3.6 Equilibrium Equations

The stress field in an elastic solid is continuously distributed within the body and uniquely
determined from the applied loadings. Because we are dealing primarily with bodies in
equilibrium, the applied loadings satisfy the equations of static equilibrium; that is, the
summation of forces and moments is zero. If the entire body is in equilibrium, then all parts
must also be in equilibrium. Thus, we can partition any solid into an appropriate subdomain
and apply the equilibrium principle to that region. Following this approach, equilibrium
equations can be developed that express the vanishing of the resultant force and moment at
a continuum point in the material. These equations can be developed by using either an
arbitrary finite subdomain or a special differential region with boundaries coinciding with
coordinate surfaces. We shall formally use the first method in the text, and the second scheme
is included in Exercises 3-19 and 3-21.

Tn

FIGURE 3-8 Body and surface forces acting on an arbitrary portion of a continuum.

Consider a closed subdomain with volume V and surface S within a body in equilibrium.
The region has a general distribution of surface tractions 7" and body forces F as shown in
Figure 3-8. For static equilibrium, conservation of linear momentum implies that the forces
acting on this region are balanced and thus the resultant force must vanish. This concept can be
easily written in index notation as follows:
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” T/dS + J” FidV =0 (3.6.1)
N 1%

Using relation (3.2.6) for the traction vector, we can express the equilibrium statement in terms

of stress:
” ojinidS + J” FidV =0 (3.6.2)
s 1%

Applying the divergence theorem (1.8.7) to the surface integral allows the conversion to a
volume integral, and relation (3.6.2) can then be expressed as

”J (0ji,j + F)dV =0 (3.6.3)
%

Because the region V is arbitrary (any part of the medium can be chosen) and the integrand
in (3.6.3) is continuous, then by the zero-value theorem (1.8.12), the integrand must vanish:

O-ji,j+Fi =0 (364)

This result represents three scalar relations called the equilibrium equations. Written in scalar
notation, they are

0o, Oty 01y

) Fo_
ax oy "o =0
Oty 0oy Oty

=y Y L F = .6.

8x+8y+(9z+ y =0 (3.6.5)
ot 01, 0o,

= - —+F, =
Ox + Oy + 0z TF=0

Thus, all elasticity stress fields must satisfy these relations in order to be in static equilib-
rium.

Next consider the angular momentum principle that states that the moment of all
forces acting on any portion of the body must vanish. Note that the point about which the
moment is calculated can be chosen arbitrarily. Applying this principle to the region shown in
Figure 3-8 results in a statement of the vanishing of the moments resulting from surface and
body forces:

JJ SlijjTZdS + JJJ Sijk)(ijdV =0 (3.6.6)
S Vv

Again using relation (3.2.6) for the traction, (3.6.6) can be written as

JJ s,jkxjalkn;dS + JJJ S,ijijdV =0
N Vv
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and application of the divergence theorem gives

”Jv [Eixion), 1 + ejx;FirldV =0
This integral can be expanded and simplified as
JJJV [eijixj 100 + epXjon, 1 + ejxiFildV =
J.”v legkbjion + ejpxjon, 1 + eipXiFrldV =
”JV Lo — eiXiFi + X FildV = JJJV grokdV

where we have used the equilibrium equations (3.6.4) to simplify the final result. Thus, (3.6.6)

now gives
JJJ s,jkojde =0
v

As per our earlier arguments, because the region V is arbitrary, the integrand must vanish,
giving g0 = 0. However, because the alternating symbol is antisymmetric in indices jk, the
other product term ¢ must be symmetric, thus implying

Ty = Ty
Ojj = 0ji = Ty; = Tzy (367)
Tox = Tyz

We thus find that, similar to the strain, the stress tensor is also symmetric and therefore has
only six independent components in three dimensions. Under these conditions, the equilibrium
equations can then be written as

G+ Fi=0 (3.6.8)

3.7 Relations in Curvilinear Cylindrical
and Spherical Coordinates

As mentioned in the previous chapter, in order to solve many elasticity problems, formulation
must be done in curvilinear coordinates typically using cylindrical or spherical systems. Thus,
by following similar methods as used with the strain-displacement relations, we now wish to
develop expressions for the equilibrium equations in curvilinear cylindrical and spherical
coordinates. By using a direct vector/matrix notation, the equilibrium equations can be
expressed as

V.o+F=0 (3.7.1)
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X2

X4
FIGURE 3-9 Stress components in cylindrical coordinates.

where o = gjje;e; is the stress matrix or dyadic, e; are the unit basis vectors in the
curvilinear system, and F is the body force vector. The desired curvilinear expressions can
be obtained from (3.7.1) by using the appropriate form for V - o from our previous work in
Section 1.9.

Cylindrical coordinates were originally presented in Figure 1-5. For such a system, the
stress components are defined on the differential element shown in Figure 3-9, and thus the
stress matrix is given by

gy 10  Trz
o= |79 0p Tp: 3.7.2)

Tz Tz Oz

Now the stress can be expressed in terms of the traction components as
o=c¢T, +eTy+e.T, (3.7.3)
where

T, =oe +19€0 + 712e.
Ty = t,9e, + opeg + 7p.€. 3.7.4)

z Tr:€r + To.€9 + 0.€;

=
[

Using relations (1.9.10) and (1.9.14), the divergence operation in the equilibrium equations can
be written as

or, 1 l% oT .

Vo=t e tas

0o, 019 01, 1
= e + ey + e, +— (O-rer + T0€9 + Trzez)
or or or r (3.75)
—i—1 %e +re+%e — gge +%e N
- 90 r ro€o 90 0 0€r 90 z

Stress and Equilibrium 69



Combining this result into (3.7.1) gives the vector equilibrium equation in cylindrical
coordinates. The three scalar equations expressing equilibrium in each coordinate direction

then become

do, 187:,.9 01,4

1
+;(UI‘_O-6)+Fr:0

or Ty o0 o
0t 100y Otg. 2

Z . — 3.7.6
or r 00 0z +1‘T’9+F9 0 ( )

ot. 10t 0o, 1 _
or +;W+E+;T)'Z+FZ_O

We now wish to repeat these developments for the spherical coordinate system, as previously
shown in Figure 1-6. The stress components in spherical coordinates are defined on the
differential element illustrated in Figure 3-10, and the stress matrix for this case is

OrR TR TRO
o= TRy 0¢p THo (3.7.7)
RO Tp0 00

Following similar procedures as used for the cylindrical equation development, the three scalar
equilibrium equations for spherical coordinates become
% 1%8(;2;;5 Rsilnd)%-k%QaR—o'¢—0'9+‘L'R¢COt¢)+FRIO
ot ro 1 0o ) 1 ot 0
OR 'R % Rsin ¢ 90
ot 70 101 0 1 Jdo, 0
OR 'R % Rsin ¢ 00

1
+I_€[(G¢ —aggp)cot P +3tpy] +Fy =0 (3.7.8)

1
+I_3(2T¢000t¢ +3tRe) + F9p =0

‘XZ

X4 N

FIGURE 3-10 Stress components in spherical coordinates.
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It is interesting to note that the equilibrium equations in curvilinear coordinates contain
additional terms not involving derivatives of the stress components. The appearance of these
terms can be explained mathematically because of the curvature of the space. However, a more
physical interpretation can be found by redeveloping these equations through a simple
force balance analysis on the appropriate differential element. This analysis is proposed for
the less demanding two-dimensional polar coordinate case in Exercise 3-21. In general,
relations (3.7.6) and (3.7.8) look much more complicated when compared to the Cartesian
form (3.6.5). However, under particular conditions, the curvilinear forms lead to an analytical
solution that could not be reached by using Cartesian coordinates. For easy reference,
Appendix A lists the complete set of elasticity field equations in cylindrical and spherical
coordinates.
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Exercises

3-1. The state of stress in a rectangular plate under uniform biaxial loading, as shown in the
following figure, is found to be

X
gj= |0
0

(= )

0
0
0

Determine the traction vector and the normal and shearing stresses on the oblique plane S.

3-2*. Using suitable units, the stress at a particular point in a solid is found to be
2
(a) 0jj = 1

I

—4 4 1 0
0 ®)o;=[1—-6 2
4 I 0 2 1
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Determine the traction vector on a surface with unit normal (cos 6, sin 6, 0), where 6 is a
general angle in the range 0 < # < 7. Plot the variation of the magnitude of the traction
vector |T"| as a function of 6.

3-3. Show that the general two-dimensional stress transformation relations can be used to
generate relations for the normal and shear stresses in a polar coordinate system in terms
of Cartesian components

g = w 4+ — 9 — % Y cos 20 + Tyy Sin 20
o0y = @ T T o520 — Tyy $in 20
Trg = %~ %% in20 + 7, cos 20

3-4. A two-dimensional state of plane stress in the x,y plane is defined by 6. = 1,, = 1., = 0.
Using general principal value theory, show that for this case the in-plane principal
stresses and maximum shear stress are given by

oyt o Oy — Oy\ 2

Or — 0y\2
Tmax = (T) +T%y

3-5. Explicitly verify relations (3.5.4) for the octahedral stress components. Also show that
they can be expressed in terms of the general stress components by

1
Ooct = g(ax +0oy,+0.)

1
Toct = 5 [(UX - Uy)z + (O-y - 6:)2 + (Uz - O-x)z + 6T + 6‘5 + 6T ]1/2

Xy

3-6. For the plane stress case in Exercise 3-4, demonstrate the invariant nature of the
principal stresses and maximum shear stresses by showing that

012 :—Il \/—12—12 and T, = \/—I b

Thus, conclude that

oy + 0y Oy — 0y\2 g+ oy o, — 09\ 2
2=t (P57) g =T e ()

B Oy — 0y\2 ) _ o, —09\% ,
Tmax = \/( ) ) + T}\) \/(—2 ) +T,.H

3-7. Exercise 8-2 provides the plane stress (see Exercise 3-4) solution for a cantilever beam
of unit thickness, with depth 2c¢, and carrying an end load of P is given by
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3-8"

3-9.

3-10%*.

3P 3P y?
GX:? Xy, O'y:(), Txy:Z I—C—z

Show that the principal stresses are given by

3P
012 =-— [xy + /(¢ —y?) —|—x2y2}
’ 4¢3

and the principal directions are

1
n? = = ny /(2 —y2)? +x2y2>e1 +(* - yz)ez} :

Note that the principal directions do not depend on the loading P.

. Plot contours of the maximum principal stress ¢ in Exercise 3-7 in the region 0 < x < L

—c<y<cwithL=1,¢=0.1,and P=1.

We wish to generalize the findings in Exercise 3-7, and thus consider a stress field of
the general form ¢;; = Pf;; (x;), where P is a loading parameter and the tensor function
fij specifies only the field distribution. Show that the principal stresses will be a linear
form in P; that is, 0 53 = Pg; 23 (x;). Next demonstrate that the principal directions
will not depend on P.

The plane stress solution for a semi-infinite elastic solid under a concentrated point
loading is developed in Chapter 8. With respect to the axes shown in the following
figure, the Cartesian stress components are found to be

2Px%y
TR

2pPy?
= TR+ Y

2Pxy?
R

Using results from Exercise 3-4, calculate the maximum shear stress at any point in the
body and plot contours of T,,x. You can compare your results with the corresponding
photoelastic contours shown in Figure §8-28.

2 v
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3-11. Show that shear stress S acting on a plane defined by the unit normal vector n (see
Figure 3-6) can be written as

1/2
S = [n%n%(al — 02)2 + n%n%(az — 0'3)2 + n%n%(o_g — 0'1)2] /

3-12. It was discussed in Section 3.4 that for the case of ranked principal stresses (o, > 0, > 03),
the maximum shear stress was given by Sy.x = (07 — 03)/2, which was the radius of
the largest Mohr’s circle shown in Figure 3-7. For this case, show that the normal stress
acting on the plane of maximum shear is given by N = (¢, + ¢3)/2. Finally, using
relations (3.4.9) show that the components of the unit normal vector to this plane are
n; = (1,0, 1)/+/2. This result implies that the maximum shear stress acts on a plane
that bisects the angle between the directions of the largest and the smallest principal
stress.

3-13. Explicitly show that the stress state given in Example 3-1 will reduce to the proper
diagonal form under transformation to principal axes.

3-14. Show that the principal directions of the deviatoric stress tensor coincide with the
principal directions of the stress tensor. Also show that the principal values of the
deviatoric stress g, can be expressed in terms of the principal values o of the total stress
by the relation 6, = ¢ — { .

3-15. Determine the spherical and deviatoric stress tensors for the stress states given in
Exercise 3-2.

3-16. For the stress state given in Example 3-1, determine the von Mises and octahedral
stresses defined in Section 3.5.

3-17. For the case of pure shear, the stress matrix is given by

0 0
ogj= |1 0
0 0

S O A

where 7 is a given constant. Determine the principal stresses and directions, and
compute the normal and shear stress on the octahedral plane.

3-18". For the stress state in Exercise 3-7, plot contours of the von Mises stress in the region
0<x<L,—c<y<cwithL =1,¢c =0.1,and P = 1.

3-19. Consider the equilibrium of a two-dimensional differential element in Cartesian
coordinates, as shown in the following figure. Explicitly sum the forces and moments
and develop the two-dimensional equilibrium equations

0oy Oty
- F.=0
Ox 0Oy T
0ty  Ooy
- —+F,=0
Ox + ay T
Txy = Tyx
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o,+ dy
dy
o7,
Tt —2dy
yx ay
_
xy
T+ ax
N Fy Xy ox
I
o
Oy | oyt X_dx
| = X
Ty
-
Tyx
Sy

3-20. Consider the two-dimensional case described in Exercise 3-19 with no body forces.
Show that equilibrium equations are identically satisfied if the stresses are expressed in

the form

_a_yz’“yzﬁ’“y__axay

A 0*¢ 0*¢

Ox

where ¢(x,y) is an arbitrary stress function. This stress representation will be used in
Chapter 7 to establish a very useful solution scheme for two-dimensional problems.

Following similar procedures as in Exercise 3-19, sum the forces and moments on the
two-dimensional differential element in polar coordinates (see the figures), and
explicitly develop the following two-dimensional equilibrium equations

3-21.
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3-22. For a beam of circular cross-section, analysis from elementary strength of materials
theory yields the following stresses:

My VR -y
Oy = T’ Ty = 3] s, Oy = 0; = Ty = Ty, = 0

where R is the section radius, I = nR* /4, M is the bending moment, V is the shear force,
and dM /dx = V. Assuming zero body forces, show that these stresses do not satisfy the
equilibrium equations. This result is one of many that indicate the approximate nature of
strength of materials theory.

3-23. A one-dimensional problem of a prismatic bar (see the following figure) loaded
under its own weight can be modeled by the stress field o, = 0,(x), 0, = 0, =
Ty = Ty; = T = 0, with body forces F, = pg, Fy, = F, = 0, where p is the mass
density and g is the local acceleration of gravity. Using the equilibrium equations,
show that the nonzero stress will be given by o, = pg(l — x), where [ is the length
of the bar.

X
3-24. A hydrostatic stress field is specified by
—p 0 0
oy = —pdij = 0 —p 0
0 0 —p

where p = p(x1, x», x3) and may be called the pressure. Show that the equilibrium
equations imply that the pressure must satisfy the relation Vp = F.

3-25. Verify the curvilinear cylindrical coordinate relations (3.7.5) and (3.7.6).
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4

Material Behavior—Linear Elastic Solids

4.1

The previous two chapters establish elasticity field equations related to the kinematics of
small deformation theory and the equilibrium of the associated internal stress field. Based
on these physical concepts, six strain-displacement relations (2.2.5), six compatibility equa-
tions (2.6.2), and three equilibrium equations (3.6.5) were developed for the general three-
dimensional case. Because moment equilibrium simply results in symmetry of the stress
tensor, it is not normally included as a separate field equation set. Also, recall that the
compatibility equations actually represent only three independent relations, and these equa-
tions are needed only to ensure that a given strain field will produce single-valued continuous
displacements. Because the displacements are included in the general problem formulation, the
solution normally gives continuous displacements, and the compatibility equations are not
formally needed for the general system. Thus, excluding the compatibility relations, it is found
that we have now developed nine field equations. The unknowns in these equations include
three displacement components, six components of strain, and six stress components, yielding
a total of fifteen unknowns. Thus, the nine equations are not sufficient to solve for the fifteen
unknowns, and additional field equations are needed. This result should not be surprising since
up to this point in our development we have not considered the material response.

We now wish to complete our general formulation by specializing to a particular material
model that provides reasonable characterization of materials under small deformations. The
model we will use is that of a linear elastic material, a name that categorizes the entire theory.
This chapter presents the basics of the elastic model specializing the formulation for isotropic
materials. Related theory for anisotropic media is developed in Chapter 11, and nonhomoge-
neous materials are examined in Chapter 14. Thermoelastic relations are also briefly presented
for later use in Chapter 12.

Material Characterization

Relations that characterize the physical properties of materials are called constitutive equa-
tions. Because of the endless variety of materials and loadings, the study and development of
constitutive equations is perhaps one of the most interesting and challenging fields in mechan-
ics. Although continuum mechanics theory has established some principles for systematic
development of constitutive equations (Malvern 1969), many constitutive laws have been
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developed through empirical relations based on experimental evidence. Our interest here is
limited to a special class of solid materials with loadings resulting from mechanical or thermal
effects. The mechanical behavior of solids is normally defined by constitutive stress-strain
relations. Commonly, these relations express the stress as a function of the strain, strain rate,
strain history, temperature, and material properties. We choose a rather simple material model
called the elastic solid that does not include rate or history effects. The model may be
described as a deformable continuum that recovers its original configuration when the loadings
causing the deformation are removed. Furthermore, we restrict the constitutive stress-strain
law to be linear, thus leading to a linear elastic solid. Although these assumptions greatly
simplify the model, linear elasticity predictions have shown good agreement with experimental
data and have provided useful methods to conduct stress analysis. Many structural materials
including metals, plastics, ceramics, wood, rock, concrete, and so forth exhibit linear elastic
behavior under small deformations.

As mentioned, experimental testing is commonly employed in order to characterize the
mechanical behavior of real materials. One such technique is the simple tension test in which a
specially prepared cylindrical or flat stock sample is loaded axially in a testing machine. Strain
is determined by the change in length between prescribed reference marks on the sample and is
usually measured by a clip gage. Load data collected from a load cell is divided by the cross-
sectional area in the test section to calculate the stress. Axial stress-strain data is recorded and
plotted using standard experimental techniques. Typical qualitative data for three types of
structural metals (mild steel, aluminum, cast iron) are shown in Figure 4-1. It is observed that
each material exhibits an initial stress-strain response for small deformation that is approxi-
mately linear. This is followed by a change to nonlinear behavior that can lead to large
deformation, finally ending with sample failure.

For each material the initial linear response ends at a point normally referred to as the
proportional limit. Another observation in this initial region is that if the loading is removed,
the sample returns to its original shape and the strain disappears. This characteristic is the
primary descriptor of elastic behavior. However, at some point on the stress-strain curve
unloading does not bring the sample back to zero strain and some permanent plastic deformation
results. The point at which this nonelastic behavior begins is called the elastic limit. Although
some materials exhibit different elastic and proportional limits, many times these values are
taken to be approximately the same. Another demarcation on the stress-strain curve is referred to
as the yield point, defined by the location where large plastic deformation begins.

oA

Steel

Cast Iron

Aluminum ;

5

FIGURE 4-1 Typical uniaxial stress-strain curves for three structural metals.
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Because mild steel and aluminum are ductile materials, their stress-strain response indicates
extensive plastic deformation, and during this period the sample dimensions will be changing.
In particular the sample’s cross-sectional area undergoes significant reduction, and the stress
calculation using division by the original area will now be in error. This accounts for the
reduction in the stress at large strain. If we were to calculate the load divided by the true
area, the true stress would continue to increase until failure. On the other hand, cast iron
is known to be a brittle material, and thus its stress-strain response does not show large
plastic deformation. For this material, very little nonelastic or nonlinear behavior is
observed. It is therefore concluded from this and many other studies that a large variety of
real materials exhibit linear elastic behavior under small deformations. This would lead to a
linear constitutive model for the one-dimensional axial loading case given by the relation
o = E¢, where E is the slope of the uniaxial stress-strain curve. We now use this simple
concept to develop the general three-dimensional forms of the linear elastic constitutive
model.

4.2 Linear Elastic Materials—Hooke’'s Law

Based on observations from the previous section, to construct a general three-dimensional
constitutive law for linear elastic materials, we assume that each stress component is linearly
related to each strain component

ox = Criex + Craey + Cize; + 2C ey + 2C15€y; + 2C16€2¢
oy = Cyrex + Coey + Cze; + 2Cnue,y + 2Ca5ey; + 2Cxe:,
0. = Cz1e, + Caey + Caze; + 2C34ey, + 2C35ey, + 2C36€2
Ty = Cy1ex + Cppey + Caze; + 2Cae,y + 2Cysey; + 2Ch6e:x
7). = Cs1e, + Cszey + Csze; + 2Csgeyy + 2Cssey. + 2Cs6e2,
7.y = Cs16, + Cepey + Ceze: + 2Cgseyy + 2Cqsey: + 2Ces602

4.2.1)

where the coefficients C;; are material parameters and the factors of 2 arise because of
the symmetry of the strain. Note that this relation could also be expressed by writing the
strains as a linear function of the stress components. These relations can be cast into a matrix

format as

oy Ch Cpp - - - Cis ex

ay Ca . Lo . ey

[ . . . . . . e.

= - 4.2.2

T Xy . . . . . . 2 exy ( )
Tyz . . P . 2 eyz

Tox C6 1 : ot C66 2‘3:,\‘

Relations (4.2.1) can also be expressed in standard tensor notation by writing
gij = Cijuen 4.2.3)
where Cjy is a fourth-order elasticity tensor whose components include all the material

parameters necessary to characterize the material. Based on the symmetry of the stress and
strain tensors, the elasticity tensor must have the following properties (see Exercise 4-2):
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Ciu = Cjiu 42.4)
Cij = Cijik

In general, the fourth-order tensor Cj has 81 components. However, relations (4.2.4)
reduce the number of independent components to 36, and this provides the required match
with form (4.2.1) or (4.2.2). Later in Chapter 6 we introduce the concept of strain energy, and
this leads to the relation C;j; = Cyy;; or equivalently C;; = C;;, which provides further reduction
to 21 independent elastic components. The components of C;j; or equivalently C;; are called
elastic moduli and have units of stress (force/area). In order to continue further, we must
address the issues of material homogeneity and isotropy.

If the material is homogeneous, the elastic behavior does not vary spatially, and thus all
elastic moduli are constant. For this case, the elasticity formulation is straightforward, leading to
the development of many analytical solutions to problems of engineering interest. A homoge-
neous assumption is an appropriate model for most structural applications, and thus we primarily
choose this particular case for subsequent formulation and problem solution. However, there are
a couple of important nonhomogeneous applications that warrant further discussion.

Studies in geomechanics have found that the material behavior of soil and rock commonly
depends on distance below the earth’s surface. In order to simulate particular geomechanics
problems, researchers have used nonhomogeneous elastic models applied to semi-infinite
domains. Typical applications have involved modeling the response of a semi-infinite soil
mass under surface or subsurface loadings with variation in elastic moduli with depth (see the
review by Poulos and Davis 1974). Another more recent application involves the behavior of
functionally graded materials (FGM) (see Erdogan 1995 and Parameswaran and Shukla 1999,
2002). FGMs are a new class of engineered materials developed with spatially varying
properties to suit particular applications. The graded composition of such materials is com-
monly established and controlled using powder metallurgy, chemical vapor deposition, or
centrifugal casting. Typical analytical studies of these materials have assumed linear, exponen-
tial, and power-law variation in elastic moduli of the form

Cij(x) = C;}(l + ax)
Cij(x) = Cje™ 4.2.5)
Cyi(x) = Cjx°

where Cj; and a are prescribed constants and x is the spatial coordinate. Further details on the
formulation and solution of nonhomogeneous elasticity problems are given in Chapter 14.

Similar to homogeneity, another fundamental material property is isotropy. This property
has to do with differences in material moduli with respect to orientation. For example, many
materials including crystalline minerals, wood, and fiber-reinforced composites have different
elastic moduli in different directions. Materials such as these are said to be anisotropic. Note
that for most real anisotropic materials there exist particular directions where the properties are
the same. These directions indicate material symmetries. However, for many engineering
materials (most structural metals and many plastics), the orientation of crystalline and grain
microstructure is distributed randomly so that macroscopic elastic properties are found to be
essentially the same in all directions. Such materials with complete symmetry are called
isotropic. As expected, an anisotropic model complicates the formulation and solution of
problems. We therefore postpone development of such solutions until Chapter 11 and continue
our current development under the assumption of isotropic material behavior.
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The tensorial form (4.2.3) provides a convenient way to establish the desired isotropic
stress-strain relations. If we assume isotropic behavior, the elasticity tensor must be the same
under all rotations of the coordinate system. Using the basic transformation properties from
relation (1.5.1)s, the fourth-order elasticity tensor must satisfy

Cijkl = QimanQkaqumnpq

It can be shown (Chandrasekharaiah and Debnath 1994) that the most general form that
satisfies this isotropy condition is given by

Cijnt = 06501 + POkt + poudji (4.2.6)

where o, 8, and y are arbitrary constants. Verification of the isotropy property of form
(4.2.6) was given as Exercise 1-9. Using the general form (4.2.6) in the stress-strain relation
(4.2.3) gives

gij = )Lekké,;,‘ + 2/16‘,‘1' “4.2.7)

where we have relabeled particular constants using 4 and p. The elastic constant A is called
Lameé’ s constant, and p is referred to as the shear modulus or modulus of rigidity. Some texts
use the notation G for the shear modulus. Equation (4.2.7) can be written out in individual
scalar equations as

oy = Mex + ey +e) + 2ue,
oy = Alex + ey +e;) + 2ue,
0. = Mey + ey +e;) +2pue.

4.2.8)
Ty = 2teyy
Ty, = 2Uey;
Tox = 2,uezx

Relations (4.2.7) or (4.2.8) are called the generalized Hooke’s law for linear isotropic
elastic solids. They are named after Robert Hooke who in 1678 first proposed that the
deformation of an elastic structure is proportional to the applied force. Notice the significant
simplicity of the isotropic form when compared to the general stress-strain law originally given
by (4.2.1). It should be noted that only two independent elastic constants are needed to
describe the behavior of isotropic materials. As shown in Chapter 11, additional numbers of
elastic moduli are needed in the corresponding relations for anisotropic materials.

Stress-strain relations (4.2.7) or (4.2.8) may be inverted to express the strain in terms of the
stress. In order to do this it is convenient to use the index notation form (4.2.7) and set the two
free indices the same (contraction process) to get

o = (34 + 2wen 4.2.9)
This relation can be solved for ey and substituted back into (4.2.7) to get

1 A
ej =5\ 0y — 3575 oudy
21 344+ 2u
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which is more commonly written as

1+v v
¢j = i~ Eakkéi,- (4.2.10)

where E = u(34 + 2p) /(A + w) and is called the modulus of elasticity or Young's modulus, and
v = A/[2(A + )] is referred to as Poisson’s ratio. The index notation relation (4.2.10) may be
written out in component (scalar) form, giving the six equations

1

€x = E [Gx - V(O_y + 0—2)}
1

ey = z [O'y —v(o, + o*x)]
1

e, = i [(;_, —v(oy + o"_v)]
1+v 1 “4.2.11)

Cxy = TTXy = E‘Exy
1+v 1

ey, = 7 Ty, = ﬂfy:

e = ﬂt _ ! T

X E X 2 zX

Constitutive form (4.2.10) or (4.2.11) again illustrates that only two elastic constants are
needed to formulate Hooke’s law for isotropic materials. By using any of the isotropic forms
of Hooke’s law, it can be shown that the principal axes of stress coincide with the principal
axes of strain (see Exercise 4-7). This result also holds for some but not all anisotropic
materials.

4.3 Physical Meaning of Elastic Moduli

For the isotropic case, the previously defined elastic moduli have simple physical meaning.
These can be determined through investigation of particular states of stress commonly realized
in laboratory materials testing as shown in Figure 4-2.

4.3.1 Simple Tension

Consider the simple tension test as discussed previously with a sample subjected to tension
in the x direction (see Figure 4-2). The state of stress is closely represented by the one-
dimensional field

0jj =

S O Q
S O O
S O O

Using this in relation (4.2.10) gives a corresponding strain field
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FIGURE 4-2  Special characterization states of stress.
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Therefore, £ =g/e, and is simply the slope of the stress-strain curve, while v =
—ey/ex = —e; /e, is the ratio of the transverse strain to the axial strain. Standard measurement
systems can easily collect axial stress and transverse and axial strain data, and thus through this
one type of test both elastic constants can be determined for materials of interest.

4.3.2 Pure Shear

If a thin-walled cylinder is subjected to torsional loading (as shown in Figure 4-2), the state of
stress on the surface of the cylindrical sample is given by

0ij =

S a O
S O A

0
0
0

Again, by using Hooke’s law, the corresponding strain field becomes

0 t/2u O
ej=|(t/2u 0 O
0 0 0

and thus the shear modulus is given by y = t/2e,, = t/7,,, and this modulus is simply the
slope of the shear stress-shear strain curve.

Material Behavior—Linear Elastic Solids 83



4.3.3 Hydrostatic Compression (or Tension)

The final example is associated with the uniform compression (or tension) loading of a cubical
specimen, as previously shown in Figure 4-2. This type of test would be realizable if the
sample was placed in a high-pressure compression chamber. The state of stress for this case is

given by
—p 0 0
gjj = 0 —p 0= P(Sz]
0 0 —p

This is an isotropic state of stress and the strains follow from Hooke’s law

1—-2v
— 0 0
£l 1-2
€ij = 0 - ;Vp 0
1-2
0 0 - E”p

The dilatation that represents the change in material volume (see Exercise 2-11) is thus given
by 3 = e = —3(1 — 2v)p/E, which can be written as

p=—k§ @3.1)

where k = E/[3(1 —2v)] is called the bulk modulus of elasticity. This additional elastic
constant represents the ratio of pressure to the dilatation, which could be referred to as the
volumetric stiffness of the material. Notice that as Poisson’s ratio approaches 0.5, the bulk
modulus becomes unbounded and the material does not undergo any volumetric deformation
and hence is incompressible.

Our discussion of elastic moduli for isotropic materials has led to the definition of five
constants A, u, E, v, and k. However, keep in mind that only two of these are needed to
characterize the material. Although we have developed a few relationships between various
moduli, many other such relations can also be found. In fact, it can be shown that all five elastic
constants are interrelated, and if any two are given, the remaining three can be determined by
using simple formulae. Results of these relations are conveniently summarized in Table 4-1.
This table should be marked for future reference, because it will prove to be useful for
calculations throughout the text.

Typical nominal values of elastic constants for particular engineering materials are given in
Table 4-2. These moduli represent average values, and some variation will occur for specific
materials. Further information and restrictions on elastic moduli require strain energy con-
cepts, which are developed in Chapter 6.

Before concluding this section, we wish to discuss the forms of Hooke’s law in curvilinear
coordinates. Previous chapters have mentioned that cylindrical and spherical coordinates (see
Figures 1-5 and 1-6) are used in many applications for problem solution. Figures 3-9 and 3-10
defined the stress components in each curvilinear system. In regard to these figures, it follows
that the orthogonal curvilinear coordinate directions can be obtained from a base Cartesian
system through a simple rotation of the coordinate frame. For isotropic materials, the elasticity
tensor Cyjy is the same in all coordinate frames, and thus the structure of Hooke’s law remains
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TABLE 4-1

Relations Among Elastic Constants

E v k u A
E E Ev
E v E v _— e T e—
3(1—20) 2(1+v) (1 + )1 - 2v)
3k—E 3kE 3k(3k — E)
E k E 6k k 9% — E 9% — E
E-2 E E—-2
E.u E K _HE u ME =219
2u 33u—E) 3u—F
2. E+32+R E—-32+R
E, 2 E -_— - 2
E+J7.+R 6 4
3k(1 — 2v) 3k
,k 3k(1 —2 k _— T
v =2 v 21 + 1) T+v
2u(l +v) 2uv
2u(1 —_—
el ud+v) v 31— 20) # 1—2
21+ v)(1 — 2v) M1+ v) 21— 2v) i
v, _ v _ 2
v 3v 2v
Okt 3k —2u 2
k, k k-2
K 3+ u 6k + 2u K 3k
. Yk — ) A 3
k, A T % —J k E(k—),) A
uBA+2p) A 344+ 2u .,
B2 — TR —_— 2 A
A+ u 204+ ) 3
R=VE+9)* +2E]
TABLE 4-2 Typical Values of Elastic Moduli for Common Engineering Materials
E(GPa) v W(GPa) AGPa) K(GPa) 2(107%/°C)
Aluminum 68.9 0.34 25.7 54.6 71.8 25.5
Concrete 27.6 0.20 11.5 7.7 15.3 11
Copper 89.6 0.34 334 71 933 18
Glass 68.9 0.25 27.6 27.6 459 8.8
Nylon 28.3 0.40 10.1 4.04 47.2 102
Rubber 0.0019 0.499 0.654 x 1073 0.326 0.326 200
Steel 207 0.29 80.2 111 164 13.5
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the same in any orthogonal curvilinear system. Therefore, form (4.2.8) can be expressed in
cylindrical and spherical coordinates as

o, = Me, +eg + e;) + 2ue, or = Mer + ey + ) + 2uer

g9 = Me, +eg+e;)+ 2uep 0y = AMer + ey + €g) + 2ueg

0, = Me, +ep +e;) +2ue, o9 = Meg + ey + eg) + 2ueg 432)
T = 2Uerg TRp = 2leRyp

To: = 2peq; Tpo = 2pepp

Tor = 2U€5 Tor = 21epR

The complete set of elasticity field equations in each of these coordinate systems is given in
Appendix A.

4.4 Thermoelastic Constitutive Relations

It is well known that a temperature change in an unrestrained elastic solid produces deform-
ation. Thus, a general strain field results from both mechanical and thermal effects. Within the
context of linear small deformation theory, the total strain can be decomposed into the sum of
mechanical and thermal components as

M T
ej = e + e’ 4.4.1)
If T, is taken as the reference temperature and 7 as an arbitrary temperature, the thermal strains

in an unrestrained solid can be written in the linear constitutive form
T
e = o(T —T,) (4.4.2)

where o;; is the coefficient of thermal expansion tensor. Notice that it is the temperature
difference that creates thermal strain. If the material is taken as isotropic, then o;; must be an
isotropic second-order tensor, and (4.4.2) simplifies to

where o is a material constant called the coefficient of thermal expansion. Table 4-2 provides
typical values of this constant for some common materials. Notice that for isotropic materials,
no shear strains are created by temperature change. By using (4.4.1), this result can be

combined with the mechanical relation (4.2.10) to give
1+v v
ejj = TO'I:/* — Egkkélf/ + a(T — To)é,-j 4.4.4)

The corresponding results for the stress in terms of strain can be written as
0ij = Cijwen — Biy(T —To) (4.4.5)

where f3;; is a second-order tensor containing thermoelastic moduli. This result is sometimes
referred to as the Duhamel-Neumann thermoelastic constitutive law. The isotropic case can be
found by simply inverting relation (4.4.4) to get

oij = Aewdij + 2ue; — (32 + 2T — T,)d; (4.4.6)
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Thermoelastic solutions are developed in Chapter 12, and the current study will now continue
under the assumption of isothermal conditions.

Having developed the necessary six constitutive relations, the elasticity field equation
system is now complete with fifteen equations (strain-displacement, equilibrium, Hooke’s
law) for fifteen unknowns (displacements, strains, stresses). Obviously, further simplification
is necessary in order to solve specific problems of engineering interest, and these processes are
the subject of the next chapter.
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Exercises

4-1. Show that the components of the C;; matrix in equation (4.2.2) are related to the
components of Cy,; by the relation

Cinn Cuz Cuz Criz Cuzs Crs
Coit Con C;sz Cxnip Coxnz Cozg
;= Cuinn Cazz Cszzz Caziz Cazoz Caszn
Cin Cin Cizz Cpiz Ciaz Cios

Cnir Cxp Crzz Cozz Cozoz Coszg
Citir Caiz Caizz Carz Czioz Gz

4-2. Explicitly justify the symmetry relations (4.2.4). Note that the first relation follows
directly from the symmetry of the stress, while the second condition requires a simple
expansion into the form g;; = %(C,«jkl + Ciji)er to arrive at the required conclusion.

4-3. Substituting the general isotropic fourth-order form (4.2.6) into (4.2.3), explicitly develop

the stress-strain relation (4.2.7).

4-4. For isotropic materials, show that the fourth-order elasticity tensor can be expressed in the
following forms:

Cijg = Ajj b + pbi b + 6ix 6j1)

2
Cijnt = p6it 6 + dix 6) + (k — gﬂ)éij O
Ev

E
Yt e (81 6+ 6,
T —2) ij Okt + (6it Ojx + bix Oj1)

Cin =
ik 21 +v)
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4-5. Following the steps outlined in the text, invert the form of Hooke’s law given by (4.2.7) and
develop form (4.2.10). Explicitly show that £ = u(34 + 2u) /(A + w)
and v = A/[2(A + w)].

4-6. Using the results of Exercise 4-5, show that u = E/[2(1 + v)] A = Ev/[(1 + v)(1 — 2v)].

4-7. For isotropic materials show that the principal axes of strain coincide with the principal
axes of stress. Further, show that the principal stresses can be expressed in terms of the
principal strains as a; = 2ue; + Aeg.

4-8. A rosette strain gage (see Exercise 2-7) is mounted on the surface of a stress-free elastic
solid at point O as shown in the following figure. The three gage readings give surface
extensional strains ¢, = 300 x 1079, ¢, = 400 x 10°°, ¢, = 100 x 107°. Assuming
that the material is steel with nominal properties given by Table 4-2, determine all stress
components at O for the given coordinate system.

4-9. The displacements in an elastic material are given by

M1 =) M1 +vw , M1 =1, , I
— s = - =0
g VT om Ut W)
where M, E, I, and [ are constant parameters. Determine the corresponding strain and
stress fields and show that this problem represents the pure bending of a rectangular

beam in the x,y plane.

4-10. If the elastic constants E, k, and u are required to be positive, show that Poisson’s ratio
must satisfy the inequality —1 < v < % For most real materials it has been found that
O<r< % Show that this more restrictive inequality in this problem implies that 4 > 0.

4-11. Under the condition that E is positive and bounded, determine the elastic moduli 4, y,

and k for the special cases of Poisson’s ratio: v =0, }—P % Discuss the special

circumstances for the case with v = %

4-12. Consider the three deformation cases of simple tension, pure shear, and hydrostatic
compression as discussed in Section 4.3. Using the nominal values from Table 4-2,
calculate the resulting strains in each of these cases for

(a) Aluminum: with loadings (=150 MPa, t1=75 MPa, p = 500 MPa)
(b) Steel: with loadings (6 =300 MPa, t=150 MPa, p = 500 MPa)
(c) Rubber: with loadings (¢ =15 MPa, t=7 MPa, p=>500 MPa)
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4-13.

4-14.

4-15.

4-16.

4-17.

Note that for aluminum and steel, these tensile and shear loadings are close to the yield
values of the material.

Show that Hooke’s law for an isotropic material may be expressed in terms of spherical
and deviatoric tensors by the two relations

&,j = 3ké,‘j, &I'j = 2ué,-j

A sample is subjected to a test under plane stress conditions (specified by

0. = T, = 1, = 0) using a special loading frame that maintains an in-plane loading
constraint 6, = 20,. Determine the slope of the stress-strain response o, vs. e, for this
sample.

A rectangular steel plate (thickness 4 mm) is subjected to a uniform biaxial stress field as
shown in the following figure. Assuming all fields are uniform, determine changes in the
dimensions of the plate under this loading.

EEEREEEEN
N A A

Redo Exercise 4-15 for the case where the vertical loading is 50 MPa in tension and the
horizontal loading is 50 MPa in compression.

Consider the one-dimensional thermoelastic problem of a uniform bar constrained in the
axial x direction but allowed to expand freely in the y and z directions, as shown in the
following figure. Taking the reference temperature to be zero, show that the only nonzero
stress and strain components are given by

o, = —FEoT
ey =e. =a(l +v)T

AAMBUTS
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4-18. Verify that Hooke’s law for isotropic thermoelastic materials can be expressed in the

form
E E
Ox = m[(l — Ve, +vie, +e)] — =2, T —T,)
E E
oy = m[(l —v)ey + vie: +e)] — 11— ZVO((T =T,
E

E
(A = v)e: + viex + ey)] — Ea(T —T,)
E E

- €zx

mé’xy, Ty = me)’l’ Tzx l+v

T A1 —w)

Ty =
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5

Formulation and Solution Strategies

5.1

The previous chapters have now developed the basic field equations of elasticity theory. These
results comprise a system of differential and algebraic relations among the stresses, strains, and
displacements that express particular physics at all points within the body under investigation.
In this chapter we now wish to complete the general formulation by first developing boundary
conditions appropriate for use with the field equations. These conditions specify the physics
that occur on the boundary of the body, and generally provide the loading inputs that physically
create the interior stress, strain, and displacement fields. Although the field equations are the
same for all problems, boundary conditions are different for each problem. Therefore, proper
development of boundary conditions is essential for problem solution, and thus it is important
to acquire a good understanding of such development procedures. Combining field equations
with boundary conditions then establishes the fundamental boundary value problems of the
theory. This eventually leads us into two different formulations: one in terms of displacements
and the other in terms of stresses. Because boundary value problems are difficult to solve,
many different strategies have been developed to aid in problem solution. We review in a
general way several of these strategies, and later chapters incorporate many of them into the
solution of specific problems.

Review of Field Equations

Before beginning our discussion on boundary conditions we list here the basic field equations
for linear isotropic elasticity. Appendix A includes a more comprehensive listing of all field
equations in Cartesian, cylindrical, and spherical coordinate systems. Because of its ease of use
and compact properties, our formulation uses index notation.

Strain-displacement relations:

1
€:‘j:§(ui,j+llj,i) (5.1.1)

Compatibility relations:

ejj ki + ewij — eikji — ejik = 0 (5.1.2)
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Equilibrium equations:
0 +F =0 (5.1.3)
Elastic constitutive law (Hooke’s law):

ojj = ).ekké,-j + 2#6,‘/
1 +v v (5.1.4)
e,j = Tdij — Eﬁkkéij
As mentioned in Section 2.6, the compatibility relations ensure that the displacements are
continuous and single-valued and are necessary only when the strains are arbitrarily specified.
If, however, the displacements are included in the problem formulation, the solution normally
generates single-valued displacements and strain compatibility is automatically satisfied. Thus,
in discussing the general system of equations of elasticity, the compatibility relations (5.1.2)
are normally set aside, to be used only with the stress formulation that we discuss shortly.
Therefore, the general system of elasticity field equations refers to the fifteen relations (5.1.1),
(5.1.3), and (5.1.4). It is convenient to define this entire system using a generalized operator
notation as

Stui, ey, 0ij3 A, i, Fi} =0 (5.1.5)

This system involves fifteen unknowns including three displacements u;, six strains e;;, and six
stresses ¢;;. The terms after the semicolon indicate that the system is also dependent on two
elastic material constants (for isotropic materials) and on the body force density, and these are to
be given a priori with the problem formulation. It is reassuring that the number of equations
matches the number of unknowns to be determined. However, this general system of equations
is of such complexity that solutions by using analytical methods are essentially impossible and
further simplification is required to solve problems of interest. Before proceeding with devel-
opment of such simplifications, it is useful first to discuss typical boundary conditions connected
with the elasticity model, and this leads us to the classification of the fundamental problems.

5.2 Boundary Conditions and Fundamental
Problem Classifications

Similar to other field problems in engineering science (e.g., fluid mechanics, heat conduction,
diffusion, electromagnetics), the solution of system (5.1.5) requires appropriate boundary
conditions on the body under study. The common types of boundary conditions for elasticity
applications normally include specification of how the body is being supported or loaded. This
concept is mathematically formulated by specifying either the displacements or tractions at
boundary points. Figure 5-1 illustrates this general idea for three typical cases including
tractions, displacements, and a mixed case for which tractions are specified on boundary S,
and displacements are given on the remaining portion S, such that the total boundary is given
by S =S;+ S..

Another type of mixed boundary condition can also occur. Although it is generally not
possible to specify completely both the displacements and tractions at the same boundary
point, it is possible to prescribe part of the displacement and part of the traction. Typically, this
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FIGURE 5-1 Typical boundary conditions.
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FIGURE 5-2 Line of symmetry boundary condition.

type of mixed condition involves the specification of a traction and displacement in
two different orthogonal directions. A common example of this situation is shown in
Figure 5-2 for a case involving a surface of problem symmetry where the condition is one of
a rigid-smooth boundary with zero normal displacement and zero tangential traction. Notice
that in this example the body under study was subdivided along the symmetry line, thus
creating a new boundary surface and resulting in a smaller region to analyze. Minimizing the
size of the domain under study is commonly useful in computational modeling. However,
determining expected symmetry properties in the solution can often be useful to simplify
analytical analyses as well.

Because boundary conditions play a very essential role in properly formulating and solving
elasticity problems, it is important to acquire a clear understanding of their specification and use.
Improper specification results in either no solution or a solution to a different problem than what
was originally sought. Boundary conditions are normally specified using the coordinate system
describing the problem, and thus particular components of the displacements and tractions are
set equal to prescribed values. For displacement-type conditions, such a specification is straight-
forward, and a common example includes fixed boundaries where the displacements are to be
zero. For traction boundary conditions, the specification can be a bit more complex.

Figure 5-3 illustrates particular cases in which the boundaries coincide with Cartesian
or polar coordinate surfaces. By using results from Section 3.2, the traction specification
can be reduced to a stress specification. For the Cartesian example in which y = constant,
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(Cartesian Coordinate Boundaries) (Polar Coordinate Boundaries)

FIGURE 5-3 Boundary stress components on coordinate surfaces.

the normal traction becomes simply the stress component o,, while the tangential traction
reduces to t,,. For this case, o, exists only inside the region; thus, this component of
stress cannot be specified on the boundary surface y = constant. A similar situation exists
on the vertical boundary x = constant, where the normal traction is now oy, the tangential
traction is Ty, and the stress component gy, exists inside the domain. Similar arguments can be
made for polar coordinate boundary surfaces as shown. Drawing the appropriate element along
the boundary as illustrated allows a clear visualization of the particular stress components
that act on the surface in question. Such a sketch also allows determination of the
positive directions of these boundary stresses, and this is useful to properly match with
boundary loadings that might be prescribed. It is recommended that sketches similar to
Figure 5-3 be used to aid in the proper development of boundary conditions during problem
formulation in later chapters.

Consider the pair of two-dimensional example problems with mixed conditions as shown in
Figure 5-4. For the rectangular plate problem, all four boundaries are coordinate surfaces, and

Fixed Condition Traction Condition

u=v=0 TN = &, :S,T(n):f =0
X x v Traction Condition

J T =-1,=0T’=-0,=§

y A

- YLl
D
x 7 /
—» S
|, A
l m_g
——> X
a
. / TW=0 y
X
Traction-Free Condition Fixed Condition
T{'”: T, =0, Ty(") =0,=0 u=v=0 Traction-Free Conditior
(Coordinate Surface Boundaries) (Noncoordinate Surface Boundary)

FIGURE 5-4 Example boundary conditions.
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this simplifies specification of particular boundary conditions. The fixed conditions on the left
edge simply require that x and y displacement components vanish on x = 0, and this specifica-
tion does not change even if this were not a coordinate surface. However, as per our previous
discussion, the traction conditions on the other three boundaries simplify because they are
coordinate surfaces. These simplifications are shown in the figure for each of the traction-
specified surfaces. The second problem of a tapered cantilever beam has an inclined face that is
not a coordinate surface.

For this problem, the fixed end and top surface follow similar procedures as in the first
example and are specified in the figure. However, on the inclined face, the traction is to be zero
and this does not reduce to a simple specification of the vanishing of individual stress
components. On this face each traction component is set to zero, giving the result

Tf.”) =0y + Tyhty =0

(n) __ _
Ty = Tyl +oyn, =0

where n, and n, are the components of the unit normal vector to the inclined face. This is the more
general type of specification, and it should be clearly noted that none of the individual stress
components in the x,y system will vanish along this surface. It should also be pointed out for this
problem that the unit normal vector components are constants for all points on the inclined face.
However, for curved boundaries the normal vector changes with surface position. Note that using
strain-displacement relations in Hooke’s law allows the stresses and therefore tractions to be
expressed in terms of displacement gradients. Thus traction boundary conditions can actually be
expressed in terms of displacements if so desired (see Exercise 5-3).

Another type of boundary condition formulation occurs for composite bodies composed of
two or more pieces of different material with different elastic moduli. Examples of such
situations are common and include many types of composite materials and structures, as
shown in Figure 5-5. For such problems, the elasticity solution must be developed independ-
ently for each material body, thus requiring specification of external boundary conditions and
internal interface conditions that exist between each material phase (see Figure 5-6). These
interface conditions specify how the various composite pieces are joined together. Common
simple examples include the perfectly bonded interface, where both the displacements and
tractions are continuous at the interface. Another common case is the slip interface that
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FIGURE 5-5 Typical composite bodies.
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FIGURE 5-6 Composite elastic continuum.

prescribes continuity of normal components of displacement and traction, vanishing of the
tangential traction, and allows for a discontinuity in the tangential displacement. Other more
complicated interface conditions have been proposed in the literature in an effort to model
more sophisticated contact behavior between real material systems. Exercise 5-4 further
explores interface formulations for some specific problems.

Although these examples provide some background on typical boundary conditions, many other
types will be encountered throughout the text. Several exercises at the end of this chapter provide
additional examples that will prove to be useful for students new to the elasticity formulation.

We are now in the position to formulate and classify the three fundamental boundary-value
problems in the theory of elasticity that are related to solving the general system of field
equations (5.1.5). Our presentation is limited to the static case.

Problem 1: Traction problem

Determine the distribution of displacements, strains, and stresses in the interior of an elastic
body in equilibrium when body forces are given and the distribution of tractions is prescribed
over the surface of the body:

) = fi(:Y) (5.2.1)
where xgs) denotes boundary points and f}(xgs)) are the prescribed traction values.

Problem 2: Displacement problem
Determine the distribution of displacements, strains, and stresses in the interior of an elastic
body in equilibrium when body forces are given and the distribution of displacements is
prescribed over the surface of the body:

() = &) (5.2.2)

where xE‘Y) denotes boundary points and g,-(x?“‘)) are the prescribed displacement values.
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Problem 3: Mixed problem

Determine the distribution of displacements, strains, and stresses in the interior of an elastic
body in equilibrium when body forces are given and the distribution of tractions is prescribed
as per (5.2.1) over the surface S, and the distribution of displacements is prescribed as per
(5.2.2) over the surface S, of the body (see Figure 5-1).

As mentioned previously, the solution to any of these types of problems is formidable, and
further reduction and simplification of (5.1.5) is required for the development of analytical
solution methods. Based on the description of Problem 1 with only traction boundary condi-
tions, it would appear to be desirable to express the fundamental system solely in terms of
stress, that is, S('){a,-j; A, 1, F;} thereby reducing the number of unknowns in the system.
Likewise for Problem 2, a displacement-only formulation of the form S(“){u,-; A, 1, F;} would
appear to simplify the problem. We now pursue such specialized formulations and explicitly

determine these reduced field equation systems.

5.3 Stress Formulation

For the first fundamental problem in elasticity, the boundary conditions are to be given only
in terms of the tractions or stress components. In order to develop solution methods for this
case, it is very helpful to reformulate the general system (5.1.5) by eliminating the displace-
ments and strains and thereby cast a new system solely in terms of the stresses. We now
develop this reformulated system. By eliminating the displacements, we must now include
the compatibility equations in the fundamental system of field equations. We therefore start
by using Hooke’s law (5.1.4), and eliminate the strains in the compatibility relations (5.1.2)
to get

Gij,kk + Okk,ij — Oik,jk — Ojk,ik =
(5.3.1)

m(o-mm,kkéi/ + anzn1,ij5kk - O-mm,jk(sik — Omm, ik(sjk)

where we have used the arguments of Section 2.6, that the six meaningful compatibility
relations are found by setting k =/ in (5.1.2). Although equations (5.3.1) represent the
compatibility in terms of stress, a more useful result is found by incorporating the equilibrium

equations into the system. Recall that from (5.1.3), 6, ; = —F), and also note that . = 3.
Substituting these results into (5.3.1) gives

14
Oij,kk + 1+ V(Tkk,ij = 1+ V(rmm,kkéij - Fi,j - Fj,i (5.3.2)
. . 14+v o .
For the case i = j, relation (5.3.2) reduces to oj;, jx = — 1—F ;,i- Substituting this result
back into (5.3.2) gives the desired relation v
1 v
Ojj, kk +m0kk,fj: *mfsszk,k*Fi,j*Fj,i (5.3.3)

This result is the compatibility relations in terms of the stress and is commonly called the
Beltrami-Michell compatibility equations. For the case with no body forces, these relations can
be expressed as the following six scalar equations:
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<1+wv%g+9—wy+m+o»=0
Ox? J

82
1+ )V, + (0, +0,+0.)=0
0y?

2
1+ I/)VZO'Z +%(ox +o0,+0,)=0
(292 (5.3.4)
2 _ " " L) =
1 +)Vir,, + 8x8y(6" +o,+0.)=0

82
(1 +v)V21,, + m(dx +0,+0.)=0

2

0
2 _
1+ )V, + ({)zax(ax +o0y+0.)=0

Recall that the six developed relations (5.3.3) or (5.3.4) actually represent three independent
results as per our discussion in Section 2.6. Thus, combining these results with the three
equilibrium equations (5.1.3) provides the necessary six relations to solve for the six unknown
stress components for the general three-dimensional case.

This system constitutes the stress formulation for elasticity theory and is appropriate for use
with traction boundary condition problems. Once the stresses have been determined, the strains
may be found from Hooke’s law (5.1.4),, and the displacements can be then be computed
through integration of (5.1.1). As per our previous discussion in Section 2.2, such an integra-
tion process determines the displacements only up to an arbitrary rigid-body motion, and the
displacements obtained are single-valued only if the region under study is simply connected.

The system of equations for the stress formulation is still rather complex, and analytical
solutions are commonly determined for this case by making use of stress functions. This
concept establishes a representation for the stresses that automatically satisfies the equilibrium
equations. For the two-dimensional case, this concept represents the in-plane stresses in terms
of a single function. The representation satisfies equilibrium, and the remaining compatibility
equations yield a single partial differential equation (biharmonic equation) in terms of the
stress function. Having reduced the system to a single equation we can employ many analytical
methods to find solutions of interest. Further discussion on these techniques is presented in
subsequent chapters.

5.4 Displacement Formulation

We now wish to develop the reduced set of field equations solely in terms of the displacements.
This system is referred to as the displacement formulation and is most useful when combined
with displacement-only boundary conditions found in the Problem 2 statement. This develop-
ment is somewhat more straightforward than our previous discussion for the stress formulation.
For this case, we wish to eliminate the strains and stresses from the fundamental system
(5.1.5). This is easily accomplished by using the strain-displacement relations in Hooke’s law
to give

Ojj = /luk,ké,«j + ,u(u,-,j + Ltj’,') 5.4.1)

which can be expressed as six scalar equations
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Using these relations in the equilibrium equations gives the result
Mt g + (A + g, +Fi =0 (5.4.3)

which is the equilibrium equations in terms of the displacements and is referred to as Navier’'s
or Lamé’ s equations. This system can be expressed in vector form as

uNV2u+ G+ VNV -u)+F=0 (5.4.4)

or written out in terms of three scalar equations

v D
Vit Gt (“+—V+—W>+FX:0

Oox Oy Oz
ou v O
uv2v+(z+u)— (a”+a—;+a—v;) VF, = (5.4.5)
ou Ov Ow
w+(2+u) (a;ﬁa?*&) +F. =

where the Laplacian is given by V* = (92 /0x*) + (6% /0y*) + (8*/02%). Tt should be noted that
for the case with no body forces, Navier’s equations are expressible in terms of a single elastic
constant (Poisson’s ratio)—see Exercise 5-9.

Navier’s equations are the desired formulation for the displacement problem, and the
system represents three equations for the three unknown displacement components. Similar
to the stress formulation, this system is still difficult to solve, and additional mathematical
techniques have been developed to further simplify these equations for problem solution.
Common methods normally employ the use of displacement potential functions. It is shown
in Chapter 13 that several such schemes can be developed that allow the displacement vector to
be expressed in terms of particular potentials. These schemes generally simplify the problem
by yielding uncoupled governing equations in terms of the displacement potentials. This then
allows several analytical methods to be employed to solve problems of interest. Several of
these techniques are discussed in later sections of the text.

To help acquire a general understanding of these results, a summary flow chart of the
developed stress and displacement formulations is shown in Figure 5-7. Note that for the
stress formulation, the resulting system S(’){JU; A, W, F;} is actually dependent on only
the single material constant Poisson’s ratio, and thus it could be expressed as ‘”( {ojj; v, Fi}.
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FIGURE 5-7 Schematic of elasticity field equations.

5.5 Principle of Superposition

A very useful tool for the solution to many problems in engineering science is the principle of
superposition. This technique applies to any problem that is governed by linear equations.
Under the assumption of small deformations and linear elastic constitutive behavior, all
elasticity field equations (see Figure 5-7) are linear. Furthermore, the usual boundary condi-
tions specified by relations (5.2.1) and (5.2.2) are also linear. Thus, under these conditions all
governing equations are linear, and the superposition concept can be applied. It can be easily
proved (see Chou and Pagano 1967) that the general statement of the principle can be
expressed as follows:

Principle of Superposition: For a given problem domain, if the state {agjl), efjl), ugl) Visa
solution to the fundamental elasticity equations with prescribed body forces F 51) and
O (@ 2

surface tractions Tl-(l), and the state {o, i U }is a solution to the fundamental

equations with prescribed body forces Fl(-z)and surface tractions sz), then the

state {O'EJ-D + 0@ egjl) +e?, ulV + u?z)}will be a solution to the problem with body

ij i

forces F El) + F Ez)and surface tractions Tfl) + Ti(z)‘

To see a more direct application of this principle, consider a simple two-dimensional case
with no body forces as shown in Figure 5-8. It can be observed that the solution to the
more complicated biaxial loading case (1) + (2) is thus found by adding the two simpler
problems. This is a common application of the superposition principle, and we make repeated
use of it throughout the text. Thus, once the solutions to some simple problems are generated,
we can combine these results to generate a solution to a more complicated case with similar
geometry.
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FIGURE 5-8 Two-dimensional superposition example.

5.6 Saint-Venant's Principle

Consider the set of three identical rectangular strips under compressive loadings as shown in
Figure 5-9. As indicated, the only difference between each problem is the loading. Because the
total resultant load applied to each problem is identical (statically equivalent loadings), it is
expected that the resulting stress, strain, and displacement fields near the bottom of each strip
would be approximately the same.

This behavior can be generalized by considering an elastic solid with an arbitrary loading
T™ over a boundary portion S*, as shown in Figure 5-10. Based on experience from other field
problems in engineering science, it seems logical that the particular boundary loading would
produce detailed and characteristic effects only in the vicinity of $*. In other words, we expect
that at points far away from S* the stresses generally depend more on the resultant Fp of the
tractions rather than on the exact distribution. Thus, the characteristic signature of the
generated stress, strain, and displacement fields from a given boundary loading tend to
disappear as we move away from the boundary loading points. These concepts form the
principle of Saint-Venant, which can be stated as follows:

Saint-Venant’s Principle: The stress, strain, and displacement fields caused by two
different statically equivalent force distributions on parts of the body far away from
the loading points are approximately the same.
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FIGURE 5-9 Statically equivalent loadings.
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FIGURE 5-10 Saint-Venant principle.

This statement of the principle includes qualitative terms such as far away and approxi-
mately the same, and thus does not provide quantitative estimates of the differences between
the two elastic fields in question. Quantitative results have been developed by von Mises
(1945), Sternberg (1954), and Toupin (1965), while Horgan (1989) has presented a recent
review of related work. Some of this work is summarized in Boresi and Chong (2000).

If we restrict our solution to points away from the boundary loading, Saint-Venant’s principle
allows us to change the given boundary conditions to a simpler statically equivalent statement
and not affect the resulting solution. Such a simplification of boundary conditions greatly
increases our chances of finding an analytical solution to the problem. This concept therefore
proves to be very useful, and we formally outline this solution scheme in the next section.

5.7 General Solution Strategies

Having completed our formulation and related solution principles, we now wish to examine
some general solution strategies commonly used to solve elasticity problems. At this stage we
categorize particular methods and outline only typical techniques that are commonly used. As
we move further along in the text, many of these methods are developed in detail and are
applied in specific problem solution. We first distinguish three general methods of solution
called direct, inverse, and semi-inverse. Then we briefly discuss analytical, approximate, and
numerical solution procedures.

5.7.1 Direct Method

This method seeks to determine the solution by direct integration of the field equations (5.1.5)
or equivalently the stress and/or displacement formulations given in Figure 5-7. Boundary
conditions are to be satisfied exactly. This method normally encounters significant mathemat-
ical difficulties, thus limiting its application to problems with simple geometry.

EXAMPLE 5-1: Direct Integration Example: Stretching
of Prismatic Bar Under Its Own Weight

As an example of a simple direct integration problem, consider the case of a uniform
prismatic bar stretched by its own weight, as shown in Figure 5-11. The body forces for
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EXAMPLE 5-1: Cont’'d

FIGURE 5-11  Prismatic bar under self-weight.

this problem are F, = F, = 0,F. = —pg, where p is the material mass density and g is
the acceleration of gravity.

Assuming that on each cross-section we have uniform tension produced by the
weight of the lower portion of the bar, the stress field would take the form

Oy =0y, =Ty =T, =T, =0 5.7.1)

The equilibrium equations reduce to the simple result

do,
9z

—F. =pg (5.7.2)

This equation can be integrated directly, and applying the boundary condition ¢, = 0 at
z =0 gives the result ¢,(z) = pgz. Next, by using Hooke’s law, the strains are easily
calculated as

e, v
ET T E (5.7.3)
exy:eyz:eXZZO

The displacements follow from integrating the strain-displacement relations (5.1.1), and
for the case with boundary conditions of zero displacement and rotation at point A
(x =y =0, z=1), the final result is

vpgxz vpgyz
_ v

E E
)g (5.7.4)

_PEr2 N
W_ZE[Z + v +y?) l}

5.7.2 Inverse Method

For this technique, particular displacements or stresses are selected that satisfy the basic field
equations. A search is then conducted to identify a specific problem that would be solved by
this solution field. This amounts to determining appropriate problem geometry, boundary
conditions, and body forces that would enable the solution to satisfy all conditions on the
problem. Using this scheme it is sometimes difficult to construct solutions to a specific
problem of practical interest.
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EXAMPLE 5-2: Inverse Example: Pure Beam Bending

Consider the case of an elasticity problem under zero body forces with the following
stress field:

Oy =Ay, 0y =0, =Ty =Ty =T, =0 (5.7.5)

where A is a constant. It is easily shown that this simple linear stress field satisfies the
equations of equilibrium and compatibility, and thus the field is a solution to an
elasticity problem.

The question is, what problem would be solved by such a field? A common scheme
to answer this question is to consider some trial domains and investigate the nature of
the boundary conditions that would occur using the given stress field. Therefore,
consider the two-dimensional rectangular domain shown in Figure 5-12. Using the
field (5.7.5), the tractions (stresses) on each boundary face give rise to zero loadings
on the top and bottom and a linear distribution of normal stresses on the right and left
sides as shown. Clearly, this type of boundary loading is related to a pure bending
problem, whereby the loadings on the right and left sides produce no net force and only
a pure bending moment.

X J

7 N

( O

\ /
. ~

FIGURE 5-12  Pure bending problem.

5.7.3 Semi-Inverse Method

In this scheme part of the displacement and/or stress field is specified, and the other remaining
portion is determined by the fundamental field equations (normally using direct integration) and
the boundary conditions. It is often the case that constructing appropriate displacement and/or
stress solution fields can be guided by approximate strength of materials theory. The usefulness
of this approach is greatly enhanced by employing Saint-Venant’s principle, whereby a compli-
cated boundary condition can be replaced by a simpler statically equivalent distribution.

EXAMPLE 5-3: Semi-Inverse Example: Torsion
of Prismatic Bars

A simple semi-inverse example may be borrowed from the torsion problem that is
discussed in detail in Chapter 9. Skipping for now the developmental details, we
propose the following displacement field:

u=—oyz, v=oxz, w=w,y) (5.7.6)
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EXAMPLE 5-3: Cont’'d

where o is a constant. The assumed field specifies the x and y components of displace-
ment, while the z component is left to be determined as a function of the indicated
spatial variables. By using the strain-displacement relations and Hooke’s law, the stress
field corresponding to (5.7.6) is given by

Oy =0y =0,=Ty =0

_ (ow
Tz = H a — oy (577)

ow
Ty, = U 6—y+ocx

Using these stresses in the equations of equilibrium gives the following result:

Pw  Pw B

az  aE T
which is actually the form of Navier’s equations for this case. This result represents a
single equation (Laplace’s equation) to determine the unknown part of the assumed
solution form. It should be apparent that by assuming part of the solution field, the
remaining equations to be solved are greatly simplified. A specific domain in the x, y
plane along with appropriate boundary conditions is needed to complete the solution to
a particular problem. Once this has been accomplished, the assumed solution form
(5.7.6) has been shown to satisfy all the field equations of elasticity.

0 (5.7.8)

There are numerous mathematical techniques used to solve the elasticity field equations.
Many techniques involve the development of exact analytical solutions, while others involve the
construction of approximate solution schemes. A third procedure involves the establishment of
numerical solution methods. We now briefly provide an overview of each of these techniques.

5.7.4 Analytical Solution Procedures
A variety of analytical solution methods are used to solve the elasticity field equations. The
following sections outline some of the more common methods.

Power Series Method

For many two-dimensional elasticity problems, the stress formulation leads to the use of a
stress function ¢(x,y). It is shown that the entire set of field equations reduces to a single
partial differential equation (biharmonic equation) in terms of this stress function. A general
mathematical scheme to solve this equation is to look for solutions in terms of a power series in
the independent variables, that is, ¢(x,y) = > Cpnx™y" (see Neou 1957). Use of the boundary
conditions determines the coefficients and number of terms to be used in the series. This
method is employed to develop two-dimensional solutions in Section 8.1.

Fourier Method
A general scheme to solve a large variety of elasticity problems employs the Fourier method.
This procedure is normally applied to the governing partial differential equations by using
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separation of variables, superposition, and Fourier series or Fourier integral theory. Although
this is an ad hoc method, it has been shown to provide solutions to a large class of problems
(see, for example, Pickett 1944 and Little 1973). We make use of this scheme for two-
dimensional problem solution in Chapter 8, for a torsion problem in Chapter 9, and for several
three-dimensional solutions in Chapter 13.

Integral Transform Method

A very useful mathematical technique to solve partial differential equations is the use of
integral transforms. By applying a particular linear integral transformation to the governing
equations, certain differential forms can be simplified or eliminated, thus allowing simple
solution for the unknown transformed variables. Through appropriate inverse transformation,
the original unknowns are retrieved, giving the required solution. Typical transforms that have
been successfully applied to elasticity problems include Laplace, Fourier, and Hankel trans-
forms. We do not make specific use of this technique in the text, but example applications can
be found in Sneddon (1978) and Sneddon and Lowengrub (1969).

Complex Variable Method

Several classes of problems in elasticity can be formulated in terms of functions of a complex
variable. These include two-dimensional plane problems, the torsion problem, and some
particular thermoelastic cases. The complex variable formulation is very powerful and useful
because many solutions can be found that would be intractable by other techniques. Most of
the original development of this method was done by a series of Russian elasticians and is
summarized in the classic work of Muskhelishvili (1963). Chapter 10 formally develops this
technique and employs the method to construct several solutions for plane isotropic elasticity
problems. We also use the method in Chapter 11 to determine solutions of plane anisotropic
problems and in Chapter 12 for some thermoelastic applications.

5.7.5 Approximate Solution Procedures

With the recognized difficulty in finding exact analytical solutions, considerable work has been
done to develop approximate solutions to elasticity problems. Much of this work has been in
the area of variational methods, which are related to energy theorems (see Chapter 6). The
principal idea of this approach is the connection of the elasticity field equations with a
variational problem of finding an extremum of a particular integral functional. One specific
technique is outlined in the following section.

Ritz Method

This scheme employs a set of approximating functions to solve elasticity problems by deter-
mining stationary values of a particular energy integral. The set of approximating functions is
chosen to satisfy the boundary conditions on the problem, but only approximately make the
energy integral take on an extremum. By including more terms in the approximating solution
set, accuracy of the scheme is improved. Specific examples of this and related methods can be
found in Reismann and Pawlik (1980), Reddy (1984), and Mura and Koya (1992). Because of
the difficulty in finding proper approximating functions for problems of complex geometry,
variational techniques have made only limited contributions to the solution of general problems.
However, they have made very important applications in the finite element method.

5.7.6 Numerical Solution Procedures
Over the past several decades numerical methods have played a primary role in developing
solutions to elasticity problems of complex geometry. Various schemes have been theoretically
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developed, and numerous private and commercial codes have been written for implementation on
avariety of computer platforms. Several of the more important methods are briefly discussed here.

Finite Difference Method

The finite difference method (FDM) replaces derivatives in the governing field equations by
difference quotients, which involve values of the solution at discrete mesh points in the domain
under study. Repeated applications of this representation set up algebraic systems of equations
in terms of unknown mesh point values. The method is a classical one, having been established
almost a century ago, and Timoshenko and Goodier (1970) provide some details on its
applications in elasticity. The major difficulty with this scheme lies in the inaccuracies in
dealing with regions of complex shape, although this problem can be eliminated through the
use of coordinate transformation techniques.

Finite Element Method

The fundamental concept of the finite element method (FEM) lies in dividing the body under
study into a finite number of pieces (subdomains) called elements. Particular assumptions are
then made on the variation of the unknown dependent variable(s) across each element using so-
called interpolation or shape functions. This approximated variation is quantified in terms of
solution values at special locations within the element called nodes. Through this discretization
process, the method sets up an algebraic system of equations for unknown nodal values that
approximates the continuous solution. Because element size and shape are variable, the finite
element method can handle problem domains of complicated shape, and thus it has become a
very useful and practical tool (see Reddy 2006). We briefly present an introduction to finite
element methods in Chapter 16.

Boundary Element Method

The boundary element method (BEM) is based upon an integral statement of the governing
equations of elasticity. The integral statement may be cast into a form that contains unknowns
only over the boundary of the body domain. This boundary integral equation may then be
solved by using concepts from the finite element method; that is, the boundary may be
discretized into a number of elements and the interpolation approximation concept can then
be applied. This method again produces an algebraic system of equations to solve for the
unknown boundary nodal values, and the system is generally much smaller than that generated
by internal discretization such as the finite element method. By avoiding interior discretization,
the boundary element method has significant advantages over finite element schemes for
infinite or very large domains and for cases in which only boundary information is sought
(see Brebbia and Dominguez 1992). A brief discussion of this technique is given in Chapter 16.

Elasticity is a mature field and thus analytical solutions have been developed for a large
number of problems. Kachanov, Shafiro, and Tsukrov (2003) have published an interesting
compilation handbook of elasticity solutions collected from textbooks and journal articles.
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Exercises

5-1. Express all boundary conditions for each of the problems illustrated in the figures that
follow.
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5-2. The tapered cantilever beam shown in the following figure is to have zero tractions on the
bottom inclined surface. As discussed in the text (see Figure 5-4), this may be specified by
requiring 7 = T;”) = 0. This condition can also be expressed in term of components
normal and tangential to the boundary surface as T,(l") = T§”) = 0, thus implying that
the normal and shearing stress on this surface should vanish. Show that these two
specifications are equivalent.

5-3. The following two-dimensional problems all have mixed boundary conditions involving
both traction and displacement specifications. Using various field equations, formulate all
boundary conditions for each problem solely in terms of displacements.

7—>—>—>S—>—>
a o

v

(b)

5-4. For problems involving composite bodies composed of two or more materials, the
elasticity solution requires both boundary conditions and interface conditions between
each material system. The solution process is then developed independently for each
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5-5.

5-7.

5-8.

5-9.

5-10.
5-11.

material by satisfying how the various material parts are held together. The composite
bodies shown are composed of two different materials, (1) and (2), that are perfectly
bonded thereby requiring displacement and stress continuity across the interface.
Establish the required boundary and interface conditions for each problem.

lp

1 h

(1) o b

007 7

(a) (b)

Solve Exercise 5-4 using slip interface conditions, where the normal components of
displacement and traction are continuous, the tangential traction vanishes, and the
tangential displacement can be discontinuous.

. As mentioned in Section 5.6, Saint-Venant’s Principle will allow particular boundary

conditions to be replaced by their statically equivalent resultant. For problems (b), (c),
and (d) in Exercise 5-1, the support boundaries that had fixed displacement conditions can
be modified to specify the statically equivalent reaction force and moment loadings. For
each case, determine these reaction loadings and then relate them to particular integrals of
the tractions over the appropriate boundary.

Go through the details and explicitly develop the Beltrami-Michell compatibility
equations (5.3.3).

For the displacement formulation, use relations (5.4.1) in the equilibrium equations
and develop the Navier equations (5.4.3).

For the general displacement formulation with no body forces, show that Navier’s
equations (5.4.3) reduce to the form

Ui, kk + Uk ki = 0

1-2
and thus the field equation formulation will now only depend on the single elastic
constant, Poisson’s ratio. For the case with only displacement boundary conditions,
this fact would imply that the solution would also only depend on Poisson’s ratio.

Carry out the integration details to develop the displacements (5.7.4) in Example 5-1.

Using the inverse method, investigate which problem can be solved by the two-
dimensional stress distribution o, = Axy, 1, =B + C y2, oy, =0, where A, B, and C are
constants. First show that the proposed stress field (with zero body force) satisfies the
stress formulation field equations under the condition that C = —A/2. Note that for this
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two-dimensional plane stress case, the Beltrami-Michell compatibility equations reduce
to the form given by (7.2.7). Next choose a rectangular domain0 > x > /and—h >y > h,
with [ > h, and investigate the interior and boundary stresses. Finally use strength of
materials theory to show that these stresses could represent the solution to a cantilever
beam under end loading. Explicitly determine the required constants A, B, and C to solve
the beam problem.

5-12. Show that the following stress components satisfy the equations of equilibrium with zero
body forces, but are not the solution to a problem in elasticity:
or = e[y + v = )]
oy = P+ z/(y2 -]
o, = cv(x> + yz)
Ty = —2CUXYy
Ty = Ty = 0, ¢ = constant # 0

5-13*. Consider the problem of a concentrated force acting normal to the free surface of a semi-

infinite solid as shown in case (a) of the following figure. The two-dimensional stress
field for this problem is given by equations (8.4.36) as

2Px%y
T

2Py3
7T TR g2y

2Pxy?
Ty (2 + y2)?

Using this solution with the method of superposition, solve the problem with two
concentrated forces as shown in case (b). Because problems (a) and (b) have the same
resultant boundary loading, explicitly show that at distances far away from the loading
points the stress fields for each case give approximately the same values. Explicitly
plot and compare o, and t,, for each problem on the surface y = 10a and y = 100a
(see Figure 8-20).

P/2 P/2

a

(a) (b)
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6 Strain Energy and Related Principles

Before proceeding to the solution of specific elasticity problems, we wish to explore the
associated concepts of work and energy. Boundary tractions and body forces will do work
on an elastic solid, and this work will be stored inside the material in the form of strain
energy. For the elastic case, removal of these loadings results in complete recovery of the
stored energy within the body. Development of strain energy concepts can yield new and
useful information not found by other methods. This study also leads to some new energy
methods or principles that provide additional techniques to solve elasticity problems. In
some sense these methods may be thought of as replacements of particular field equations
that have been previously derived. For problems in structural mechanics involving rods,
beams, plates, and shells, energy methods have proved to be very useful in developing the
governing equations and associated boundary conditions. These schemes have also provided a
method to generate approximate solutions to elasticity problems. More recently, particular
energy and variational techniques have been used extensively in the development of finite and
boundary element analysis. Our presentation here will only be a brief study on this extensive
subject, and the interested reader is recommended to review Langhaar (1962), Washizu (1968),
Reddy (1984), Mura and Koya (1992), or Fung and Tong (2001) for additional details and
applications.

6.1 Strain Energy

As mentioned, the work done by surface and body forces on an elastic solid are stored inside
the body in the form of strain energy. For an idealized elastic body, this stored energy is
completely recoverable when the solid is returned to its original unstrained configuration. In
order to quantify this behavior, we now wish to determine the strain energy in terms of the
resulting stress and strain fields within the elastic solid. Consider first the simple uniform
uniaxial deformation case with no body forces, as shown in Figure 6-1. The cubical element of
dimensions dx, dy, dz is under the action of a uniform normal stress ¢ in the x direction as
shown.

During this deformation process, we assume that the stress increases slowly from zero to o,
such that inertia effects can be neglected. The strain energy stored is equal to the net work done
on the element, and this is given by the following equation.
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FIGURE 6-1 Deformation under uniform uniaxial stress.

Ty 8 Ox Ty 8
dU = J od <u + —”dx) dydz — j odudydz = J od (—“) dxdydz 6.1.1)
0 ox 0 0 ox
Using the strain displacement relations and Hooke’s law,
ou Oy
Lo =2
ox ~ E
and thus (6.1.1) can be reduced to
au J 99 eaydz — 7 dxdyd 6.1.2)
= — 7 =% z 1.
. 0 g dxdy g Xy

The strain energy per unit volume, or strain energy density, is specified by

U= du
 dxdydz

(6.1.3)

and thus for this case we find

= ZE 2’ = Eaxex (6.1.4)
This result can be interpreted from the stress-strain curve shown in Figure 6-2. Because the

material is linear elastic, the strain energy for the uniaxial case is simply the shaded area under
the stress-strain curve.
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FIGURE 6-2 Strain energy for uniaxial deformation.
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FIGURE 6-3 Shear deformation.

We next investigate the strain energy caused by the action of uniform shear stress. Choosing
the same cubical element as previously analyzed, consider the case under uniform t,, and 7y,
loading, as shown in Figure 6-3. Following similar analyses, the strain energy is found to be

1 ov 1 Ou 1 Ou Ov
dU = E 'L'Xydde <a dx) + E TydedZ (6__)) dy) = Efxy (a—y + a) dXdde (6 1 5)
and thus the strain energy density can be expressed by
2y
e
U= 3 Ty = w2 (6.1.6)

Results from the previous two cases (6.1.4) and (6.1.6) indicate that the strain energy is not
a linear function of the stresses or strains, and thus the principle of superposition cannot be
directly applied to develop the strain energy for a multidimensional state of stress. However,
from conservation of energy, the work done does not depend on the order of loading applica-
tion, but only on the final magnitudes of the stresses and strains. This concept then allows
normal and shear loadings to be applied one at a time and produces an additive total strain
energy for a general three-dimensional state of stress and strain, as follows:
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1 1
U= 5 (orex + oyey + 0.e; + TxyVxy + TyzVyz + ) = E 0jj€ij (6.1.7)
Although the preceding results were developed for the case of uniform stress with no
body forces, it can be shown (see Exercise 6-1) that identical results are found if body
forces are included and the stresses are allowed to vary continuously. The total strain
energy stored in an elastic solid occupying a region V is then given by the integral over the
domain

Ur = JJJ Udxdyd:z (6.1.8)
1%

Using Hooke’s law, the stresses can be eliminated from relation (6.1.7) and the strain
energy can be expressed solely in terms of strain. For the isotropic case, this result
becomes

1
Ule) = 5 dejjeu + peyjeij
1 2 2 2 2 1 2 1 2 1 2 (6] 9)
= 5/1(@,\- +ey+e) +pu (ex +e +el + 77 + 3 + Ey”)

Likewise, the strains can be eliminated and the strain energy can be written in terms of stress

14+v v
U(o) = — = 0ii0ij — 57 0ji0k
12—{_51/ 2E , (6.1.10)
= T((i + o-i + af + 2‘5@, + 2132 + ZTfX) - ﬁ(ﬁx +o0y+ )’

After reviewing the various developed forms in terms of the stresses or strains, it is observed
that the strain energy is a positive definite quadratic form with the property

U=>0 (6.1.11)

for all values of ¢;; and ¢;;, with equality only for the case with ¢;; = 0 or e; = 0. Actually,
relation (6.1.11) is valid for all elastic materials, including both isotropic and anisotropic
solids.

For the uniaxial deformation case, by using relation (6.1.4) note that the derivative of the
strain energy in terms of strain yields

oU(e) 0 (Ee? Ee
de,  Oe,\ 2 ) G = Ox

and likewise

oU(e) 0 (a2\ o
do, o,

— | =—=¢
2E) E

These specific uniaxial results can be generalized (see Exercise 6-4) for the three-dimensional
case, giving the relations
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U AU(o)

gjj = e =
Y 88,:/' P 80,-]-

6.1.12)

These results are again true for all elastic materials (isotropic and anisotropic); see Langhaar
(1962) or Boresi and Chong (2000) for a general derivation. Thus, the strain energy function can
be interpreted as playing a fundamental constitutive role in establishing general stress-strain
relations for elastic materials. Such an approach in which the stresses are derivable from a strain
energy function, that is, relation (6.1.12), is referred to as hyperelasticity. Note that this approach
does not necessarily require that the relations between stress and strain be linear, and thus this
scheme is commonly used in the development of constitutive relations for nonlinear elastic
solids. Only linear relations given by Hooke’s law (4.2.1) are incorporated in the text.

Using equations (6.1.12), the following symmetry relations can be developed (Exercise 6-5)

60','1' o 8ak,
aEk] o 8e,:,-
dey e (6.1.13)
60k1 B 80’,'1'

Going back to the general constitutive form o;; = Cjjey, relations (6.1.13) can be used to
develop the additional symmetry relations

Czjkl = Cklij (6.1.14)

Using constitutive form (4.2.2), result (6.1.14) implies that C;; = Cj;, and thus there are only 21
independent elastic constants for general anisotropic elastic materials.

The strain energy in an elastic solid may be decomposed into two parts, one associated
with volumetric change U, and the other caused by distortional (change in shape) deformation Uj.

U=U,+Uy (6.1.15)

The development of this decomposition is accomplished by using the definitions of spherical
and deviatoric strain and stress tensors presented previously in Sections 2.5 and 3.5. For
isotropic materials, the spherical stress produces only volumetric deformation, while the
deviatoric stress causes only distortional changes. The volumetric strain energy is found by
considering the spherical or hydrostatic components of stress and strain

1 1 1-2w
Uy =3 0ij€j = g ojjes = —¢p—

1—-2v
2 6 Ojou =~ (@t 0y + 0. (6.1.16)

The distortional strain energy results from the deviatoric components or can be easily deter-
mined using relations (6.1.10), (6.1.15), and (6.1.16) to get

1
Uy = oM [(6x = 6,)* + (0y — 02" + (0: — 0.)" + 6(1, + T3 + T2,)] (6.1.17)

Particular failure theories of solids incorporate the strain energy of distortion by proposing that
material failure or yielding will initiate when U, reaches a critical value. It can be shown that
the distortional strain energy is related to the octahedral shear stress previously discussed in
Section 3.5 (see Exercise 6-8).
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6.2 Uniqueness of the Elasticity Boundary-Value Problem

Although it would seem that the question of uniqueness of the elasticity boundary-value
problem should have been covered in Chapter 5, the proof normally makes use of strain
energy concepts and is therefore presented here. Consider the general mixed boundary-value
problem in which tractions are specified over the boundary S, and displacements are prescribed
over the remaining part S,,. Assume that there exist two different solutions {af-jl) , el(-jl), ugl)} and
{O’E?, eﬁ?, uﬁz)} to the same problem with identical body forces and boundary conditions. Next
define the difference solution

M _ 4@

gjj = O'lj O'lj

1 2
ej=ef)) — e (6.2.1)
u; = ul(»l) — u§2>

Because the solutions ofjl) and ¢'? have the same body force, the difference solution must

ij
satisfy the equilibrium equation

0ij,j = 0 (622)
Likewise, the boundary conditions satisfied by the difference solution are given by

T! =oynj=0o0nS,

! 6.2.3
ui=0onS, ( )
Starting with the definition of strain energy, we may write
ZJ udv = J a,-jeijdV = J O',‘j(bl,"j — wij)dV
v 1% v
= J O',ju,»,jdV = J (G,-ju,-),jdV - J G,-j,ju,-dV (624)
1% 1% 1%

= J a,~,-n,~u,»dS - [ aij, juidV
s v o

where we have used the fact that ¢;w; = 0 (symmetric times antisymmetric = 0) and have
utilized the divergence theorem to convert the volume integral into a surface integral. Incorp-
orating relations (6.2.2) and (6.2.3) and noting that the total surface S = S, + S, (6.2.4) gives
the result

ZJ Uudv =0 (6.2.5)
14

Relation (6.2.5) implies that U must vanish in the region V, and since the strain energy is a
positive definite quadratic form, the associated strains and stresses also vanish; that is,
ejj = gjj = 0. If the strain field vanishes, then the corresponding displacements u; can be at
most rigid-body motion. However, if u; = 0 on §,, then the displacement field must vanish

everywhere. Thus, we have shown that 651-1) =g?, e =e? V= u,(-z) and therefore the

ij o vij g i
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problem solution is unique. Note that if tractions are prescribed over the entire boundary, then
ugl) and u!? may differ by rigid-body motion.

i

6.3 Bounds on the Elastic Constants

Strain energy concepts allow us to generate particular bounds on elastic constants. For
the isotropic case, consider the following three stress states previously investigated in
Section 4.3 (see Figure 4-2).

6.3.1 Uniaxial Tension
Uniform uniaxial deformation in the x direction is given by the stress state

Giji

S O Q

0 0
0 0 6.3.1)
0 0

For this case, the strain energy reduces to

2
l+v , v , o©

V=757 "2 “2%

(6.3.2)

Because the strain energy is positive definite, relation (6.3.2) implies that the modulus of
elasticity must be positive

E>0 (6.3.3)

6.3.2 Simple Shear
Consider next the case of uniform simple shear defined by the stress tensor

0 7 O
gij=1]7t 0 0 (6.3.4)
0 0 O
The strain energy becomes
U=t =Ty (6.3.5)
= = — vV I
2k T E

Again, invoking the positive definite property of the strain energy and using the previous result
of E > 0 gives

1+4v>0=v>—-1 (6.3.6)

6.3.3 Hydrostatic Compression
The final example is chosen as uniform hydrostatic compression specified by
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—p 0 0

ojj = 0O —p O (6.3.7)
0 0 —p
Note that hydrostatic tension could also be used for this example. Evaluating the strain energy
yields
I+v_, v 5 3p?
= 3t ——=(-3p)y=—=1-2 6.3.8
U=—g 3 — 553" =5 v) (6.3.8)

Using the positive definite property with £ > 0 gives the result

1
1—2y>0:>y<§ (6.3.9)

Combining relations (6.3.6) and (6.3.9) places the following bounds on Poisson’s ratio:

1
—1 <1/<§ (6.3.10)

Using relations between the elastic constants given in Table 4-1, the previous results also
imply that

k>0, u>0 (6.3.11)
Experimental evidence indicates that most real materials have positive values of Poisson’s

ratio, and thus 0 < v < 1/2. This further implies that 4 > 0. Bounds on elastic moduli for the
anisotropic case are more involved and are discussed in Chapter 11.

6.4 Related Integral Theorems

Within the context of linear elasticity, several integral relations based on work and energy can
be developed. We now wish to investigate three particular results referred to as Clapeyron’s
theorem, Betti’s reciprocal theorem, and Somigliana’s identity.

6.4.1 Clapeyron’s Theorem
The strain energy of an elastic solid in static equilibrium is equal to one-half the work done by
the external body forces F; and surface tractions 77}

2J Udv = J T/ u;dS + J FadV 6.4.1)
v N 1%

The proof of this theorem follows directly from results in relation (6.2.4).

6.4.2 Betti/Rayleigh Reciprocal Theorem

If an elastic body is subject to two body and surface force systems, then the work done by the
first system of forces {T", F(} acting through the displacements u® of the second system is
equal to the work done by the second system of forces {T®, F®) acting through the
displacements u(" of the first system; that is:
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J Tl(l)u?)dS + J Fgl)ufz)dv = J sz)ufl)dS + J Ffz)ugl)a’v (6.4.2)
s 14 s v
The proof of this theorem starts by using the result from (6.2.4)
J oPePdv = J TOuPds + J FOuPdv
v s 14
Interchanging states (1) and (2) gives

J Pelav = J TV ds + j FOuDay
\4 S \4

D@2 D @2 D @2 2) ( 2) (1
Now afj)efj) = C,j,-kle}(,)efj) = Ckhj,-e,i])eﬁj) = Ck,,-jegj)ei,) = ail)eil); therefore,

D2 2)
al(j)el(j) = afj)efj) (6.4.3)
Combining these results then proves the theorem. The reciprocal theorem can yield useful
applications by special selection of the two systems. One such application follows.

6.4.3 Integral Formulation of Elasticity—Somigliana’s Identity

Using the reciprocal theorem (6.4.2), select the first system to be the desired solution to
a particular problem {T,F,u}. The second system is chosen as the fundamental solution
to the elasticity equations, and this corresponds to the solution of the displacement field at
point x produced by a unit concentrated body force e located at point £ The fundamental
solution is actually related to Kelvin’s problem (concentrated force in an infinite domain) and
is solved in Examples 13-1, 15-3, and 15-4. Using this concept, the displacement may be
expressed as

u?(x) = Gy £)e;(€) 6.4.4)

where G;; represents the displacement Green’s function to the elasticity equations. This
function has been previously developed, and forms for both two- and three-dimensional
domains have been given (Banerjee and Butterfield 1981). The three-dimensional isotropic
case, for example, is given by

1 .
G,j(x, g) = m [(3 — 41/)(),'j + r, i’,j] (645)

where r; = x; — & and r = |r|. The stresses and tractions associated with this fundamental
solution follow from the basic field equations and can be written in the form

O-Ejz) = T,«jk(x, Eew(é)
TP = Ty(x, E)njer(€) 040

1

Ti(x, &) = Gy, 16 + w(Gir,j + Gk, i)

Using these results in the reciprocal theorem (6.4.2) gives after some manipulation
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cu(é) = L [T/0Gy(x. &) — uiTgx., EnldS + jv FGyx 0V (64.7)

where the coefficient ¢ is given by

1,&inV
1
c= 3 EonS
0, & outside V

Relation (6.4.7) is known as Somigliana’s identity and represents an integral statement
of the elasticity problem. This result is used in the development of boundary integral
equation (BIE) methods in elasticity and leads to the computational technique of
boundary element methods (BEM). A brief presentation of this numerical method is given in
Chapter 16.

6.5 Principle of Virtual Work

Based on work and energy principles, several additional solution methods can be developed.
These represent alternatives to the analytical methods based on differential equations
outlined in Section 5.7. The principle of virtual work provides the foundation for many of
these methods, and thus we begin our study by establishing this principle. The virtual
displacement of a material point is a fictitious displacement such that the forces acting
on the point remain unchanged. The work done by these forces during the virtual displace-
ment is called the virtual work. For an object in static equilibrium, the virtual work is
zero because the resultant force vanishes on every portion of an equilibrated body. The
converse is also true that if the virtual work is zero, then the material point must be in
equilibrium.

Let us introduce the following notational scheme. The virtual displacements of an elastic
solid are denoted by ou; = {ou, dv, ow}, and the corresponding virtual strains are then
expressible as de;; = 1/2(du; ; + ou;,;). Consider the standard elasticity boundary-value prob-
lem of a solid in equilibrium under the action of surface tractions over the boundary S, with
displacement conditions over the remaining boundary S, (see Figure 5-1). Now imagine that
the body undergoes a virtual displacement du; from its equilibrium configuration. The virtual
displacement is arbitrary except that it must not violate the kinematic displacement boundary
condition, and thus ou; = 0 on S,,.

The virtual work done by the surface and body forces can be written as

S Vv

Now, because the virtual displacement vanishes on S,, the integration domain of the first
integral can be changed to S. Following standard procedures, this surface integral can be
changed to a volume integral and combined with the body force term. These steps are
summarized as
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= Tl”éu,a’S + J F,-éu,-dV
N Vv

= a,~,-n,~5u,»dS + J F,ﬁu,«dV

T y

= | (oy0u;) ;dV + J Fiou,dV

. Y 6.5.2)

= | (0y,j0u; + oyou; j)dvV + J F;ou;dV
4 1%

= ( — F,~5u,~ + aijéeij)dV + J F,-éu,-dV
Vv Vv

= a,-jée,-jdV
v
Now the last line in relation (6.5.2) is actually the virtual strain energy within the solid:
J oj0e;dV = J (0:bey + oydey + o.de. + r,\yéy,\.y + ry_,éyyz + 7.467,,) dV (6.5.3)
v v

Notice that the virtual strain energy does not contain the factor of 1/2 found in the general
expression (6.1.7). This fact occurs because the stresses are constant during the virtual
displacement.

Under the assumption of the existence of a strain energy function expressed in terms of the
strains

oU(e)
i =3 6.5.4
Uj ae,j ( )
and thus relation (6.5.3) can be written as
ou
\4 |4 i \4

Because the external forces are unchanged during the virtual displacements and the region V is
fixed, the operator ¢ can be placed before the integrals in (6.5.1). Combining this with relation
(6.5.5) allows (6.5.2) to be written as

(5<J udv — J T!'u;dS — J F,-ude) =0Ur—-Ww)=0 (6.5.6)
14 S v

This is one of the statements of the principle of virtual work for an elastic solid. The
quantity (Ury — W) actually represents the total potential energy of the elastic solid, and thus
relation (6.5.6) states that the change in potential energy during a virtual displacement from
equilibrium is zero. It should be noted that this principle is valid for all elastic materials
including both linear and nonlinear stress-strain behavior. The principle of virtual work
provides a convenient method for deriving equilibrium equations and associated boundary
conditions for various special theories of elastic bodies, including rods, beams, plates, and
shells. Several such examples are given by Reismann and Pawlik (1980). In fact, even the
continuum equations previously developed can be reestablished using this method.
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To illustrate the process of using the principle of virtual work to re derive the basic
equilibrium equations and related boundary conditions for the general elasticity problem, we
can start with relations (6.5.1) and (6.5.2) to write

J J,-jée,-,-dV - J Tl"éu,dS - J F,(SM,dV =0 (657)
1% ' S 1%
The integrand of the first term can be reduced as
1

oibey = 5 i (Bui,j + duj.i) = oydui j = (odus),j — iy, j0U;
and thus (6.5.7) can be expressed as

J [(Jijéu,-),/- - a,;,;_,-éu,-} dv — j Tl"éu,dS - J FiéuidV =0

14 s 4

(6.5.8)
JV (0',:]',_/' + F,‘)(SM,’ dav + JS (Tln - J,-jn_,-)éu,- ds =0

where we have used the divergence theorem to convert the volume integral [, (o;0u;) ;dV to a
surface integral over S. For arbitrary du;, relation (6.5.8) is satisfied if

O','j,j+F,‘ =0eV

and either (6.5.9)
oupi=0¢€ S, or T =oyn; € S,

Conditions on S, are commonly referred to as essential boundary conditions while those on S,
are called natural boundary conditions. Thus we have demonstrated that the principle of
virtual work can be used to generate equilibrium equations and associated boundary conditions
for the general elasticity problem.

6.6 Principles of Minimum Potential
and Complementary Energy

We now wish to use the results of the previous section to develop principles of minimum
potential and complementary energy. Denoting the potential energy by II = Ur — W, the virtual
work statement indicated that the variation in potential energy from an equilibrium configuration
was zero. Another way this is commonly stated is that potential energy is stationary in an
equilibrium configuration. Such a condition implies that the potential energy will take on a local
extremum (maximum or minimum) value for this configuration. It can be shown (proof given by
Sokolnikoff 1956 or Reismann and Pawlik 1980) that the potential energy has a local minimum in
the equilibrium configuration, and this leads to the following principle.

Principle of Minimum Potential Energy: Of all displacements satisfying the given
boundary conditions of an elastic solid, those that satisfy the equilibrium equations
make the potential energy a local minimum.

An additional minimum principle can be developed by reversing the nature of the variation.
Thus, consider the variation of the stresses while holding the displacements constant. Let o;; be
the actual stresses that satisfy the equilibrium equations and boundary conditions. Now consider

124 FOUNDATIONS AND ELEMENTARY APPLICATIONS



a system of stress variations or virtual stresses doy; that also satisfies the stress boundary
conditions (with 6T = do;n; on S;) and equilibrium equations with body force JF;. In contrast
to the previous development, we now investigate the complementary virtual work

S 14

Employing the usual reduction steps as given in relations (6.5.2), the complementary virtual
work statement is found to reduce to

S

M,‘(SFidV = J e,'j(sO','jdV (662)
\4 Vv

and the integral on the right-hand side is referred to as the complementary virtual strain energy.
Introducing the complementary strain energy density function U°, which is taken as a
function of the stresses,

oU (o)
eij = o (6.6.3)
Using this result, the right-hand side of (6.6.2) can be expressed as
ou* .
e,-jcsaijdV = —50,-jdV = (S ucdv (664)
1% v 0ojj v

Because the displacements do not vary and the region V is fixed, the operator § can be placed
before the integrals in (6.6.1). Combining this with relation (6.6.4) allows (6.6.2) to be written as

) (J Ucdv — J uT!dS — J u,—F,—dV) =45(Us —W) =0 (6.6.5)
14 S, 14

and thus the variation in total complementary energy II° = U° — W¢ is also zero in an
equilibrium configuration. As before, it can be shown that this extremum in the complementary
energy corresponds to a local minimum, thus leading to the following principle.

Principle of Minimum Complementary Energy: Of all elastic stress states satisfying the
given boundary conditions, those that satisfy the equilibrium equations make the com-
plementary energy a local minimum.

Each of the previously developed minimum principles used general constitutive relations,
either (6.5.4) or (6.6.3), and thus both principles are valid for all elastic materials regardless of
whether the stress-strain law is linear or nonlinear. Fundamentally, the strain energy is expressed
in terms of strain, while the complementary energy is functionally written in terms of stress. As
shown in Figure 6-2, the strain energy for uniaxial deformation is equal to the area under the
stress-strain curve, and thus dU = ode. On the other hand, the complementary energy may be
expressed by dU = edo, and thus U¢ will be the area above the uniaxial stress—strain curve as
shown in Figure 6-4. For the uniaxial case with linear elastic behavior

o o2 o2 1
‘=g —U="2—X="X—_5o = 6.6.6
U'=o0e,—U £ 2E = 2E =50 U ( )
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FIGURE 6-4 Strain and complementary energy for linear and nonlinear elastic materials.

This result is true for all deformations, and thus for linear elastic materials, the complementary
energy is equal to the strain energy. Note also for this case

ouc 9 (o? Oy
do, Doy (ﬁ) “E & ©6.7)

which verifies the general relation (6.6.3). For the nonlinear elastic case, as shown in Figure 6-4,
it is apparent that the strain energy and complementary energy will not be the same; that is,
U¢ # U. However, using the fact that U¢ = o,e, — U, it follows that

oU* Oe, OU Oe,
do, = et o do, B Ode, Do, (6.6.8)
Oe, Oe, o
= €y =+ O'xa—o_x — G-X(‘)T"x = €y

which again verifies the general relation (6.6.3) for the nonlinear case.
Additional related principles can be developed including Castigiliano’s theorems and a mixed
formulation called Reissner’s principle (see Reismann and Pawlik 1980 or Fung and Tong 2001).

EXAMPLE 6-1: Euler-Bernoulli Beam Theory

In order to demonstrate the utility of energy principles, consider an application dealing
with the bending of an elastic beam, as shown in Figure 6-5. The external distributed
loading ¢ will induce internal bending moments M and shear forces V at each section of
the beam. According to classical Euler-Bernoulli theory, the bending stress o, and
moment-curvature and moment-shear relations are given by

My d*w am
=—— M=El—,V=—o 6.6.
o 1’ dx?’ dx (6:6:9)

where I = [, y2dA is the area moment of inertia of the cross-section about the neutral
axis, and w is the beam deflection (positive in y direction).
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EXAMPLE 6-1: Cont’'d
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N
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FIGURE 6-5 Euler-Bernoulli beam geometry.

Considering only the strain energy caused by the bending stresses

- o’ 7M2y2 E (d®w\’ s
T2E 2EP a2 )

T2

and thus the total strain energy in a beam of length / is

! E (dw\* VEL (d®w\
Ur = — (2= ) YdAldx=| === d 6.6.10
! Jo JJAz (dx2> Y " Jo 2 (dxz) N ( )

Now the work done by the external forces (tractions) includes contributions from the
distributed loading ¢ and the loadings at the ends x = 0 and /

[ d l
W= J gwdx — {Vow - M, —W} 6.6.11)
0 dx ],

Therefore, the total potential energy for this beam case is given by

! 2.\ 2 1
EI (d*w dw
nN=ur-w=||=|—) —gwl|d Vow — M, — 6.6.12
! jo 2 (dx2> i { " odx]o ( )
The first variation of this quantity must vanish
ol 2 2 !
EI (d*w aw
oll=6| |=(—-—) —gw|dx+|V,w —M,—
JO[2 (dx2> i [ - ’ dx]o
/ 2.0\ 2 i
EI (d*w dow
=\ s|=(—] —gwld V,ow — M, —— (6.6.13)
Jo [2 (dXZ) " x+{0w odx}o
El (' _d*wd*5w ! dow]’
=—| 2——dx— | gowd Voow —M,—| =0
ZJO a2 de qux—l—{uw odx}o
Now the first integral term can be integrated by parts twice to get
I 4 l
d do
J E1EY g Vowax + | LY M — M) — ow(v — V)| =0 (6.6.14)
0 dX4 dx 0
Continued
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EXAMPLE 6-1: Euler-Bernoulli Beam Theory—Cont’d

The integral and boundary terms must all vanish, thus implying

/ 4
J <E1d—wfq)5wdx:0
0 d

V=V,orow=0, x=0,! (6.6.15)

M=M, oré(d—w) =0, x=0,/
dx

For this integral to vanish for all variations ow, the fundamental lemma in the calculus
of variations implies that the integrand must be zero, giving

d*w

ElI— —g=0 6.6.16
e ( )

This result is simply the differential equilibrium equation for the beam, and thus the sta-
tionary value for the potential energy leads directly to the governing equilibrium equation
in terms of displacement and the associated boundary conditions. Of course, this entire
formulation is based on the simplifying assumptions found in Euler-Bernoulli beam theory,
and resulting solutions would not match with the more exact theory of elasticity results.

6.7 Rayleigh-Ritz Method

The previous beam example indicates a correspondence between the governing differential equa-
tion(s) and a variational problem of minimizing the potential energy of the system. Such a corres-
pondence exists for many other types of problems in structural mechanics and elasticity.
For problems of complicated shape or loading geometry, the solution to the governing differential
equation cannot be found by analytical methods. For such cases, approximate solution schemes have
been developed based on the variational form of the problem. Several such approximate schemes
have been constructed, and one of the more important techniques is the Rayleigh-Ritz method.

This particular technique is based on the idea of constructing a series of trial approximating
functions that satisfy the boundary conditions but not the differential equation(s). For the
elasticity displacement formulation (Section 5.4), this concept would express the displace-
ments in the form

N
u=1u,+au +au;+azuz +... :u,,—}—Zaju,'
j=1
N
V=V0+b1V1+b2V2+b3V3+...=V0+Zb_/‘Vj (6.7.1)
j=1
N
w=w,+ciwi +cywy +c3wz + ... :wo—i—chwj
j=1

where the functions u,, v,, w, are chosen to satisfy any nonhomogeneous displacement bound-
ary conditions and u;, v;, w; satisfy the corresponding homogeneous boundary conditions. Note
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that these forms are not required to satisfy the traction boundary conditions. Normally, these trial
functions are chosen from some combination of elementary functions such as polynomial,
trigonometric, or hyperbolic forms. The unknown constant coefficients a;, b;, ¢; are to be
determined so as to minimize the potential energy of the problem, thus approximately satisfying
the variational formulation of the problem under study. Using this type of approximation, the
total potential energy will thus be a function of these unknown coefficients

II = H(a;, bj, c)) (6.7.2)
and the minimizing condition can be expressed as a series of expressions

om_, om_, om_, 6.7.3)
Oa; 0b; Jc;
This set forms a system of 3N algebraic equations that can be solved to obtain the parameters
a;, bj, ¢;. Under suitable conditions on the choice of trial functions (completeness property),
the approximation will improve as the number of included terms is increased.

Commonly, this technique is applied to a reduced elasticity problem involving only one or two
components of displacement typically found in rods, beams, plates, and shells. Once
the approximate displacement solution is obtained, the strains and stresses can be calculated
from the appropriate field equations. However, since the strains and stresses are derivable
through differentiation, the accuracy in these variables will in general not be as good
as that obtained for the displacements (see Exercises 6-13 and 6-14). In order to demonstrate
the Ritz technique, consider again the Euler-Bernoulli beam problem from Example 6-1.

EXAMPLE 6-2: Rayleigh-Ritz Solution of a Simply
Supported Euler-Bernoulli Beam

Consider a simply supported Euler-Bernoulli beam of length / carrying a uniform
loading ¢,. This one-dimensional problem has displacement boundary conditions

w=0atx=0, [ (6.7.4)

and tractions or moment conditions

2

d-w
EIW =0atx=0, ! (6.7.5)

The Ritz approximation for this problem is of the form
N
w=w, + Z cjw; (6.7.6)
=1

With no nonhomogeneous boundary conditions, w, = 0. For this example, we choose a
polynomial form for the trail solution. An appropriate choice that satisfies the homoge-
neous conditions (6.7.4) is w; = ¥(I — x). Note this form does not satisfy the traction

Continued
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EXAMPLE 6-2: Rayleigh-Ritz Solution of a Simply
Supported Euler-Bernoulli Beam—Cont’d

conditions (6.7.5). Using the previously developed relation for the potential energy
(6.6.12), we get

UEL (d?w\?
H - J() |:7 (E) — dx

Ty [ ) . 6.7.7)
:J 7( cj[ju—1>1x-f‘2—j<j+1>xf-1]> 4o )i/l — )| dx
0 i—1 P

J J=1
Retaining only a two-term approximation (N = 2), the coefficients are found to be

@l
T 24EI’

C1 C2=0

and this gives the following approximate solution:

q.l®
w =
24EI

x(I —x) (6.7.8)

Note that the approximate solution predicts a parabolic displacement distribution, while
the exact solution to this problem is given by the cubic relation

_ 9oX 3 3 52
w= 24El(l +x7 = 2Ix7) (6.7.9)
Actually, for this special case, the exact solution can be obtained from a Ritz scheme by
including polynomials of degree three.

Other similar approximate techniques have been developed based on variational principles
of complementary energy or the Reissner mixed formulation. A more generalized approxi-
mating scheme called the weighted residual method includes Ritz and several other tech-
niques within the general approach. Although these approximate variational methods offer
the potential to solve complex problems of engineering interest, they suffer a very important
drawback involved with the selection of the approximating functions. Apart from the general
properties the functions are required to satisfy, there exists no systematic procedure of
constructing them. The selection process becomes more difficult when the domain is geo-
metrically complex and/or the boundary conditions are complicated. Thus, these schemes
have had limited success in solving such complicated problems. However, because these
methods can easily provide approximate solutions over domains of simple shape with
predetermined boundary conditions, they are ideally suited for finite element techniques,
whereby a geometrically complex domain is divided into subdomains of simple geometry.
Over each subdomain or element the governing differential equation may be formulated
using variational methods, and the approximation functions can then be systematically
generated for each typical element (Reddy 2006). More details on these techniques are
given in Chapter 16.
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Exercises

6-1. The uniaxial deformation case as shown in Figure 6-1 was used to determine the strain
energy under uniform stress with zero body force. Determine this strain energy for
the case in which the stress varies continuously as a function of x and also include the
effect of a body force F. Neglecting higher-order terms, show that the result is the same
as previously given by (6.1.4).

6-2. Since the strain energy has physical meaning that is independent of the choice of
coordinate axes, it must be invariant to all coordinate transformations. Because U is a
quadratic form in the strains or stresses, it cannot depend on the third invariants /1, or I3,
and so it must depend only on the first two invariants of the strain or stress tensors. Show
that the strain energy can be written in the following forms

1
U= (5 A+ u)lf —2ull,

1

=55 (I =201 + v)b)

6-3. Starting with the general expression (6.1.7), explicitly develop forms (6.1.9) and (6.1.10)
for the strain energy density.

6-4. Differentiate the general three-dimensional strain energy form (6.1.9) to show that

_ U(e)

gjj =
J 86,‘j

6-5. Using equations (6.1.12), develop the symmetry relations (6.1.13), and use these to prove
the symmetry in the elasticity tensor Cjjyy = Cj.

6-6. Verify the decomposition of the strain energy into volumetric and deviatoric parts as
given by equations (6.1.16) and (6.1.17).

6-7. Starting with relations (6.1.16) and (6.1.17), show that the volumetric and distortional
strain energies can be expressed in terms of the invariants of the stress matrix as
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6-8.

6-9.

6-10.

6-12.

U _1721/
"7 6E

1
Ug = W (17 +21)

2
Il

Results from Exercise 6-6 may be helpful.

Show that the distortional strain energy given by (6.1.17) is related to the octahedral
shear stress (3.5.4), by the relation

_3l+v, 3,

Ua = 2 E Toct = @Toct

Results from Exercise 3-5 may be helpful.

A two-dimensional state of plane stress in the x,y-plane is defined by the stress matrix

O Ty O
g ij = T Xy (o2 y 0
0O 0 O

Determine the strain energy density for this case in terms of these nonzero stress
components.

The stress field for a beam of length 2/ and depth 2¢ under end bending moments M (see
Figure 8-2) is given by
M
Oy = aEy Y, 0y =0, =Ty =T, =T, =0

Determine the strain energy density and show that the total strain energy in the beam is
given by

M M2

Ur=25s = E

where [ is the section moment of inertia. Assume unit thickness in the z-direction.

. The stress field for the torsion of a rod of circular cross-section is given by

Oy =0y =0, =1y =0, 1, = —poy, 1y, = prox

where o is a constant and the z-axis coincides with the axis of the rod. Evaluate the strain
energy density for this case, and determine the total strain energy in a rod with section
radius R and length L.

Using the reciprocal theorem, choose the first state as u!" = Ax;, F"' =0, T{" = 3kAn,,
and take the second state as u;, F;, T;toshow thatthe change in volume of the body is given by

1
AV = J €,‘de = {J F,—x,-dV + J Tl'Xl'dS}
v 3k Uy s

where A is an arbitrary constant and & is the bulk modulus.
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6-13.

6-14.

Rework Example 6-2 using the trigonometric Ritz approximation w; = sin J% Develop
a two-term approximate solution, and compare it with the displacement solution
developed in the text. Also compare each of these approximations with the exact
solution (6.7.9) at midspan x = [/2.

Using the bending formulae (6.6.9), compare the maximum bending stresses from the
cases presented in Example 6-2 and Exercise 6-13. Numerically compare these results
with the exact solution; see (6.7.9) at midspan x = [/2.
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7

Two-Dimensional Formulation

7.1

Because of the complexity of the elasticity field equations, analytical closed-form solutions to
fully three-dimensional problems are very difficult to accomplish. Thus, most solutions are
developed for reduced problems that typically include axisymmetry or two-dimensionality to
simplify particular aspects of the formulation and solution. We now wish to examine in detail
the formulation of two-dimensional problems in elasticity. Our initial formulation will result in
a boundary-value problem cast within a two-dimensional domain in the x,y-plane using
Cartesian coordinates. This work will then be reformulated in polar coordinates to allow for
the development of important solutions in that coordinate system. Because all real elastic
structures are three-dimensional, the theories set forth here will be approximate models. The
nature and accuracy of the approximation depends on problem and loading geometry.
Although four different formulations are developed, the two basic theories of plane strain
and plane stress represent the fundamental plane problem in elasticity. These two theories
apply to significantly different types of two-dimensional bodies; however, their formulations
yield very similar field equations. It will be shown that these two theories can be reduced to
one governing equation in terms of a single unknown stress function. This reduction then
allows many solutions to be generated to problems of engineering interest, and such solutions
are presented in the following chapter.

Plane Strain

Consider an infinitely long cylindrical (prismatic) body shown in Figure 7-1. If the body forces
and tractions on the lateral boundaries are independent of the z-coordinate and have no z
component, then the deformation field within the body can be taken in the reduced form

u=ux,y), v=v,y), w=0 (7.1.1)

This deformation is referred to as a state of plane strain in the x,y-plane. It should be
obvious that for such a case all cross-sections R will have identical displacements, and thus
the three-dimensional problem is reduced to a two-dimensional formulation in region R in the
x,y-plane.
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FIGURE 7-1 Long cylindrical body representing plane strain conditions.

Using the strain-displacement relations (2.2.5), the strains corresponding to this plane
problem become

TR S N
TToxT 7T T 9y YT 2\ 9y o (7.1.2)
e.=e;=¢e,=0
From the isotropic form of Hooke’s law (4.2.8), the allowable stresses reduce to
o = AMex + ey) + 2pe,
oy = AMex + ey) + 2pe, (7.1.3)

0. = Mex + ey) = V(o + 0y)
Txy = zfuexy’ Tyz = Tyz = 0

Note that the second expression for ¢, has used the first two relations of (7.1.3) to write o, in
terms of the in-plane stress components. Thus, once o, and ¢, are determined, 0. is easily
found from Hooke’s law. For this case, although e, = 0, the corresponding normal stress o
will not in general vanish. It should be recognized that all strain and stress components will be
functions of only the in-plane coordinates x and y.

For plane strain, the equilibrium equations (3.6.5) reduce to

Ooy n Oty
Ox dy

0Ty Ja,
ax oy

+ Fy
(7.1.4)

where the third equation will vanish identically. Using relations (7.1.2) and (7.1.3), the
equilibrium relations can be expressed in terms of displacement, yielding Navier equations
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,llVZM—F(/L—i-u) <ZZ+ZV>+F =0
(7.1.5)

ﬂV2V+(A+H) <8u+8v> +F,=0
ox 0Oy

where V2 is the two-dimensional Laplacian operator V2 = (8?/0x?) + (0% /9y?).
With regard to strain compatibility for plane strain, the Saint-Venant relations (2.6.2)
reduce to

O%e, e, ey
4= 2=n_2 1.
0y? + Ox? Oxdy (7.1.6)

Expressing this relation in terms of stress gives the corresponding Beltrami-Michell equation

1 F. OF
V(o + 0y) = T <a + b) (7.1.7)

Ox Oy

Thus, the plane strain problem is formulated in the two-dimensional region R with boundary S
as shown in Figure 7-2. The displacement formulation is given by relations (7.1.5) with
boundary conditions

u = up(x,y), v=nvp(x,y)on S (7.1.8)

while the stress or traction formulation includes field relations (7.1.4) and (7.1.7) with
boundary conditions

b b b
T =T"(x,y) = o”n, + ri,}?ny

(7.1.9)

Ty = T(”)(x y) = r(}’)nA + ofvb)ny onS
Note that from our initial assumptions for plane strain, 77 = 0. The solution to the plane strain
problem then involves the determination of the in-plane displacements, strains, and stresses
{u, v, ey, e, ey, 0y, 0y, Ty} in R. The out-of-plane stress . can be determined from the
in-plane stresses by using relation (7.1.3)3. This then completes our formulation of plane strain.

FIGURE 7-2 Typical domain for the plane elasticity problem.
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Before moving on to another case, let us consider the situation in which the cylindrical body
in Figure 7-1 is now of finite length. First consider the situation in which the body has fixed and
frictionless ends at say (z = £/). This case leads to end conditions

wx,y, £1) =0, 1.(x,y, £l) = 1.(x,y, £1) = 0

But these conditions are identically satisfied by the original plane strain formulation, and thus
the original formulation also satisfies this finite length problem. Note that the restraining forces
at the ends can be determined by integrating o, over the cross-section R. Although this specific
problem has limited practical applications, the solution can be applied in an approximate sense
for a long cylinder with any end conditions using Saint-Venant’s principle.

If we wish to find the solution to a long but finite cylindrical body with no end tractions, a
corrective solution must be added to the usual plane strain solution to remove the unwanted
end loadings. Such a corrective solution must have zero tractions on the lateral sides of the
body and prescribed end tractions equal but opposite to that obtained from the plane strain
solution. Finding such a corrective solution to satisfy exact pointwise traction conditions on the
ends is normally quite difficult, and commonly the Saint-Venant principle is invoked and the
exact conditions are replaced by a simpler statically equivalent distribution. Exercise 7-4
considers a specific problem of this type.

7.2 Plane Stress

The second type of two-dimensional theory applies to domains bounded by two parallel
planes separated by a distance that is small in comparison to other dimensions in the problem.
Again, choosing the x,y-plane to describe the problem, the domain is bounded by two planes
z ==h, as shown in Figure 7-3. The theory further assumes that these planes are stress free,
and thus ¢, = t,; = 7,. = 0 on each face. Because the region is thin in the z direction, there can
be little variation in these stress components through the thickness, and thus they will be
approximately zero throughout the entire domain. Finally, because the region is thin in the z
direction it can be argued that the other nonzero stress components will have little variation
with z. These arguments can then be summarized by the stress state

o = 0x(x,Y), Oy = O“y(X,Y), Ty = Txy(x»y)a O; = Tz = Ty = 0 (7.2.1)

FIGURE 7-3 Thin elastic plate representing plane stress conditions.
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and this form constitutes a state of plane stress in an elastic solid. In order to maintain a stress
field independent of z, there can be no body forces or surface tractions in the z direction.
Furthermore, the nonzero body forces and tractions must be independent of z or distributed
symmetrically about the midplane through the thickness, thus allowing average values to be
used. Therefore, plane stress problems may be thought of as in-plane deformation of thin
elastic plates.

Using the simplified plane stress state, the corresponding strain field follows from
Hooke’s law

1
ey = E(O'X — voy)

ey, = E(oy — V0ay)
(7.2.2)
v v
€; = 7E(O-x + O_y) = 7E(6x + ey)
1
Cxy = %T.\}w Cx; = €y; = 0

Similar to the previous plane strain theory, the second expression for e, has used the first two
relations of (7.2.2) to write the out-of-plane strain in terms of in-plane components. Note that
although e, = 0 for plane strain, it will not in general vanish for plane stress. It should be
apparent from (7.2.2) that all strains will be independent of z. Relations (7.2.2) can be inverted
to express the stresses in terms of the strains (see Exercise 7-6).

The strain-displacement equations for plane stress reduce to

O 0 o
o7 oy T oz

1 (0u v
ex>'—z<a—y+a)

1/0v Ow
ey2:§<8z+8y>:0

_l @+8_M/ —0
==\ Tox) T

The relations involving the three out-of-plane strains e., e,., and e,. produce some unwanted
results. For example, the last two relations of (7.2.3) imply that the in-plane displacements u
and v are functions of z, thus making the theory three-dimensional. Likewise, the relation for e,
when viewed with equation (7.2.2); implies that w is a linear function of z. Exercise 7-8
investigates these issues in more detail, and further discussion is given in Timoshenko and
Goodier (1970), Article 98. Normally, these results are not used in the theory and this leads to
an approximation in the formulation.

Under plane stress conditions, the equilibrium equations reduce to the identical form as in
plane strain theory

(7.2.3)

80x+afxy +FX -0
ox Oy
(7.2.4)
Otyy n % LF =0
ox Oy r
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where F, and F, are functions of x and y and F. = 0. Expressing these equilibrium equations in
terms of the displacements yield the Navier equations for plane stress

quu—Q—ig @—&-@ +F, =0

2(1 —v)Ox \Ox 3Oy (7.2.5)
e LIl U B B
a 2(1 —v)dy \Ox Oy y

Notice that the corresponding system for plane strain (7.1.5) is similar but not identical to this
plane stress result.

To develop the plane stress reduction in the compatibility relations (2.6.2), the three
relations involving the out-of-plane strain component e, are commonly neglected. This again
brings out the approximate nature of the plane stress formulation. The neglected compatibility
relations are further examined in Exercise 7-9. Under these conditions, the only remaining
compatibility relation for plane stress is identical to that found in plane strain

D%ey  De, e
2 =21 2.
oy? = Ox? Oxdy (7.2.6)

Expressing this relation in terms of stress gives the corresponding Beltrami-Michell
equation:

8x+ dy

(7.2.7)

Vi, + ) = ~(1 +1) (aF O y)

Notice that this result is again similar but not identical to the corresponding plane strain
relation.

Similar to plane strain, the plane stress problem is formulated in the two-dimensional region
R with boundary S (see Figure 7-2). The displacement formulation is specified by the governing
Navier relations (7.2.5) with boundary conditions of the form given by equations (7.1.8).
The stress or traction formulation includes the governing equations (7.2.4) and (7.2.7)
with boundary conditions of the form (7.1.9). The solution to the plane stress problem
then involves the determination of the in-plane displacements, strains, and stresses {u, v, ey,
ey, €y, Oy, Oy, Ty} in R. The out-of-plane strain e, can be determined from the in-plane strains
by using relation (7.2.2);. This then completes our formulation of plane stress.

In following the formulation developments of plane strain and plane stress, it should be
apparent that although unfortunately the two theories do not have identical governing equa-
tions, many relations are quite similar. Note that each theory has identical equilibrium
equations (7.1.4) and (7.2.4) and boundary condition specifications. Furthermore, each theory
has similar Navier equations (7.1.5) and (7.2.5) and compatibility relations (7.1.7) and (7.2.7).
Focusing attention on these similar relations, it is observed that the basic difference between
these equations is simply some coefficients involving the elastic material constants. This leads
to the idea that perhaps a simple change in elastic moduli would bring one set of relations into
an exact match with the corresponding result from the other plane theory. This in fact is the
case, and it is easily shown that through transformation of the elastic moduli £ and v, as
specified in Table 7-1, all plane stress problems can be transformed into the corresponding
plane strain model and vice versa. Thus, solving one type of plane problem automatically gives
the other solution through a simple transformation of elastic moduli in the final answer.
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TABLE 7-1 Elastic Moduli Transformation Relations for
Conversion Between Plane Stress and Plane Strain Problems

E v
Plane stress to plane strain E v
1—12 1-v
. E(1 +2v) v
Plane strain to plane stress —
1+v) 1+v

It should be noted that for the particular value of Poisson’s ratio » = 0, plane strain and plane
stress solutions will be identical.

7.3 Generalized Plane Stress

Recall that the approximate nature of the plane stress formulation produced some inconsist-
encies in particular out-of-plane behavior, and this resulted in some three-dimensional
behavior in which the in-plane displacements were functions of z. In order to avoid this
situation, elasticians have developed an alternate approach commonly referred to as general-
ized plane stress. This theory is based on averaging the field quantities through the thickness of
the domain shown in Figure 7-3. The averaging operator is defined by

1 h
Px,y) = EJ @(x,y,z)dz (7.3.1)
—h

and it is noted that this operation removes the z dependency from the function. We again
assume that /4 is much smaller than other dimensions associated with the problem.

The tractions on surfaces z = +/ are again taken to be zero, while the loadings on the
edge of the plate have no z component and are either independent of z or are symmetrically
distributed through the thickness. Likewise, any body forces cannot have a z component
and they must also be either independent of z or symmetrically distributed through the
thickness. Under these assumptions, the out-of-plane displacement will be an odd function of
z, implying w(x,y,z) = —w(x,y,— z), and points on the middle plane will have no z displace-
ment; that is, w(x, y,0) = 0. These conditions imply that the average value of w will be zero:

1 h
w= ﬂj_h w(x,y,z)dz =0 (7.3.2)

The assumed tractions on z = %/ can be expressed as
0.(x,y, £h) = 1(x,y, £h) = Tyz(x7 y,+h) =0 (7.3.3)
The equilibrium equation in the z direction becomes

0T, ai Oo.

Ox 8y+8220

Two-Dimensional Formulation 141



Evaluating this relation at z = 44 and using (7.3.3) drops the first two derivatives and gives

do.(x,y, £h)
0z N
Thus, both ¢, and its normal derivative vanish at z = £A. A simple Taylor series expansion of
o. through the thickness would then imply that this stress is of order 42, and this further
justifies the assumption that ¢, vanishes throughout the interior of the thin plate.
If we now take the average value of all remaining field equations, the resulting system is
given by

0

u=1x,y), v=yxy), w=0

0, =Ty, = fyz =
[ ;b*(é,x + éy) + Z;uéx
G, = A%(e, + e,) + 2ue, (7.3.4)
Ty = 2uéyy,
_ oo
;= —m(ex +ée))
24 S .
where 1* = . The equilibrium equations become
A42u
9o, + Tty +F. =0
Ox Oy
_ (7.3.5)
ST
Ox Oy Y
and written in terms of displacements
, 0 (Ou 0Ov —
VA + GF ) (ot ) +Fe=0
Ox \Ox 0Oy
(7.3.6)

0 (Ou Ov —
25 e —~ (=L F.
uVy 4 (4 +'u)8y<3x+8y>+ y=0

Note the coefficient A* + p = E/2(1 — v). Finally, in terms of the averaged variables, all
compatibility relations reduce to the single statement

vz(ax + Ey) = -

207+ 1) <aﬁx aFy) (7.3.7)

A* 420 \ Ox 5‘_y

and again the coefficient reduces as 2(1* 4+ u)/(A* +2u) = 1 + v. It is then evident that
generalized plane stress relations (7.3.4) through (7.3.7) in terms of the averaged values are
the same as the original plane stress results in terms of the actual values.

The only advantage of pursuing the generalized plane stress formulation then lies in the
fact that all equations are satisfied exactly by these average variables, thereby eliminating
the inconsistencies found in the previous plane stress formulation. However, this gain in
rigor does not generally contribute much to applications, and thus we normally use only the
plane strain and plane stress formulations from Sections 7.1 and 7.2.
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7.4

Antiplane Strain

One additional plane theory of elasticity involves a formulation based on the existence of only
out-of-plane deformation. This theory is sometimes used in geomechanics applications
to model deformations of portions of the earth’s interior. The formulation begins with the
assumed displacement field

u=v=0, w=w,y) (7.4.1)
For such a system of displacements, the strain field becomes

ex=e,=e.=e,=0
_laiw _low (7.4.2)
Gz C20x]

€yz = Eaiy

and from Hooke’s law the stresses reduce to

Ox =0y, =0, =Ty =0

ow ow (7.4.3)
Ty = 2pe; = ,u/a s Tyz = 2lueyz = :ua_y
The equilibrium equations imply that
F,=F,=0
Ot | Oty (7.4.4)
—+—=+F., =0
Ox + dy .

and written out in terms of the single displacement component, the equilibrium statement
becomes

uV2w+F, =0 (7.4.5)

where again V? is the two-dimensional Laplacian operator. It is observed that for zero body
forces, the single displacement component satisfies Laplace’s equation. Because many solution
schemes can be applied to this equation, the displacement formulation provides a convenient
method to solve this type of problem.

Similar to the other plane problems, antiplane strain is formulated in the two-dimensional
region R with boundary S (see Figure 7-2). The boundary conditions associated with the
problem would take either the displacement form

w = wp(x,y) on S (7.4.6)

or traction form

1 0 =
o . ) (7.4.7)
:’u(anx+aiy”y) on§
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The solution to the antiplane strain problem then involves the determination of the out-of-plane
displacement, strains, and stresses {w, e, y;, Tx;, Ty:} in R.

7.5 Airy Stress Function

Numerous solutions to plane strain and plane stress problems can be determined through the use
of a particular stress function technique. The method employs the Airy stress function and will
reduce the general formulation to a single governing equation in terms of a single unknown. The
resulting governing equation is then solvable by several methods of applied mathematics, and
thus many analytical solutions to problems of interest can be generated. The stress function
formulation is based on the general idea of developing a representation for the stress field that
satisfies equilibrium and yields a single governing equation from the compatibility statement.

The method is started by reviewing the equilibrium equations for the plane problem, either
relations (7.1.4) or (7.2.4). For now, we retain the body forces but assume that they are
derivable from a potential function V such that

(7.5.1)

This assumption is not very restrictive because many body forces found in applications (e.g., gravity
loading) fall into this category. Under form (7.5.1), the plane equilibrium equations can be written as

Ao, —V) 8Txy -

Ox + dy
Oty O, —V)
Ox * dy

0

(7.5.2)
0

It is observed that these equations will be identically satisfied by choosing a representation

ot
oy =—-~5+V
0y?
e
oy = a2 +V (7.5.3)
el
Tyy = —
’ Ox0Oy

where ¢ = ¢(x,y) is an arbitrary form called the Airy stress function.

With equilibrium now satisfied, we focus attention on the remaining field equations in the
stress formulation, that is, the compatibility relations in terms of stress. These equations were
given by (7.1.7) for plane strain and (7.2.7) for plane stress, and it is noted that they differ only
by the coefficient in front of the body force terms. Substituting the stress function form (7.5.3)
into these compatibility relations gives the following pair

r¢_ , O Fd_ 1w PV PVN L eain
v ey oyt 1w \ae o) P
(7.5.4)
8“_¢+2ﬂ+8‘1_¢7_(1_y) 82_V+82_V lane stress
ot T Tox2oyr oyt o o) P
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which can also be written as

1—-2v
Vi = — V2V ...plane strai
¢ T plane strain (755)

Vi = —(1 — )V?V ... plane stress

The form V* = V2V? is called the biharmonic operator. If the body force vanishes or the
potential function satisfies Laplace’s equation V2V = 0, then both the plane strain and plane
stress forms reduce to

04 o*¢ 0% 4
W—anxz—ayz—'_W_Vd)_o (7.5.6)

This relation is called the biharmonic equation, and its solutions are known as biharmonic
functions. Thus, the plane problem of elasticity has been reduced to a single equation in terms
of the Airy stress function ¢. This function is to be determined in the two-dimensional region R
bounded by the boundary S as shown in Figure 7-2. Appropriate boundary conditions over S
are necessary to complete a solution. Using relations (7.5.3), traction boundary conditions
would involve the specification of second derivatives of the stress function. However, this
general traction condition can be reformulated to relate the resultant boundary loadings to first-
order derivatives; see Section 11.5 or Sokolnikoff (1956) for details. Applications to specific
boundary-value problems are demonstrated in the next chapter. Displacement boundary
conditions require more development and are postponed until Chapter 10. Further general
details on stress functions are given in Chapter 13.

It is interesting to observe that for the case of zero body forces, the governing Airy stress
function equation (7.5.6) is the same for both plane strain and plane stress and is independent of
elastic constants. Therefore, if the region is simply connected (see Figure 2-9) and the boundary
conditions specify only tractions, the stress fields for plane strain and plane stress will be
identical and independent of elastic constants. Note, however, that the resulting strains and
displacements calculated from these common stresses would not be the same for each plane
theory. This occurs because plane strain and plane stress have different forms for Hooke’s law
and strain-displacement relations. Of course, because the two plane elasticity problems repre-
sent significantly different models, we would not expect that all parts of the solution field would
be identical. Problems with multiply connected regions or displacement boundary conditions
bring additional displacement relations into the formulation, and thus we can no longer make the
argument that the stress fields will be the same and remain independent of elastic moduli.

7.6 Polar Coordinate Formulation

Because we will make use of polar coordinates in the solution of many plane problems in
elasticity, the previous governing equations will now be developed in this curvilinear system.
Polar coordinates were originally presented in Figure 1-8, and Example 1-5 developed the basic
vector differential operations. For such a coordinate system, the solution to plane strain and plane
stress problems involves the determination of the in-plane displacements, strains, and stresses
{uy,up, ey, ep,e9,0:,00, T} in R subject to prescribed boundary conditions on S (see Figure 7-2).

The polar coordinate form of the strain-displacement relations can be extracted from
developments of Section 2.7 or results of Exercise 2-19. Dropping the z dependency in the
cylindrical coordinate forms (2.7.3) directly gives the following desired results:
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_ Ou,

e,

or
L, L om
eyp = " Uy 20 (7.6.1)
1 [(10u,  Ouy uy
o T(?%JFE_T)

These relations can also be developed using displacement and strain transformation laws
(see Exercise 7-16). As per the discussion in Section 4.3, the basic form of Hooke’s law will
not change when moving to an orthogonal curvilinear system, and the cylindrical form given
by relation (4.3.2) can be applied to the plane problem in polar coordinates. Thus, the original
plane strain and plane stress forms for Hooke’s law do not change other than a simple
transformation of the subscripts from x and y to r and 0; that is:

Plane Strain Plane Stress
1
o = AMe, + eg) + 2pe, e = E(Gr — vay)
1
a9 = Aer + eg) + 2ueg ep = — (09 — vo,)
E , (7.6.2)
0. = Mer + ep) = v(ar + 0p) e:=—p(or+0p) = —— (e +ep)
14+v
Tr) = 2Mef'9a T =T, =0 €r) = T":r(ﬂ, ep; =¢,=0

Likewise, the results of Section 3.7 or Exercise 3-21 provide the appropriate forms for the
equilibrium equations

do, 10t | (o, — 09)

or r 00 r +F=0
(7.6.3)
Ot 1009 214 CF =0
or r 00 r 0=

Expressing the preceding relations in terms of displacements gives the following set of Navier
equations:

Plane Strain

2 0upg u, 0 (Ou, u, 10u
2y — 220 A B e A At 4 —
2 ﬂ) M+m&<&+r+rw)+ﬂ 0

2 0u, uy 10 (Ou, wu, 10uy
2 -z _ (=, 27T -
Vi ty rJ+M+mr%(&+r+r%)+&
(7.6.4)
Plane Stress

u(Vzu 2 Ouy ur> E 0 (61/1,» u, 10uy

20— v)or aﬁ?ﬁ%)”rio

20u _wp)  E 10 (0w u 10w\ o o
290 r2), 20—wvyrdd\or r r o0 o=
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where we have used results from Example 1-5, and the two-dimensional Laplacian is given by

, 10 1P

Again using results from Example 1-5 and the fact that o, + 6, = 0, + 0y, the compatibility
equations (7.1.7) and (7.2.7) can be expressed as

1 OF, F 10Fy
2 _ U LA
A% (o-r + 60) - <ar + r + r 00

) ...plane strain
bov (7.6.6)
OF, F,  10F, "

or r rdo

Vo, +6p) = —(1 + 1/)( ) ...plane stress

Relations (7.5.3) between the stress components and Airy function can be easily trans-
formed to polar form using results from Exercise 3-3 and the chain rule to convert spatial
derivatives. For the case of zero body forces, this yields

, _10¢ 14
"Tror 1292
0P
=52 (7.6.7)

__9 (199
o = or \r 00

It can be verified that this form will satisfy the equilibrium equations (7.6.3) identically, and in
the absence of body forces the compatibility relations (7.6.6) reduce to the biharmonic
equation in polar coordinates

P 10 18\/? 10 18
s, (0 10 1 PN\N(P 19 1 _
Vie= (8r2 + ror + r2 802> (3,& + - or + 2 892) $=0 (7.6.8)

Again, the plane problem is then formulated in terms of an Airy function ¢(r, 0) with a
single governing biharmonic equation. Referring to Figure 7-2, this function is to be deter-
mined in the two-dimensional region R bounded by the boundary S. Appropriate boundary
conditions over S are necessary to complete a solution. Several example solutions in polar
coordinates are given in the next chapter.
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Exercises

7-1.

7-3.

7-4.

7-5.

Invert the plane strain form of Hooke’s law (7.1.3) and express the strains in terms of the
stresses as

1
e = J]; Y11 = v)oy — vay]
I
ey = ; Y11 = v)oy, — va,]
1+v
exv - T’-XV
) E )

. For the plane strain case, develop Navier equations (7.1.5) and the Beltrami-Michell

compatibility relation (7.1.7).

Verify the following relations for the case of plane strain with constant body forces:

0 2 7(9 2

5qu—aVV
0 2. 0 2
Viu=viv=0

At the end of Section 7.1, it was pointed out that the plane strain solution to a cylindrical
body of finite length with zero end tractions could be found by adding a corrective
solution to remove the unwanted end loadings being generated from the axial stress
relation 6. = v(o, + 0,). Using the Saint-Venant’s principle, show that such a correc-
tive solution may be generated using a simple strength of materials approximation
incorporating axial and bending stresses of the form ¢! = Ax + By + C where A, B, and
C are constants. Using principal centroidal x,y-axes, show how these constants could be
determined.

In the absence of body forces, show that the following stresses
Oy = kXy, Oy = k-x’ 0; = l/k)‘(] +)’)

, Tx = Ty: = 0, k = constant

satisfy the plane strain stress formulation relations.

. Invert the plane stress form of Hooke’s law (7.2.2) and express the stresses in terms of the

strain components

o= —V2(ex + vey)

1—
E
oy = m(qv + ve,)
E
Txy = m €xy
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7-8.

1-12.

7-13".

. Using the results from Exercise 7-6, eliminate the stresses from the plane stress

equilibrium equations and develop Navier equations (7.2.5). Also, formally establish
the Beltrami-Michell equation (7.2.7).

For plane stress, investigate the unwanted three-dimensional results coming from
integration of the strain-displacement relations involving the out-of-plane strains
e:, ey, and ey;.

. For the plane stress problem, show that the neglected nonzero compatibility relations

involving the out-of-plane component e, are

e, e, D

— = — = —=0
Ox? T Oy? > Oxdy

Next integrate these relations to show that the most general form for this component
is given by

e, =ax+by+c

where a, b, and ¢ are arbitrary constants. In light of relation (7.2.2)3, will this result for
e; be satisfied in general? Explain your reasoning.

. Using the transformation results shown in Table 7-1, determine the required

corresponding changes in Lamé’s constant / and the shear modulus p.

. Verify the validity of the transformation relations given in Table 7-1 by

(a) Transforming the plane strain equations (7.1.5) and (7.1.7) into the corresponding
plane stress results.

(b) Transforming the plane stress equations (7.2.5) and (7.2.7) into the corresponding
plane strain results.

Verity the validity of the transformation relations given in Table 7-1 by

(a) Transforming the plane strain Hooke’s law (7.1.3) into the corresponding plane
stress results given in Exercise 7-6.

(b) Transforming the plane stress Hooke’s law (7.2.2) into the corresponding plane
stress results given in Exercise 7-1.

For the pure bending problem shown in Example 8-2, the plane stress displacement
field was determined and given by relations (8.1.22), as

u:f%,v:%[uy2+xzflz], —1<x<I
Using the appropriate transformation relations from Table 7-1, determine the corre-
sponding displacements for the plane strain case. Next develop a comparison plot
for each case of the y-displacement along the x-axis (y = 0) with Poisson’s ratio
v = 0.4. Use dimensionless variables and plot v(x, 0)/(M12/EI) versus x/[. Which
displacement is larger and what happens as Poisson’s ratio goes to zero?
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7-14"

7-15.

7-16.

7-17.

7-18.

7-19.

7-20.

7-21.

. Consider the problem of a stress-free hole in an infinite domain under equal and

uniform far-field loading T as shown in Figure 8-11. The plane strain radial
displacement solution for this problem is found to be

T +v)

7
u al
" E r

{(1 —2v)r + ]

where r; is the hole radius. Using the appropriate transformation relations from Table
7-1, determine the corresponding displacement for the plane stress case. Next develop a
comparison plot for each case of the radial displacement versus radial distance r with
Poisson’s ratio ¥ = 0.4. Use dimensionless variables and plot u, /(Tr/E) versus r/r;
over the range 0 < r/r; < 10. Which displacement is larger and what happens as
Poisson’s ratio goes to zero? Finally plot the dimensionless radial displacement on

the hole boundary » = r; versus Poisson’s ratio over the range 0 < v < 0.5

Explicitly develop the governing equations (7.5.4) in terms of the Airy function for
plane strain and plane stress.

Derive the polar coordinate strain-displacement relations (7.6.1) by using the
transformation equations

u = u,cosb — ugsin 0

Vv = u, sin 0 + ugy cos 0

e, = e, cos’ 0 + ey sin” 0 + 2e,y sinfcos 0

ep = e, sin® 0 + ey cos? 0 — 2e,y sin 0 cos 0

e9 = —e,sinlcos 0 4 e, sin 0 cos 0 4 e, ( cos? 0 — sin® 0)

Using the polar strain-displacement relations (7.6.1), derive the strain-compatibility
relation

o 9

0 Deryg 5 0ep de, e,
—(2r _ 220 .
ar ( o0 "o )
For the plane strain case, starting with the equilibrium equations (7.6.3), develop Navier

equations (7.6.4); ». Also verify the compatibility relation (7.6.6);.

For the plane stress case, starting with the equilibrium equations (7.6.3), develop Navier
equations (7.6.4); 4. Also verify the compatibility relation (7.6.6),.

Using the chain rule and stress transform theory, develop the stress-Airy function
relations (7.6.7). Verify that this form satisfies equilibrium identically.

For rigid-body motion, the strains will vanish. Under these conditions, integrate the
strain-displacement relations (7.6.1) to show that the most general form of a rigid-body
motion displacement field in polar coordinates is given by

u* = asinf + bcos 0

up* = acos — bsinl + cr

where a, b, ¢ are constants. Also show that this result is consistent with the Cartesian
form given by relation (2.2.9).
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8

Two-Dimensional Problem Solution

The previous chapter developed the general formulation for the plane problem in elasticity.
This formulation results in two types of in-plane problems—plane strain and plane stress. It
was further shown that solution to each of these problem types could be conveniently handled
using the Airy stress function approach. This scheme reduces the field equations to a single
partial differential equation, and for the case of zero body forces, this result was the biharmo-
nic equation. Thus, the plane elasticity problem was reduced to finding the solution to the
biharmonic equation in a particular domain of interest. Such a solution must also satisfy the
given boundary conditions associated with the particular problem under study. Several general
solution techniques were briefly discussed in Section 5.7. These include the use of power series
or polynomials and Fourier methods. We now pursue the solution to several two-dimensional
problems using these methods. Our formulation and solution are conducted using both Carte-
sian and polar coordinate systems. In many cases we use MATLAB software to plot the stress
and displacement field distributions in order to better understand the nature of the solution.
Plane problems can also be solved using complex variable theory, and this powerful method is
discussed in Chapter 10.

8.1 Cartesian Coordinate Solutions Using Polynomials

We begin the solution to plane elasticity problems with no body forces by considering
problems formulated in Cartesian coordinates. When taking boundary conditions into account,
this formulation is most useful for problems with rectangular domains. The method is based on
the inverse solution concept where we assume a form of the solution to the biharmonic
equation

o' e 9
— 42 — = 1.1
o+ 020y + By 0 8.1.1)

and then try to determine which problem may be solved by this solution. The assumed solution
form for the Airy stress function is taken to be a general polynomial of the in-plane coordin-
ates, and this form can be conveniently expressed in the power series
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) =D D> Apxy" (8.1.2)

m=0 n=0

where A,,, are constant coefficients to be determined. This representation was given by Neou
(1957), who proposed a systematic scheme to solve such plane problems.
Using the stress-stress function relations (7.5.3) with zero body forces
A )

=55 0y=%55, Ty = — 57 - 1.
’ 0y? AP YR Oxdy (8.1.3)

Note that in the Airy function form the three lowest-order terms with m 4+ n <1 do not
contribute to the stresses and therefore are dropped. It is observed that second-order terms
produce a constant stress field, third-order terms give a linear distribution of stress, and so on
for higher-order polynomials.

Terms with m + n < 3 automatically satisfy the biharmonic equation (8.1.1) for any choice
of constants A,,,. However, for higher-order terms with m + n > 3, the constants A,,, must be
related in order to have the polynomial satisfy the biharmonic equation. For example, the
fourth-order polynomial terms Agox* + A»x?y?> + Agsy* will not satisfy the biharmonic equa-
tion unless 3449 + A2 + 3Ap4 = 0. This condition specifies one constant in terms of the other
two, thus leaving two constants to be determined by the boundary conditions.

Considering the general case, substituting the series form (8.1.2) into the governing
biharmonic equation (8.1.1) yields

i i m(m — 1)(m — 2)(m — 3)Apmx ™ 4y"

m=4 n=0
+2) ) mim — Da — DA x"2y"? (8.1.4)
m=2 n=2
+ DD = D(n =2 = DAy =0
m=0 n=4

Collecting like powers of x and y, the preceding equation may be written as

> > L0m+2)6n + Dm(m — DAy 2 + 2m(m = Da(n = DAy,
m=2 n=2 (815)

+ 4 2)(n+ Dnn — DAz X" 2y"2 =0

Because this relation must be satisfied for all values of x and y, the coefficient in brackets must
vanish, giving the result

(m + 2)(1’71 + l)m(m - l)Am+2,n—2 + 2m(m - l)l’l(}’l - 1)Amn (8 1 6)
+ 42+ Dn(n— DAp_g.00 =0 h
For each m,n pair, (8.1.6) is the general relation that must be satisfied to ensure that the
polynomial grouping is biharmonic. Note that the fourth-order case (m = n = 2) was previously
discussed.
Because this method produces polynomial stress distributions, we would not expect the
scheme to satisfy general boundary conditions. However, this limitation can be circumvented
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by modifying boundary conditions on the problem using the Saint-Venant principle. This is
accomplished by replacing a complicated nonpolynomial boundary condition with a statically
equivalent polynomial condition. The solution to the modified problem would then be accurate
at points sufficiently far away from the boundary where adjustments were made. Normally, this
method has applications to problems of rectangular shape in which one dimension is much
larger than the other. This would include a variety of beam problems, and we shall now
consider three such examples. Solutions to each of these problems are made under plane stress
conditions. The corresponding plane strain solutions can easily be determined by using the
simple change in elastic constants given in Table 7-1. Of course, for the case with zero body
forces and traction boundary conditions, the stress fields will be identical in either theory.

EXAMPLE 8-1: Uniaxial Tension of a Beam

As a simple example, consider the two-dimensional plane stress case of a long rectangu-

lar beam under uniform tension T at each end, as shown in Figure 8-1. This problem

could be considered the Saint-Venant approximation to the more general case with

nonuniformly distributed tensile forces at the ends x = =£/. For such an interpretation,

the actual boundary conditions are replaced by the statically equivalent uniform distri-

bution, and the solution to be developed will be valid at points away from these ends.
The boundary conditions on this problem may be written as

o(xlLy)=T, o,(x,£c)=0

(8.1.7)
Toy(E£LY) = 1,y(x, £c) =0

These conditions should be carefully verified by making reference to Figure 5-3.
Because the boundary conditions specify constant stresses on each of the beam’s
boundaries, we are motivated to try a second-order stress function of the form

¢ = Ay’ (8.1.8)

and this gives the following constant stress field:
ox=2Ap, 0, =1,=0 (8.1.9)
The first boundary condition (8.1.7) implies that Ay, = T/2 and all other boundary

conditions are identically satisfied. Therefore, the stress field solution to this problem is
given by

Ay
T:_T _;T
-— 2c >
<—l NG X
I 2

FIGURE 8-1 Uniaxial tension problem.

Continued
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EXAMPLE 8-1: Uniaxial Tension of a Beam-Cont’d

or=T, 0,=1,=0 (8.1.10)

Next we wish to determine the displacement field associated with this stress distribution.
This is accomplished by a standard procedural technique. First, the strain field is calculated
using Hooke’s law. Then the strain-displacement relations are used to determine various
displacement gradients, and these expressions are integrated to find the individual displace-
ments. Using this scheme, the in-plane displacement gradients are found to be

Ou
a =€y = E(G.\' - V(f_v) = E
Py (8.1.11)
ay =e, = E(O'y —V0y) = Ve
These results are easily integrated to get
T
U=px +f)
(8.1.12)

T
v=—vey+ek)

where f(y) and g(x) are arbitrary functions of the indicated variable coming from the
integration process. To complete the problem solution, these functions must be deter-
mined, and this is accomplished using the remaining Hooke’s law and the strain-
displacement relation for the shear stress and strain

@_F@:zexy:&:0:>]"/(y)+g/(x)zo (8.1.13)
dy Ox u

This result can be separated into two independent relations g'(x) = —f’(y) = constant
and integrated to get

F(y) = —woy +uo 8.1.14)

8 (X) = wox + v,
where w,, u,, v, are arbitrary constants of integration. The expressions given by
relation (8.1.14) represent rigid-body motion terms where w, is the rotation about the
z-axis and u, and v, are the translations in the x and y directions. Such terms will always
result from the integration of the strain-displacement relations, and it is noted that they
do not contribute to the strain or stress fields. Thus, the displacements are determined
from the strain field only up to an arbitrary rigid-body motion. Additional displacement
boundary conditions, referred to here as fixity conditions, are needed to explicitly
determine these rigid-body motion terms. For two-dimensional problems, fixity condi-
tions would require three independent statements commonly involving specification of
the x- and y-displacements and rotation at a particular point. The choice of such
conditions is normally made based on the expected deformation of the physical prob-
lem. For example, if we agree that the center of the beam does not move and the x-axis
does not rotate, all rigid-body terms will vanish and f = g = 0.
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EXAMPLE 8-2: Pure Bending of a Beam

Ay

(|2 A
_/

| 2l
FIGURE 8-2 Beam under end moments.

As a second plane stress example, consider the case of a straight beam subjected to end
moments as shown in Figure 8-2. The exact pointwise loading on the ends is not
considered, and only the statically equivalent effect is modeled. Hence, the boundary
conditions on this problem are written as

oy(x, £c) = 0, 14(x, £c) = 1(£l,y) =0

4 c (8.1.15)
J ox(£l,y)dy =0, J o (£l,y)ydy = —M

—C

Thus, the boundary conditions on the ends of the beam have been relaxed, and only the
statically equivalent condition will be satisfied. This fact leads to a solution that is not
necessarily valid near the ends of the beam.

The choice of stress function is based on the fact that a third-order function will
give rise to a linear stress field, and a particular linear boundary loading on the ends
x = =/ will reduce to a pure moment. Based on these two concepts, we choose

¢ = Apsy’ (8.1.16)
and the resulting stress field takes the form
0y = 6Ap3y, 0, =1, =0 (8.1.17)

This field automatically satisfies the boundary conditions on y = +c¢ and gives zero net
forces at the ends of the beam. The remaining moment conditions at x = %/ are satisfied
if A3 = —M /403, and thus the stress field is determined as

M
G"':_ﬁy’ O-y:rxy:() (8118)

The displacements are again calculated in the same fashion as in the previous example.
Assuming plane stress, Hooke’s law will give the strain field, which is then substituted
into the strain-displacement relations and integrated, yielding the result

Ou M M
a——ﬁyéu——ﬁx)’+ﬂ)’) S119)
o M 1

= My ? 4 g(v)
—=v— v="v— X
ay  "2ESY 4E3Y T8

Continued
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EXAMPLE 8-2: Pure Bending of a Beam-Cont’d

where f and g are arbitrary functions of integration. Using the shear stress-strain
relations

Ou Ov M / / —
5 T ox = a0+ =0 (8.1.20)

This result can again be separated into two independent relations in x and y, and upon
integration the arbitrary functions f and g are determined as

fO) = —woy +u,
3 ) (8.1.21)
4EC3X + woX + v,

gx) =

Again, rigid-body motion terms are brought out during the integration process. For this
problem, the beam would normally be simply supported, and thus the fixity displacement
boundary conditions could be specified as v(%/,0) = 0 and u(—1,0) = 0. This specifica-
tion leads to determination of the rigid-body terms as u, = w, = 0, v, = —3MP / 4EC3.

We now wish to compare this elasticity solution with that developed by elementary
strength of materials (often called mechanics of materials). Appendix D, Section D.3,
conveniently provides a brief review of this undergraduate theory. Introducing the
cross-sectional area moment of inertia [ = 263/ 3 (assuming unit thickness), our stress
and displacement field can be written as

M
JX:ny, Oy =Ty =0
8.1.22
_ My v:ﬂ[uyz—i-xz—lz] ( )
EI’ 2EI

Note that for this simple moment-loading case, we have verified the classic assumption
from elementary beam theory that plane sections remain plane. Note, however, that this
will not be the case for more complicated loadings. The elementary strength of mater-
ials solution is obtained using Euler-Bernoulli beam theory and gives the bending stress
and deflection of the beam centerline as

M
O ==Y 0y = Ty =0

Iy (8.1.23)
v=1(x,0) = -—[x* — I*]

2El

Comparing these two solutions, it is observed that they are identical, with the exception
of the x displacements. In general, however, the two theories will not match for other
beam problems with more complicated loadings, and we investigate such a problem in
the next example.
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EXAMPLE 8-3: Bending of a Beam by Uniform
Transverse Loading

Our final example in this section is that of a beam carrying a uniformly distributed
transverse loading w along its top surface, as shown in Figure 8-3. Again, plane stress
conditions are chosen, and we relax the boundary conditions on the ends and consider
only statically equivalent effects. Exact pointwise boundary conditions will be specified
on the top and bottom surfaces, while at the ends the resultant horizontal force
and moment are set to zero and the resultant vertical force will be specified to
satisfy overall equilibrium. Thus, the boundary conditions on this problem can be
written as

Ty,£c)=0
oy(x,c) =0

oy(x,—¢) = —w

J ox(El,y)dy =0 (8.1.24)
"

J ox(£l,y)ydy =0
—c

J T (ELy)dy = Fwl

Again, it is suggested that these conditions be verified, especially the last statement.
Using the polynomial solution format, we choose a trial Airy stress function includ-
ing second-, third-, and fifth-order terms:

A
¢ = Apx® + AnxPy + Agsy’ + Axsa®y? — %ys (8.1.25)

It is noted that the fifth-order term has been generated to satisfy the biharmonic
equation. The resulting stress field from this stress function is given by

2
0r = 6Apzy + 642 (x7y — §y3)

oy = 2A70 + 2A21y + 2A23y3 (8.1 26)
Txy = —2A21X — 6A23xy2
A S T S S B N
wi T ? wl
2c | >
L x
y
|< y |
™ 2l [
FIGURE 8-3 Beam carrying uniformly transverse loading.
Continued
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EXAMPLE 8-3: Bending of a Beam by Uniform
Transverse Loading-Cont’d

Applying the first three boundary conditions in the set (8.1.24) gives three equations
among the unknown coefficients Ay, Az1, and A»3. Solving this system determines these
constants, giving the result

w 3w w
Aypy=——, Ay =—, Ay = —— 8.1.27
20 g An =gl An 3 ( )

Using these results, it is found that the stress field will now also satisfy the fourth and sixth
conditions in (8.1.24). The remaining condition of vanishing end moments gives the
following

2 2 2
Ay = —An(P =) = K (—2 - —> (8.1.28)

This completes determination of the four constants in the trial Airy stress function, and
the resulting stress field is now given by

3w (2 2 3w/, 2,
o=—(5-Z)y-=5(-32
T\ T 5) T\ T3

__w 3w W, (8.1.29)
»T T e

_ 3w n 3l 2
tay 4c 4¢3 Y

We again wish to compare this elasticity solution with that developed by elementary
strength of materials, and thus the elasticity stress field is rewritten in terms of the cross-
sectional area moment of inertia / = 2c3/ 3, as

3 2
Y2y Wy
ox =57 x)y+1<3 5>

3
_ Wy 2,25 (8.1.30)
oy = 2](3 cy+3c)

w
Ty = _Zx(cz - yz)

The corresponding results from strength of materials for this case (see Appendix D,
Section D.3) are given by

My w , 2
22
Ox = 21( X7y
o, =0 (8.1.31)
Vo w5,
Ty = T N )
where the bending moment M = w(l> — x%) /2, the shear force V = —wx, the first moment

of a sectioned cross-sectional area is Q = (c> — y?)/2, and the thickness ¢ is taken as unity.

Comparing the two theories, we see that the shear stresses are identical, while the two
normal stresses are not. The two normal stress distributions are plotted in Figures 8-4
and 8-5. The normalized bending stress o, for the case x = 0 is shown in Figure 8-4.
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EXAMPLE 8-3: Cont'd

Note that the elementary theory predicts linear variation, while the elasticity solution
indicates nonlinear behavior. The maximum difference between the two theories exists
at the outer fibers (top and bottom) of the beam, and the actual difference in the stress
values is simply w/5, a result independent of the beam dimensions. For most common
beam problems where / >> ¢, the bending stresses will be much greater than w, and thus
the differences between elasticity theory and strength of materials will be relatively
small. For example, the set of curves in Figure 8-4 for //c =4 gives a maximum
difference of about only 1 percent. Figure 8-5 illustrates the behavior of the stress agy;
the maximum difference between the two theories is given by w and this occurs at

Dimensionless Stress

~ llc=4 — o,/w - Elasticity
- = 0o,/w - Strength of Materials

-1 -05 0 0.5 1
Dimensionless Distance, y/c

FIGURE 8-4 Comparison of bending stress in a beam.
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Continued
FIGURE 8-5 Comparison of g, stress in a beam.
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EXAMPLE 8-3: Bending of a Beam by Uniform
Transverse Loading-Cont’d

the top of the beam. Again, this difference will be negligibly small for most beam
problems where / >> c. These results are generally true for beam problems with other
transverse loadings. That is, for the case with / >> ¢, approximate bending stresses
determined from strength of materials will generally closely match those developed
from theory of elasticity.

Next let us determine the displacement field for this problem. As in the
previous examples, the displacements are developed through integration of the strain-
displacement relations. Integrating the first two normal strain-displacement relations
gives the result

23 2 2.3
TG ——)y+ (——ﬂ>+wc(——c2y+i>]+f<y)
8.1.32)
¥y 2%y 5 (
v=—aglEm St T =)

2 4 2.2
y2 (——i>]+g(x>

where f(y) and g(x) are arbitrary functions of integration. Using these results in the shear
strain-displacement equation gives the relation

—[lzx——+x(2y ——)+VX()’ A+
2EI (8.1.33)

+EWC)’ +8' W= —%X(C —)

This result can again be rewritten in a separable form and integrated to determine the
arbitrary functions

f(y) =Woy + Uy
(8.1.34)

glx )_24EI 4—@[2—( + )P — wox + v,

Choosing the fixity conditions u(0,y) = v(%/,0) = 0, the rigid-body motion terms are
found to be

Swi* 12 4 v c?
o — Wo = U, Vo = 1 — T3 )F%~ 1.
Uy =w, =0, v 24E[[ +5(5+2)12] (8.1.35)

Using these results, the final form of the displacements is given by

) 3 22 ) 26‘3

u= —ZEI[(le—)y+ (—f—)+wc(—fcy+—3 )]
4 4 2.2
wo(yt 2y 2y N A

= — — _——— _— l _———

2E](12 5 + 3 + v[( )2+6 5 ] (8.1.36)

X 2 SWI4 124 v 2
f—+[—+( += ) 2x ) 24EI —( + = )
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EXAMPLE 8-3: Cont'd

The maximum deflection of the beam axis is given by

Swi 12 /4 v\ c?
=V =—=|l+—=|z+3)= 1.

¥(0,0) = Vmax = 5 { + (5 +2) p} (8.1.37)

while the corresponding value calculated from strength of materials is

Swi*
= 8.1.38
Vmax 24EI ( )
The difference between the two theories given by relations (8.1.37) and (8.1.38) is
I /4

specified by % 5 + g 7 and this term is caused by the presence of the shear force.

For beams where / >> ¢, this difference is very small. Thus, we again find that for long
beams, strength of materials predictions match closely to theory of elasticity results.
Note from equation (8.1.36), the x component of displacement indicates that plane
sections undergo nonlinear deformation and do not remain plane. It can also be shown
d*v(x,0)
dx?
not satisfied by this elasticity solution. Timoshenko and Goodier (1970) provide add-
itional discussion on such differences.

that the Euler-Bernoulli relation M = EI

used in strength of materials theory is

Additional rectangular beam problems of this type with different support and loading
conditions can be solved using various polynomial combinations. Several of these are given
in the exercises.

8.2 Cartesian Coordinate Solutions Using Fourier Methods

A more general solution scheme for the biharmonic equation may be found by using Fourier
methods. Such techniques generally use separation of variables along with Fourier series or
Fourier integrals. Use of this method began over a century ago, and the work of Pickett (1944),
Timoshenko and Goodier (1970), and Little (1973) provide details on the technique.

In Cartesian coordinates, the method may be initiated by looking for an Airy stress function
of the separable form

P, y) =XWY () 8.2.1)

Although the functions X and Y could be left somewhat general, the solution is obtained more
directly if exponential forms are chosen as X = €™, Y = ¢/, Substituting these results into the
biharmonic equation (8.1.1) gives

(" + 26287 + pHe*e” =0

and this result implies that the term in parentheses must be zero, giving the auxiliary or
characteristic equation

@+ =0 (8.2.2)
The solution to this equation gives double roots of the form
o= +if (8.2.3)
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The general solution to the problem then includes the superposition of the zero root cases
plus the general roots. For the zero root condition with § = 0, there is a fourfold multiplicity of
the roots, yielding a general solution of the form

¢p_o = Co + Cix+ Cox* + C3x’ (8.2.4)
while for the case with « = 0, the solution is given by
$o—o = Cay + Csy” + Cey’ + Crxy + Csx’y + Coxy’ (8.2.5)

Expressions (8.2.4) and (8.2.5) represent polynomial solution terms satisfying the biharmonic
equation. For the general case given by equation (8.2.3), the solution becomes

¢ = ei/’x[Ae/’y +Be P4 Cyeﬂy + Dyefﬂy]

+ €7i/}x[A/e/}y +B/efﬁy + C’yeﬂy +D/y€7/}y] (826)

The parameters C;, A, B, C, D, A, B', C’, and D’ represent arbitrary constants to be
determined from boundary conditions. The complete solution is found by the super-
position of solutions (8.2.4), (8.2.5), and (8.2.6). Realizing that the final solution must be real,
the exponentials are replaced by equivalent trigonometric and hyperbolic forms, thus giving

¢ =sin Bx[(A + CBy) sinh iy + (B + Dfy) cosh fy]
+ cos Bx[(A" + C’'By) sinh By + (B' + D' By) cosh By]
+ sin ay[(E + Gox) sinh ox + (F 4+ Hox) cosh o] (8.2.7)
+ cos ay[(E' + G'ox) sinh ox + (F' + H'owx) cosh o]
+ a0 + Ppo

Using this solution form along with superposition and Fourier series concepts, many problems
with complex boundary loadings can be solved. Two particular problems are now presented.

EXAMPLE 8-4: Beam Subject to Transverse Sinusoidal
Loading

Consider the simply supported beam carrying a sinusoidal loading along its top edge as
shown in Figure 8-6.

y A q,sin zx/|

qll7 4? T A q i
2
¢ .

- / :

(o)
\

FIGURE 8-6 Beam carrying sinusoidal transverse loading.
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EXAMPLE 8-4: Cont’d

The boundary conditions for this problem can be written as

Ux(07 )’) = O_x(l7 y) =0

Ty(x, ) =0
ay(x,—c) =0
ay(x,¢) = —q, sin (nx/1) (8.2.8)

[ T (0.y)dy = g1/
J e (oy)dy = gul )

Note that these conditions do not specify the pointwise distribution of shear stress on the
ends of the beam, but rather stipulate the resultant condition based on overall problem
equilibrium. Thus, we again are generating a solution valid away from the ends that would
be most useful for the case where [/ >> c. Because the vertical normal stress has a
sinusoidal variation in x along y = ¢, an appropriate trial solution from the general case is

¢ = sin fx[(A + CPy) sinh By + (B + Dfy) cosh fy] (8.2.9)

The stresses from this trial form are

o, = 7 sin fx[A sinh fy + C(By sinh By + 2 cosh fy)

+ B cosh By 4+ D(fy cosh iy + 2 sinh fy)]
oy = — B sin Bx[(A + CPy) sinh By + (B 4+ Dfy) cosh fy] (8.2.10)
Ty = — B cos Px[A cosh By + C(By cosh fy + sinh fy)

+ Bsinh fy + D(fy sinh fy + cosh fiy)]

Condition (8.2.8), implies that

[A cosh iy 4+ C(fy cosh ffy + sinh fy)

. . (8.2.11)
+ Bsinh fy + D(By sinh fy + cosh fy)]y—4. = 0

This condition can be equivalently stated by requiring that the even and odd
functions of y independently vanish at the boundary, thus giving the result

A cosh ffc + D(fcsinh fc + cosh fc) =0

. . (8.2.12)
B sinh fic + C(fc cosh fc + sinh fc) =0
Solving for the constants A and B gives
A = —D(fctanh fic + 1
('B B ) (8.2.13)
B = —C(ficcothffc + 1)
and thus the vertical normal stress becomes
Continued
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EXAMPLE 8-4: Beam Subject to Transverse Sinusoidal
Loading-Cont’'d

oy =— B2 sin fx{ D[Py cosh fy — (e tanh fc + 1) sinh fy]

. (8.2.14)
+ C[Bysinh iy — (fic coth fc + 1) cosh fy]}

Applying boundary condition (8.2.8); to this result gives the relation between C and D

Pc — sinh fc cosh fic
= —tanh 8.2.15
¢ anh fe [ﬂc + sinh fic cosh fic ( )
while condition (8.2.8), gives
» — sinh h
g0 sin ™ — 22 sin fx |P€ = sinh fc cosh fie (8.2.16)
[ cosh fic

In order for relation (8.2.16) to be true for all x, § = n/I, and so the constant D is thus
determined as

D= (8.2.17)

This result can be substituted into (8.2.15) to give the remaining constant C

. T
—q, sinh—
C=— [ (8.2.18)
27;—2 {? + sinh%cosh?}

Using these results, the remaining boundary conditions (8.2.8), and (8.2.8)s ¢ will now
be satisfied. Thus, we have completed the determination of the stress field for this problem.
Following our usual solution steps, we now wish to determine the displacements, and
these are again developed through integration of the plane stress strain-displacement
relations. Skipping the details, the final results are given by

u=— gcos Px{A(1 4+ v)sinh By + B(1 4+ v) cosh fy

+ C[(1 + v)By sinh fy + 2 cosh fSy]

+ DI(1 + v)Bycosh By + 2sinh fy]} — wey + u, (8.2.19)

v=— gsin Px{A(1 + v)cosh fy + B(1 + v) sinh ffy
+ C[(1 + v)fycosh fiy — (1 + v) sinh fy]
+ DI(1 + v)Bysinh fy — (1 — v) cosh fyl} + woy + v,

To model a simply supported beam, we choose displacement fixity conditions as

u(0,0) = v(0,0) = v(,0) = 0 (8.2.20)
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EXAMPLE 8-4: Cont’d

These conditions determine the rigid-body terms, giving the result

p

wy =V, =0, u, :E[B(l +v) + 2C] (8.2.21)

To compare with strength of materials theory, the vertical centerline displacement is
determined. Using (8.2.19), and (8.2.13),, the deflection of the beam axis reduces to

D
v(x,0) = F'Bsin Px[2 + (1 + v)fctanh fic] (8.2.22)
For the case [ >> ¢, D ~ —3¢,I° /4c*n°, and so the previous relation becomes
3q,1* | mx 1+ vme nc
v(x,0) = — Y3 smT 1+ > Ttanh T (8.2.23)

The corresponding deflection from strength of materials theory is given by

3g,1* | mx

v(x,0) = — 2R s1n7

(8.2.24)

Considering again the case / >> ¢, the second term in brackets in relation (8.2.23) can
be neglected, and thus the elasticity result matches with that found from strength of
materials.

8.2.1 Applications Involving Fourier Series

More sophisticated applications of the Fourier solution method commonly incorporate Fourier
series theory. This is normally done by using superposition of solution forms to enable more
general boundary conditions to be satisfied. For example, in the previous problem the solution
was obtained for a single sinusoidal loading. However, this solution form could be used to
generate a series of solutions with sinusoidal loadings having different periods; that is,
p=p,=nn/l, (n=1,2,3,---). Invoking the principle of superposition, we can form a
linear combination of these sinusoidal solutions, thus leading to a Fourier series representation
to a general transverse boundary loading on the beam.

In order to use such a technique, we shall briefly review some basic concepts of Fourier
series theory. Further details may be found in Kreyszig (1999) or Churchill (1963). A function
f(x) periodic with period 2/ can be represented on the interval (—/,[) by the Fourier trigono-
metric series

fx) = a,) + Z (a,, cos — + by sme) (8.2.25)
where
1 !
a, = 7J f(r;)cos—dé n=0,1,2,
e - (8.2.26)
by 7J f(f)sm—df n=1273,
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This representation simplifies for some special cases that often arise in applications. For
example, if f{(x) is an even function, f(x) = f(—x), then representation (8.2.25) reduces to the
Fourier cosine series

fx) = ao + Z a, cos —
(8.2.27)

a, :%J f(é)cosn—?édf, n=0,1,2, ---
0

on the interval (0, /). If f(x) is an odd function, f(x) = —f(—x), then representation (8.2.25)
reduces to the Fourier sine series

f(x):;b,, sin—mltx 88
- - (8.2.28)
by =-J F@sin=2dE, n=1,23, -
1), I

on interval (0, /). We now develop the solution to a specific elasticity problem using these
tools.

EXAMPLE 8-5: Rectangular Domain with Arbitrary
Boundary Loading

Consider again a rectangular domain with arbitrary compressive boundary loading on
the top and bottom of the body, as shown in Figure 8-7. Although a more general
boundary loading could be considered on all four sides, the present case will sufficiently
demonstrate the use of Fourier series theory for problem solution. For this problem,
dimensions a and b are to be of the same order, and thus we cannot use the Saint-Venant
principle to develop an approximate solution valid away from a particular boundary.
Thus, the solution is developed using the exact pointwise boundary conditions:

A
Y
A
Y

FIGURE 8-7 General boundary loading on a rectangular elastic plate.
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o(*xa,y)=0
‘ny(iaay) =0 (8.2.29)
Ty (x, £b) =0 o

oy(x, £b) = —p(x)
To ease the solution details, we shall assume that the boundary loading p(x) is an

even function; that is, p(x) = p(—x). Normal stresses are expected to be symmetric
about the x and y axes, and this leads to a proposed stress function of the form

= (8.2.30)
+ Z cos o, Y[Fp, cosh a,,x + Gyopx sinh o, x] + Cox?
m=1
The stresses derived from this Airy stress function become
o0
Oy = Z ﬁi cos f,x[B, cosh 8,y + C,(f,ysinh 5,y + 2 cosh 5,)]
n=1
0
- Z ocﬁl c0s 0y Y[F 1 cosh o x + G0ty x sinh o, x]
m=1
00
oy =~ _Fycos f,x(B,cosh f,y + C,f,ysinh f,y] +2Co
" (8.2.31)
+ Z cxrzn €08 Oy Y[F 1 cosh o x + Gy (0yx sinh o, x + 2 cosh oy,x)]
m=1
[o.¢]
Ty = B2 sin f,x{B, sinh B,y + Cy(B,y cosh B,y + sinh f,y)]
n=1
0
+ Z 0‘3, sin o, y[F, sinh o, x + G (0t,x cosh o, x + sinh o,,x)]
m=1
To satisfy the homogeneous boundary conditions (8.2.29), , 3,
oy =mn/b and f, = nn/a
Condition (8.2.29), implies that
Fy = —Gu(1 + oya cothaya) (8.2.32)
while (8.3.29); gives
B, = —C,(1 + p,bcoth ,b) (8.2.33)
Continued
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EXAMPLE 8-5: Rectangular Domain with Arbitrary
Boundary Loading-Cont’d

Boundary condition (8.2.29), gives

oo
> By cos B,alB, cosh B,y + C(B,ysinh B,y + 2 cosh f,y)]

n=1

o0
= E oc,zn cos o, Y[F, cosh a,a + G,0,,a sinh o,a)

m=1

which can be written as

> Ancosouy=>_ r=1)"""[B, cosh B,y+C,(B,ysinh f,y+2cosh )] (8.2.34)

m=1 n=1

where

2

m= sinzrgc g (oyna + sinh a,,a cosh a,a)G,, (8.2.35)
m

The expression given by (8.2.34) can be recognized as the Fourier cosine series for
the terms on the right-hand side of the equation. Thus, using Fourier series theory from
relations (8.2.27), the coefficients may be expressed as

00 b
An = OB | 1B cosh -+ (8, Esin
n=1 0

(8.2.36)
+2cosh f,&)] cos o, EdE
Carrying out the integrals and using (8.2.35) gives
—4sinh a,a <. B(=1)y""sinh B,b
Gp = 1 “ 8.2.37
" b(oyna + sinh o,,a cosh a,,a) ; & (02, + f2)? ( )

The final boundary condition (8.2.29), involves the specification of the nonzero loading
p(x) and implies

=Y " B cos B,x[B, cosh B,b + C,B,bsinh B,b] + 2Cq
n=1

+ Z fxfn oS o, b[F,, cosh o,x + G(etpx sinh o,x 4 2 cosh o,x)] = —p(x)

m=1

and this can be written in more compact form as

ZAZ cos f§,x = —p(x)

n=0 (8.2.38)

o0
+ Z ocﬁl(—l)'"+1 [F,, cosh a,,x + G (otx sinh o, x + 2 cosh a,x)]

m=1
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where
AF — i(ﬁ b + sinh §,b cosh 8,b)C,,
" sinhf,b"" ! ! (8:239)
Aj =2Co

As before, (8.2.38) is a Fourier cosine series form, and so the series coefficients A},
can be easily determined from the theory given in relations (8.2.27). This then deter-
mines the coefficients C,, to be

—4sinh 8, b X 3 (—1)™*" sinh
C = ' sinh 3, ZGm o (1) s1;12 U
a(f,b + sinh B,b cosh f5,,b) — (2 + B2)

ZSinhﬁ b Ja
) n dé, n=1,2,3,--- (8240
aﬁi(ﬁanrsinh[)’nbcoshﬁnb) OP(é)cosﬁng é on (

1 a
TINGE

The rather formidable systems of equations given by (8.2.37) and (8.2.40); can be
written in compact form as

00
Gm + ZRmnCn =0
i (8.2.41)

00

Cn + anme = Tn
m=1

with appropriate definitions of R, Sun, and T,. The system (8.2.41) then represents a
doubly infinite set of equations in the doubly infinite set of unknowns C, and G,,. An
approximate solution may be found by truncating the system to a finite number of
equations, which can be solved for the remaining unknowns. Improved accuracy in the
solution is achieved by including more equations in the truncated system. Thus, all
unknown coefficients in the solution (8.2.30) are now determined, and the problem
solution is completed. Little (1973) provides additional details on this solution.

8.3 General Solutions in Polar Coordinates

As discussed in Section 7.6, the geometry of many two-dimensional problems requires the use
of polar coordinates to develop a solution. We now wish to explore the general solutions to
such problems using the field equations developed in polar coordinates.

8.3.1 General Michell Solution
Employing the Airy stress function approach, the governing biharmonic equation was given by

P 1o 1P\
4 = — —— —— =
Vip = (8r2+r8r+r2892) =0 (8.3.1)
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We shall first look for a general solution to this equation by assuming a separable form
o, 0) = f(r)e?”, where b is a parameter to be determined. Substituting this form into the
biharmonic equation and canceling the common e’ term yields

2 1—2p2 1-2b%, b4+
i ;fm - 4 = 4 = f=0 (8.3.2)

To solve this equation, we make the change of variable r = ¢, and this will transform (8.3.2)
into the differential equation with constant coefficients

f//// _ 4f/// + (4 + zbz)f/, — 4b2f/ —+ b2(4 + bz)f =0 (833)

where primes now denote d/df. The solution to this equation is found by using the usual
scheme of substituting in f = ¢“°, and this generates the following characteristic equation:

@+ —da+4+bH)=0 (8.3.4)
The roots to this equation may be written as

a = +ib, a=2+ib
or (8.3.5)
b = *ia, b= xi(a —2)

We shall consider only periodic solutions in 6, and these are obtained by choosing b = in,
where 7 is an integer. Note this choice also implies that a is an integer. For particular values
of n, repeated roots occur, and these require special consideration in the development of the
solution. Details of the complete solution have been given by Little (1973), although

the original development is credited to Michell (1899). The final form (commonly called the
Michell solution) can be written as

¢ =ap+ailogr+ ar’ + a3r2 logr
+ (a4 + aslogr + agr* + arr? log )0
+ (anr + aprlogr + as + apr + aysr0 + ayrf log r)cos 6
r

b .
+ (b]]i" + blzl’ logr + % + b14r3 + b15l‘0 + b](,)’O]Og I") sin 0 (836)

o0
+ E (@ 1" + apr*™ + ar™" + apur® ™) cos nd
n=2

+ Z (bnlrn + bn2r2+n + bn3r7n + bn4r27n) sin n0
n=2

where a,, a,,, and b, are constants to be determined. Note that this general solution is
restricted to the periodic case, which has the most practical applications because it allows the
Fourier method to be applied to handle general boundary conditions.
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8.3.2 Axisymmetric Solution
For the axisymmetric case, field quantities are independent of the angular coordinate, and the
Airy function solution follows from (8.3.6) by dropping all 0-terms, giving

¢ =ap+alogr+ ar* + azr? logr (8.3.7)
Using relations (7.6.7), the resulting stresses for this case are
o, = 2aslogr +f—21+a3 + 2a,
o = 2a3 logr — % ¥ 3a3 + 2 (8.3.8)
T9=0

The displacements corresponding to these stresses can be determined by the usual methods of
integrating the strain-displacement relations. For the case of plane stress, the result is

1 1

U = E —( + V)al +2(1 — v)asrlogr — (1 + v)asr +2a(1 — v)r
+ Asin0 + Bcos 0 (8.3.9)
4r0 .

Uy :7(13 +Acos — Bsinf + Cr

where A, B, and C are arbitrary constants associated with the rigid-body motion terms
(see Exercise 7-21).

Plane strain results follow by simple change of elastic constants as per Table 7-1. If the
body includes the origin, then a3 and a; must be set to zero for the stresses to remain finite, and
thus the stress field would be constant. Also note that the a3 term in the tangential displacement
relation leads to multivalued behavior if the domain geometry is such that the origin can be
encircled by any contour lying entirely in the body. Exercise 8-21 is concerned with a
particular problem that requires such multivalued behavior in the tangential displacement.

It should be pointed out that not all axisymmetric stress fields come from the Airy stress
function given by (8.3.7). Reviewing the general form (8.3.6) indicates that the a46 term
generates the stress field 0, = 0y = 0,7,9 = ay/r*, which is also axisymmetric. This solution
could be used to solve problems with shear fields that produce tangential displacements that
are independent of 6. Exercise 8-14 demonstrates such an example.

It has been previously pointed out that for multiply connected regions, the compatibility
equations are not sufficient to guarantee single-valued displacements. With this in mind, we
can investigate the displacement solution directly from the Navier equations. With zero body
forces, Navier equations (5.4.4) or (7.6.4) for the axisymmetric case u = u,(r)e, reduce to

d*u, ldu, 1
————u, =0 8.3.10
a?r T rar 2" ( )
The solution to this equation is given by
1
u =Cir +Co— (8.3.11)
r

where C| and C, are constants. Notice this solution form is not the same as that given by
(8.3.9), because we have a priori assumed that uy = 0. Furthermore, the stresses corresponding
to displacement solution (8.3.11) do not contain the logarithmic terms given in relations
(8.3.8). Thus, these terms are not consistent with single-valued displacements.
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8.4 Example Polar Coordinate Solutions

With the general solution forms determined, we now explore the solution to several specific
problems of engineering interest, including cases with both axisymmetric and general geometries.

EXAMPLE 8-6: Thick-Walled Cylinder Under Uniform
Boundary Pressure

The first example to be investigated involves a hollow thick-walled cylinder under the
action of uniform internal and external pressure loadings, as shown in Figure 8-8. We shall
assume that the cylinder is long and this problem may be modeled under plane strain
conditions.

Using the stress solution (8.3.8) without the log terms, the nonzero stresses are given by

A
0, = ) -+ B
-
A (8.4.1)
gy = — rfz + B
Applying the boundary conditions a,(r) = —p1, 0,(r2) = —p, creates two equations

for the two unknown constants A and B. Solving for these constants gives the result

_ i —py)

A 2 _ 2
L (8.4.2)
2. 2 -
Billpl D2
- 2 2
3 —=n

Substituting these values back into relation (8.4.1) gives the final result for the stress field

2.2 2 2

_rirs(pa—p1) 1 rip1 —rips
= 2 _ 2 2 2 2
5 =1y 1 ry — 1]

(8.4.3)

_ _’”%”%(l’z -—r)l ripy — rips
7

2 2 2_ 2
7 r3 —ry

r;—n

FIGURE 8-8 Thick-walled cylinder problem.
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From plane strain theory, the out-of-plane longitudinal stress is given by

2 2
np1r —rp2
2 2
3 —n

o, =v(a, + ag) =2v (8.4.4)

Using the strain-displacement relations (7.6.1) and Hooke’s law (7.6.2), the radial
displacement is easily determined as

1 A
U, = zyr[(l—Zzz)B——z]
-
8.4.5
_ v [ s pol |, v =i (54
E —r: r r2—r?

Reviewing this solution, it is noted that for the traction boundary-value problem with no
body forces, the stress field does not depend on the elastic constants. However, the
resulting displacements do depend on both E and v.

For the case of only internal pressure (p, =0 and p; = p) with ry/r, = 0.5, the
nondimensional stress distribution through the wall thickness is shown in Figure 8-9.
The radial stress decays from —p to zero, while the hoop stress is always positive with a
maximum value at the inner radius (6¢)max = (2 +73)/(3 — r2)p = (5/3)p.

For the case of a thin-walled tube, it can be shown that the hoop stress reduces to the well-
known relation found from strength of materials theory (see Appendix D, Section D.5)

-
oo ~ ”T (8.4.6)
where t = r, — ry is the thickness and ro = (r; + r2)/2 is the mean radius.
The general solution to this example can be used to generate the solution to other
problems through appropriate limiting processes. Two such cases are now presented.

05F 1

Dimensionless Stress

_os5} o//p ]

05 06 0.7 0.8 0.9 1
Dimensionless Distance, r/r,

FIGURE 8-9 Stress distribution in the thick-walled cylinder example.
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FIGURE 8-10 Pressurized hole in an infinite medium.

8.4.1 Pressurized Hole in an Infinite Medium

Consider the problem of a hole under uniform pressure in an infinite medium, as shown in
Figure 8-10. The solution to this problem can be easily determined from the general case of
Example 8-6 by choosing p, = 0 and r, — oo. Taking these limits in relations (8.4.3) and
(8.4.4) gives

-
G, = —p1 r_;’ op=p1—, 0;,=0 (8.4.7)

and the displacement field follows from (8.4.5)

1+v plr%
=—— 8.4.8
Up = —p—— (8.4.8)
Although both the stress and displacement fields decrease to zero as r — oo, there is a
difference in their rate of decay. The stress field decays at a higher rate, of order O(1/r?), while
the displacement field behaves as O(1/r). Because stresses are proportional to displacement
gradients, this behavior is to be expected.

8.4.2 Stress-Free Hole in an Infinite Medium Under Equal
Biaxial Loading at Infinity
Another example that can be generated from the general thick-walled tube problem is that of a
stress-free hole in a unbounded medium with equal and uniform tensile loadings in the
horizontal and vertical directions, as shown in Figure 8-11. This particular case can be found
from the general solution by letting 1, — oo and taking p, = —T and p; = 0. Note that the far-
field stress in this problem is a hydrostatic state with ¢, = ¢, = T and this is identical to the
condition ¢, = gyp = T. Thus, our limiting case matches with the far conditions shown in
Figure 8-11.
Under these conditions, the general stress results (8.4.3) give

r2 ,.2
0,.:T(1 —r—;> o,):T(Hr—;) (8.4.9)

The maximum stress occurs gy at the boundary of the hole » = r; and is given by
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Omax = (GQ)max =og(r)) =2T (8.4.10)

and thus the stress concentration factor oy /T for a stress-free circular hole in an infinite
medium under uniform all-around tension is 2. This result is of course true for plane strain or
plane stress. Because of their importance, we shall next study several other stress concentration
problems involving a stress-free hole under different far-field loading.
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FIGURE 8-11  Stress-free hole under uniform biaxial far-field loading.

EXAMPLE 8-7: Infinite Medium with a Stress-Free Hole
Under Uniform Far-Field Tension Loading

Consider now an infinite medium with a circular stress-free hole subjected to a uniform
far-field tension in a single direction, as shown in Figure 8-12. Note that this problem

will not be axisymmetric; thus it requires particular 0-dependent terms from the general
Michell solution.

The boundary conditions on this problem are

o.(a,0) = 14(a,0) =0

o.(c0, 0) = g(l + cos 20)

T (8.4.11)
09(00,0) = 5(1 — cos 20)

7,9(00, 0) = —gsin 20

where the far-field conditions have been determined using the transformation laws
established in Exercise 3-3 (or see Appendix B).

Continued
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EXAMPLE 8-7: Infinite Medium with a Stress-Free Hole
Under Uniform Far-Field Tension Loading-Cont’d
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FIGURE 8-12  Stress-free hole in an infinite medium under uniform far-field tension loading.

We start the solution to this example by considering the state of stress in the medium
if there were no hole. This stress field is simply o, =7, 0, = 7,, = 0 and can be
derived from the Airy stress function

o T ohooy T,
qS—ZTy =5 sin 9—41 (1 — cos20)

The presence of the hole acts to disturb this uniform field. We expect that this
disturbance will be local in nature; thus, the disturbed field will decay to zero as we
move far away from the hole. Based on this, we choose a trial solution that includes the
axisymmetric and cos 26 terms from the general Michell solution (8.3.6)

¢ =ap+ alogr+ ar’ + azr? logr

(8.4.12)
+ (aa17* + amr® + axr? + asq) cos 20

The stresses corresponding to this Airy function are

6(123 4024

a
or = as(1 + 2logr) +2ay + 5 — Qay += >+ ) cos20

6
o9 = asz(3 +2logr) + 2a, — 0_21 + Qaz + 12anr* + #) cos 20 (8.4.13)
I A
6 2
Ty = Qay + bapr® — 22 — =24 sin 20
r r

For finite stresses at infinity, we must take a3 = ax; = 0. Applying the five boundary
conditions in (8.4.11) gives
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EXAMPLE 8-7: Cont'd

2a, + 4 =0
a
6a da
2ay1 + —53 —224 0
a a
6 2
day ——B_Z_ (8.4.14)
a a
2ay = — =
T
202 = 5

This system is easily solved for the constants, giving

T T T a'T aT
ay = T~ a :Z’ az = 4 az; :_T’ 02427

Substituting these values back into (8.4.13) gives the stress field

&2
o, :g( —) ( ——4—) cos 20
2
= g ( i2> ( ) cos 20 (8.4.15)
a
2

T 3 2
r,.gz——<1 %—5— )st@

T
2
T
2

2

The strain and displacement field can then be determined using the standard procedures
used previously.

The hoop stress variation around the boundary of the hole is given by

ao(a,0) = T(1 — 2 cos 20) (8.4.16)

and this is shown in the polar plot in Figure 8-13. This distribution indicates that the
stress actually vanishes at = 30° and leads to a maximum value at 0 = 90°

Omax = 09(a, £1/2) =3T (8.4.17)

150

180

210

240

270

FIGURE 8-13  Variation of hoop stress around hole boundary is 8-7. .
Continued
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EXAMPLE 8-7: Infinite Medium with a Stress-Free Hole
Under Uniform Far-Field Tension Loading-Cont’'d

Therefore, the stress concentration factor for this problem is 3, a result that is higher
than that found in the previous example shown in Figure 8-11 for uniform tension in two
orthogonal directions. This illustrates an interesting, nonintuitive point that additional
vertical loading to the problem of Figure 8-12 actually reduces the stress concentration.

The effects of the hole in perturbing the uniform stress field can be shown by plotting
the variation of the stress with radial distance. Considering the case of the hoop stress at
an angle 7/2, Figure 8-14 shows the distribution of ¢y(r, 7/2)/T versus nondimensional
radial distance r/a. It is seen that the stress concentration around the hole is highly
localized and decays very rapidly, essentially disappearing when r > Sa.

2.8 B
526
S
P24 B
o
0 2.2t 4
[2]
o 2f 1
5
g 1.8} B
[9) oo(L Ty /T
.§1.6- 9((1:2)/ -
o
1.4} N
1.2} —
1 1 1
1 2 3 4 5 6 7 8 9 10

Dimensionless Distance, ra

FIGURE 8-14 Variation in hoop stress with radial distance from the hole.

8.4.3 Biaxial and Shear Loading Cases
Another interesting stress concentration problem is shown in Figure 8-15. For this case, the far-
field stress is biaxial, with tension in the horizontal and compression in the vertical. This

RERLER Y
// ————————— ‘—\\‘_> )//// \\\
4_I \ '//// ; \\\‘
4_‘\ ‘\_> y A \\\
= A
o I G
1 1 \\ \ Y
4—/1 l"__: \\\ L, /7
4_\ \ \ N ///
-\ y— T W\ s /;
TEYTETY ol
f . N
(a) Biaxial Loading (b) Shear Loading

FIGURE 8-15  Stress-free hole under biaxial and shear loading.
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far-field loading is equivalent to a pure shear loading on planes rotated 45° as shown in case
(b). Thus, the solution to this case would apply to either the biaxial or shear-loading problems
as shown.

The biaxial problem solution can be easily found from the original solution (8.4.15). This is
done by adding to the original state another stress field with loading replaced by —T and
having coordinate axes rotated 90°. Details of this process are left as an exercise, and the final
result is given by

3a*  4d?
ar:T(l—l—i—i> cos 20

r4 r2
3 4
o = —T<1 +i4) c0s 20 (8.4.18)
p
3a* 242
T = 7T<1 ,%+L2) sin 20
I I

The maximum stress is found to be the hoop stress on the boundary of the hole given by
00(a,0) = ag(a, m) = —4T, og(a,n/2) = o9(a,3n/2) = 4T

and thus the stress concentration factor for this case is 4. It is interesting to compare this case
with our previous examples shown in Figures 8-11 and 8-12. The equal biaxial tension in
Figure 8-11 gives a stress concentration factor of 2, while the single far-field loading in Figure 8-12
produces a factor of 3. It therefore appears that the equal but opposite biaxial loadings in
Figure 8-15(a) enhance the local stress field, thus giving the highest concentration effect.

Other loading cases of stress concentration around a stress-free hole in an infinite medium
can be developed by these techniques. The problem of determining such stress distributions for
the case where the hole is in a medium of finite size poses a much more difficult boundary-
value problem that would generally require Fourier methods using a series solution; see Little
(1973). However, as shown in the stress plot in Figure 8-14, the localized concentration effects
decay rapidly. Thus, these infinite domain solutions could be used as a good approximation to
finite size problems with boundaries located greater than about five hole radii away from the
origin. Numerical techniques employing finite and boundary element methods are applied to
these stress concentration problems in Chapter 16; see Examples 16-2 and 16-5.

EXAMPLE 8-8: Wedge and Semi-Infinite Domain Problems

In this example, we shall develop the solution to several problems involving the wedge
domain shown in Figure 8-16. The two boundaries are defined by the lines 0 = o and
0 = p. By making special choices for angles  and f§ and the boundary loadings on each
face, many different problems can be generated.

Using the general Michell solution (8.3.6), we choose an Airy stress function to
include terms that are bounded at the origin and give uniform stresses on the boundaries,

¢ = r’(ar + agh + az; cos 20 + by sin 26) (8.4.19)

The stresses corresponding to this solution are given by

Continued
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EXAMPLE 8-8: Wedge and Semi-Infinite Domain
Problems-Cont’d

0, = 2a, + 2a¢0 — 2a,; cos 20 — 2b,; sin 20
o9 = 2ay + 2a¢0 + 2a,1 cos 20 + 2by; sin 20 (8.4.20)
T, = —dg — 2bo1 cos 20 + 2ay; sin 20

Note that this general stress field is independent of the radial coordinate.

yl

)y

FIGURE 8-16 Wedge domain geometry.

8.4.4 Quarter Plane Example
Consider the specific case of a quarter plane (¢ = 0 and § = 7/2) as shown in Figure 8-17. The
problem has a uniform shear loading along one boundary (y-axis) and no loading on the other
boundary.

The boundary conditions on this problem are

a9(r,0) = 1,0(r,0) =0

oy(r,m/2) =0, ,9(r,n/2) =S (8.4.21)

y

A

—_— = —p —

FIGURE 8-17  Quarter plane example.
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Using the general stress solution (8.4.20), these boundary conditions give the following four
equations:

2a, +2a;1 =0
—as —2by; =0
6 (8.4.22)
2a, — 2ay1 + agm =0
—ag + 2by; = S
These are easily solved for the unknown constants, giving
Sn S Sn S
_2" -2 == == 4.2
ay =g, ds 5 e b 1 (8.4.23)
Back-substituting these results determines the stress field solution
=520+ Feos20 — sin20)
Oy = 7\5 2COS S
S
Gy = E(g 20— gcos 20 + sin 20) (8.4.24)

S T,
T = 5(1 —cos20 — Esm29)

It has been pointed out that this problem has an apparent inconsistency in the shear
stress component at the origin—that is, 7,, # 7,, at x =y = 0. To further investigate this,
let us reformulate the problem in Cartesian coordinates. The stress function can be expressed as

2 2 2
d)_S(rc(xz;—y)(x ;y)tanfliig(x2iy2)+%) (8.4.25)

The shear stress is then given by

82([) _Sy2
Toy = — =
v Ox0y x*+y?

(8.4.26)

Excluding the origin, this expression tends to zero for y — 0 and to —S for x — 0, and thus has
the proper limiting behavior for r # 0. However, it has been shown by Barber (1992) that the
stress gradients in the tangential direction are of order O(r~!).

8.4.5 Half-Space Examples

Let us next consider the solution to several half-space examples with a domain specified by
o =0 and § = n. We shall investigate examples with uniform loadings over portions of the
boundary surface and also cases with concentrated forces.

8.4.6 Half-Space Under Uniform Normal Stress Over x < 0

The problem of a half space with uniform normal stress over the negative x-axis is shown in
Figure 8-18. For the particular angles of o and f§ that create the half-space domain, the general
Airy stress function solution form (8.4.19) can be reduced to
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FIGURE 8-18 Half space under uniform loading over half of the free surface.

¢ = agr’0 + byyr” sin 260 (8.4.27)
The hoop and shear stresses corresponding to this function are
g9 = 2ag0 + 2by; sin 20
o e 2 (8.4.28)

Trp = —de — 2b21 cos 20

Applying boundary conditions ay(r,0) = 7,4(r,0) = 7,9(r, ) = 0, g¢(r,m) = —T, determines
constants ag = —7T /21, by = T /4n. Thus, the stress field solution is now determined as

o, = —l(sin29 +20)
27
T
09 = —(sin20 — 20) (8.4.29)
2n

T
7,0 = — (1 — cos 20)
27

It is again noted that this field depends only on the angular coordinate. Because of the

discontinuity of the boundary loading, there is a lack of continuity of the stress at the origin.
This can be seen by considering the behavior of the Cartesian shear stress component. Using

the transformation relations in Appendix B, the Cartesian shear stress for this problem is

found to be
T
Ty = — %(1 — cos 20) (8.4.30)

Along the positive x-axes (§ = 0) t,, = 0, while on the y-axes (§ = n/2) 1., = —T/n. Thus, as
we approach the origin along these two different paths, the values will not coincide.

8.4.7 Half Space Under Concentrated Surface Force

System (Flamant Problem)
As another half-space example, consider the case of a concentrated force system acting at the

origin, as shown in Figure 8-19. This example is commonly called the Flamant problem.
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FIGURE 8-19 Flamant problem.

Specifying boundary conditions for such problems with only concentrated loadings requires
some modification of our previous methods. For this example, the tractions on any semicircular
arc C enclosing the origin must balance the applied concentrated loadings. Because the area of
such an arc is proportional to the radius r, the stresses must be of order 1/r to allow such an
equilibrium statement to hold on any radius. The appropriate terms in the general Michell

solution (8.3.6) that will give stresses of order 1/r are specified by

¢ = (arprlogr + ajsrf) cos 0 + (biarlogr + bysr) sin (8.4.31)
The stresses resulting from this stress function are
1 .
o= ;[(alz + 2b1s5) cos 0 + (b12 — 2ays) sin 0]
(8.4.32)

1
09 = —[aj2 cos 0 + by, sin 0]
;

1
T, = — a1z sin 0 — by, cos 0]
-

With zero normal and shear stresses on § =0 and 7, a;; = b;; =0, and thus 6y =7, =0
everywhere. Therefore, this state of stress is sometimes called a radial distribution. Note

that this result is also true for the more general case of a wedge domain with arbitrary angles of
o and f3 (see Exercise 8-25). To determine the remaining constants a;s and b;s, we apply the
equilibrium statement that the summation of the tractions over the semicircular arc C of radius

a must balance the applied loadings,

X= —J o.(a,0)acos 0d = —nbs
0 (8.4.33)

Y = —J o.(a,0)asin 0d0 = na;s
0
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Thus, the constants are determined as a;s = Y/ and byjs = —X/7, and the stress field is now
given by

2
o, = ——[XcosO +Ysin0]
r

(8.4.34)
gg=710=0

As expected, the stress field is singular at the origin directly under the point loading. However,
what is not expected is the result that gy and 7,9 vanish even for the case of tangential loading.

To investigate this problem further, we will restrict the case to only normal loading and set
X = 0. For this loading, the stresses are

2Y
6, = ——sinf
nr

(8.4.35)
g9 = Tr9 = 0

The Cartesian components corresponding to this stress field are determined using the trans-
formation relations given in Appendix B. The results are found to be

2Yx?
6, =0,cos 0 = —#2
(e + y?)
2Yy3
oy = 0,sin 0 = ———— (8.4.36)
(x2 + y?)
2Yxy?
Ty = 0, sinfcos 0 = — iz
(e +y?)

The distribution of the normal and shearing stresses on a horizontal line located a distance a
below the free surface of the half space is shown in Figure 8-20. The maximum normal stress
directly under the load is given by |()’y| =2Y/ma. 1t is observed that the effects of the
concentrated loading are highly localized, and the stresses are vanishingly small for distances
where x > 5a. Stress contours of ¢, are shown in Figure 8-21. From solution (8.4.35), lines of
constant radial stress are circles tangent to the half-space surface at the loading point.

We now wish to determine the displacements for the normal concentrated force problem.
Assuming plane stress conditions, Hooke’s law and the strain-displacement relations give

_E)ur_l( )= 2Y.9
e = o —E O = vop) = ——_sin
u, 10uy 1 2vY .
— _ — r) = — 9 4
ey . +r80 E(a() va,) nErsm (8.4.37)
10u, Oupg wuy 1
2eg= -ty 20 =0
éro 1‘89+8r r ,ur{)

Integrating (8.4.37), yields the radial displacement
2Y
U = — - sin 0 log r + f(0) (8.4.38)
T

where f is an arbitrary function of the angular coordinate.
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FIGURE 8-20 Normal and shear stress distributions below the free surface for the
Flamant problem.

FIGURE 8-21 Radial stress contours for the Flamant problem.

Substituting (8.4.38) into (8.4.37), allows separation of the derivative of the tangential
displacement component

Ouyg 2vY . 2Y . i
W,Esmﬂ—kﬁsmﬂlogr —f(0)

Integrating this equation gives

Uy = — 2V—Ycos 0— 2—Ycos Ologr — Jf(O)dO + g(r) (8.4.39)
nE nE
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where g(r) is an arbitrary function of the indicated variable. Determination of the arbitrary
functions f'and g is accomplished by substituting equations (8.4.38) and (8.4.39) into (8.4.37);.
Similar to our previous Cartesian examples, the resulting equation can be separated into the
two relations

g —rgd( =K

2Y 8.4.40
—(1—V)—Ec050+f/(0)+Jf(0)d9:K ( )
i
where K is an arbitrary constant. The solutions to this system are
grny=Cr+K
1-v)Y (8.4.41)
O = &HCOSG + Asinf + Bcos 0
nE
where A, B, and C are constants of integration.
Collecting these results, the displacements thus can be written as
1 -v)Y 2Y
u, = l9c0s0 — —logrsin0 + Asinf + Bcos 0
nE nE
1—-v)Y 2Y 1 Y
Uy = —&Bsinﬁ——logrcosﬂ—ﬂcosﬂ (8.4.42)
nk nE

+AcosO —Bsin0 +Cr +K

The terms involving the constants A, B, and C represent rigid-body motion (see Exercise 7-21).
These terms can be set to any arbitrary value without affecting the stress distribution. Rather
than setting them all to zero, they will be selected to satisfy the expected symmetry condition
that the horizontal displacements along the y-axis should be zero. This condition can be
expressed by uy(r,/2) = 0, and this relation requires

(1—-v)Y

C=K=0,B=-
2E

The vertical rigid-body motion may be taken as zero, thus implying that A = 0. Values for all
constants are now determined, and the final result for the displacement field is

u, :LE[(I —v)(0 —g)cosﬂ — 2logrsin 0]

nY (8.4.43)
ug = —[—(1 — v)(O —E)sinG —2logrcosf — (1 4+ v)cos0]

nE 2

It should be pointed out that these results contain unbounded logarithmic terms that would
lead to unrealistic predictions at infinity. This unpleasant situation is a result of the two-
dimensional model. The corresponding three-dimensional problem (Boussinesq’s problem) is
solved in Chapter 13, and the resulting displacement field does not have logarithmic terms and
is bounded at infinity; see equations (13.4.16).

The radial displacement along the free surface is given by

u-(r,0) = u,(r,m) = —%(1 — V) (8.4.44)
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Since (1 — v) > 0, we see an unexpected result that the horizontal displacement of all points on
the half-space surface move an equal amount toward the loading point. The tangential
displacement component on the surface is given by

up(r,0) = —up(r,n) = ,%[(] +v)+2logr] (8.4.45)

which as expected is singular at the origin under the point loading. Again, the corresponding
three-dimensional solution in Chapter 13 predicts quite different surface displacements. For
example, the three-dimensional result corresponding to equation (8.4.45) gives a vertical
displacement of order O(1/r). A MATLAB vector distribution plot of the general displacement
field resulting from solution (8.4.43) is shown in Figure 8-22. The total displacement vectors
are illustrated using suitable units for the near-field case (0 < r < 0.5) with a Poisson’s ratio of
0.3, and Y/E = 1. The field pattern would significantly change for r > 1.

=

FIGURE 8-22 Displacement field for the Flamant problem.

Some authors (for example, Timoshenko and Goodier 1970) have tried to remove the
unpleasant logarithmic effects by invoking a somewhat arbitrary condition u,(r,,/2) = 0,
where r, is some arbitrary distance from the loading point. This condition may be used to
determine the vertical rigid-body term, thus determining the constant A = (2Y/nE)logr,.
Under this condition, the displacement solution can then be written as

U = L[(l —v)(0 —E)cos() - 210g(’—0)sin0]
nE 2 r
(8.4.46)
Y T . Ty
up =—[-1 —v)0 —=)sin0 + 2log (—)cos @ — (1 + v)cos 0]
19 2 r

8.4.8 Half Space Under a Surface Concentrated Moment

Other half-space problems with concentrated loadings can be generated from the previous
single-force solution. For example, the concentrated moment problem can be found from
the superposition of two equal but opposite forces separated by a distance d as shown in
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FIGURE 8-23 Half space with a concentrated surface moment loading.
Figure 8-23. The limit is taken with d — O but with the product Pd — M. Details are left as an

exercise, and the final resulting stress field is given by

aM
o, = — —2sin()0030
r
op=0 (8.4.47)
2M
T = — —zsin2 0
r

8.4.9 Half Space Under Uniform Normal Loading Over —a > x > a
As a final half-space example, consider the case of a uniform normal loading acting over a

finite portion (—a < x < a) of the free surface, as shown in Figure 8-24. This problem can be
solved by using the superposition of the single normal force solution previously developed.
Using the Cartesian stress solution (8.4.36) for the single-force problem

2Y
6, = 0,c08>0 = ———sin O cos’ 0

nr
o, =0, sin* 0 = —=—sin’ 0 (8.4.48)

wr

. 2y .,
Ty = 0, sinflcos ) = ——sin“ O cos 0
nr
p

A
N
<

pd

FIGURE 8-24 Half space under uniform loading over —a > x > a.
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FIGURE 8-25 Surface geometry for the distributed loading example.

For the distributed loading case, a differential load acting on the free surface length dx may be
expressed by dY = pdx. Using the geometry in Figure 8-25, dx = rdf/sin 0, and thus the
differential loading is given by dY = prd0/ sin 0.

Using the differential loading in relations (8.4.48) gives the differential stress field

do,

— z—p cos? 0d0
T

do, = —2—psin2 0d0 (8.4.49)
° T

2
dt,, = — id sin 0 cos 0d0
i

Integrating this result over the entire load distribution gives the total stress field

2 0>
oy = _2 cos? 0d6 = —;[2(92 —01) + (sin20, — sin26;)]
T 0, v
2p (*
oy =—L| sin? 00 = — L [2(0, — 0,) — (sin20, — sin20,)] (8.4.50)
7 Jo, 2n
2p
Ty = _2 sin 0 cos 0d = ﬂ[cos 20, — cos20,]
T )y, 2n

with 0; and 0, defined in Figure 8-24. The distribution of the normal and shearing stresses on a
horizontal line located a distance a below the free surface is shown in Figure 8-26. This distribution
is similar to that in Figure 8-20 for the single concentrated force, thus again justifying the Saint-
Venant principle. The solution of the corresponding problem of a uniformly distributed shear
loading is given in Exercise 8-28. The more general surface loading case, with arbitrary normal
and shear loading over the free surface (—a < s < a), is included in Exercise 8.29.

Distributed loadings on an elastic half space are commonly used to simulate contact mechanics
problems, which are concerned with the load transfer and local stress distribution in elastic bodies
in contact. Problems of this type were first investigated by Hertz (1882), and numerous studies
have been conducted over the last century (see text by Johnson 1985). Because interest in these
problems is normally restricted to near-field behavior, boundary dimensions and curvatures can
often be neglected and a distributed loading on a half space can provide an estimate of the local
stress distribution. Of course, the simple uniform normal load distribution in Figure 8-24 would
only provide an approximation to the actual nonuniform loading generated by bodies in contact.

The high local stresses commonly generated in such problems have been found to cause
material failure under repeated loading conditions found in rotating wheels, gears, and
bearings. Because failure of ductile materials can be related to the maximum shear stress,
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FIGURE 8-26 Normal and shear stress distributions for the distributed loading example.
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FIGURE 8-27 Comparison of maximum shear stress variation in an elastic half space under
point and distributed surface loadings.

consider the behavior of 7, under the loading in Figure 8-24. Along the y-axis below the
loading, 7., = 0, thus the x- and y-axes are principal at these points and the maximum shear
stress is given by Tmax = 1/2]0, — o,|. A plot of this stress versus depth below the surface is
shown in Figure 8-27. It is interesting to observe that T,,,x takes on a maximum value of p/n
below the free surface at y = g, and thus initial material failure is expected to start at this
subsurface location. The corresponding stress distribution for the concentrated loading problem
of Figure 8-21 is also shown. In contrast, it is seen that the concentrated loading produces
monotonically decreasing behavior from the singular value directly under the load.
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To compare these theoretical results with actual material behavior, photoelastic contact
examples (taken from Johnson 1985) are shown in Figure 8-28. The figure illustrates and compares
near-field photoelastic fringe patterns in a rectangular plate with four different contact loadings.
The photoelastic model (plate) is made of a transparent material that exhibits isochromatic fringe
patterns when viewed under polarized light. These fringes represent lines of constant maximum
shear stress and can be used to determine the nature of the local stress field. Under point loading,
the maximum stress appears to be located directly under the load, while for the uniform distributed
loading case the maximum contour occurs at a small distance below the contact surface. These
results provide qualitative agreement with the theoretical predictions shown in Figure 8-27, and
Exercise 8-27 involves the development and plotting of the maximum shear stress contours.

(Point Loading)

(Flat Punch Loading) (Cylinder Contact Loading)

FIGURE 8-28 Isochromatic photoelastic fringe patterns for several contact loadings on
a half plane. (Taken from Contact Mechanics by KL Johnson, reprinted with the permission
of Cambridge University Press.)

Figure 8-28 also shows surface loading from a flat punch and circular cylinder. The flat punch
loading generates high local stresses at the edges of the punch, and this is caused by the
singularity of the loading at these two points. Although the stress fields of the cylinder and
uniform loading cases look similar, the detailed stresses are not the same. The cylinder case
creates a nonuniform contact loading profile that decreases to zero at the ends of the contact area.
Further details on these interesting contact mechanics issues can be found in Johnson (1985).

Other distributed loading problems can be solved in a similar superposition fashion, and the
solutions to several cases have been given by Timoshenko and Goodier (1970) and Poulos and
Davis (1974).
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FIGURE 8-29 Crack problem geometry.

8.4.10 Notch and Crack Problems

Consider the original wedge problem shown in Figure 8-16 for the case where angle o is small

and f is 2 — o. This case generates a thin notch in an infinite medium as shown in Figure 8-29.

We pursue the case where o = 0, and thus the notch becomes a crack. The boundary surfaces of

the notch are taken to be stress free and thus the problem involves only far-field loadings.
Starting with the Michell solution (8.3.6), the Airy stress function is chosen from the

generalized form

¢ = r*[Asin 20 + B cos 20 + Csin (4 — 2)0 + D cos (1 — 2)0] (8.4.51)

where we are now allowing / to be a noninteger. The boundary stresses corresponding to this
stress function are

o9 = MA— 1)’,172[14 sin A0 + Bcos AO + Csin (A — 2)0 + D cos (4 — 2)0]
1,9 = — (A — 1)r*"2[AJ.cos 10 — BJsin A0 + C(J — 2) cos (. — 2)0 (8.4.52)
—D(4 — 2)sin (4 — 2)0]

The stress-free boundary conditions at 0 = o =~ 0 give

B+D=0

(8.4.53)
JMA+(A—-2)C=0
while the identical conditions at 0 = § = 21 — o =~ 27 produce
A—2
mmmu—m—ﬁismmuc
+ [cos2n(A — 2) — cos2nA]lD =0 (8.4.54)

[(A—2)cos2n(L —2) — (A — 2)cos2nA]C
— [(A — 2)sin27(4 — 2) — Asin2nA]D = 0
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where we have used relations (8.4.53) to reduce the form of (8.4.54). These relations represent
a system of four homogeneous equations for the four unknowns A, B, C, and D. Thus, the
determinant of the coefficient matrix must vanish, and this gives the result

sin2n(A—1)=0

This relation implies that 2n(4 — 1) = nn, with n =0, 1,2, ... thus giving

A:%—s—l, n=0,1,2, - (8.4.55)

Near the tip of the notch r — 0 and the stresses will be of order O(*~2), while the
displacements are O(*~'). At this location the displacements are expected to be finite,
thus implying 4 > 1, while the stresses are expected to be singular, requiring A < 2.
Therefore, we find that the allowable range for /1 is given by 1 < A< 2. In light of
relation (8.4.55), we need only consider the case with n = 1, giving 4 = 3/2. Thus, for the crack
problem the local stresses around the crack tip will be O(1/+/r) and the displacements O(y/7).

Using these results, the stress field can then be written as

31 5
a,'f—z\/_{A(sm 9+5$1n )+B(cos—0+ COs — )}
_3 1 A( 073 )+B( 07 ) (8.4.56)
09—4\[ sm sin~ cos 50 —cos; 4.
3 3 .3 1.0
’L'rg——4\/_|:A(COS§0—COS§)—B(Sln§0—551n§):|

Such relations play an important role in fracture mechanics by providing information on the nature
of the singular state of stress near crack tips. In fracture mechanics it is normally more convenient
to express the stress field in terms of the angle § measured from the direction of crack propagation,
as shown in Figure 8-29. Making the change in angular coordinate, the stress field now becomes

B
o, = 7§—cos§(3 —cos ) f—sing(l —3cos )

2 \/_ 2 2\/r
3 3B 9
gy = ff—cosf(l +cosJ) — sin— (1 + cos 3) (8.4.57)
0 2\/7 \/’

B
T = 2\[sm (1+c039)+ \[

The remaining constants A and B are determined from the far-field boundary conditions.
However, an important observation is that the form of this crack-tip stress field is not dependent
on such boundary conditions. With respect to the angle 3, it is noted that terms with the A
coefficient include symmetric normal stresses, while the remaining terms containing B have
antisymmetric behavior. The symmetric terms are normally referred to as opening or mode 1
behavior, while antisymmetric terms correspond to shear or mode II. Constants A and B can be
related to the stress intensity factors commonly used in fracture mechanics studies. Further
information on stress analysis around cracks can be found in the classic monograph by Tada,
Paris, and Irwin (2000). Other cases of notch problems with different geometry and boundary
conditions have been presented by Little (1973). Additional stress analysis around cracks is
investigated in Chapters 10, 11, and 12 using the powerful method of complex variable theory.

55(1 —3cos9)
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EXAMPLE 8-9: Curved Beam Problems

We shall now investigate the solution to some curved beam problems defined by an
annular region cut by two radial lines. Similar to the previous beam examples, we use
resultant force boundary conditions at the ends and exact pointwise specifications along
the lateral curved boundaries. Comparisons with strength of materials predictions are
made for specific cases.

8.4.11 Pure Bending Example

The first example is the simple case of a curved beam loaded by end moments as shown in
Figure 8-30. The solution to such a problem is independent of the angular coordinate. As usual,
we satisfy the pointwise boundary conditions on the sides of the beam but address only the
resultant effects at each cross-sectional end. Thus, the boundary conditions on this problem are
formulated as

o(a)=0,(b)=0
T0(a) = T9(b) =0

b
J opdr =0 (8.4.58)

a

b
J ogrdr = —M

a

A

FIGURE 8-30 Curved beam with end moments.

Using the general axisymmetric stress solution (8.3.8) in boundary relations (8.4.58) gives

2A10ga+£2—|—A—|—ZB:0
a
2Alogb+%+A+ZB:0
c c (8.4.59)
b(2A10gb+ﬁ—|—A+2B)—a(2Aloga+—2+A+2B) =0
a

b
—Clog (=) +A(b*logh — a*loga) + B(b* —a*) = —M
a

Because the third equation is a linear combination of the first two, only three of these four
relations are independent. Solving these equations for the three constants gives
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M
A=- 0 —a)

M
B= i [b* — a® + 2(b* logb — @ log a)]

aMm b
C — ——a2b2 log(_) (8460)
N a
where
b
N = (b* — a*)? — 4a*b*[log (—)]?
a
The stresses thus become
AM a*b? b r
0, = — [ log () + b log (1) + * log (4]
N = 12 a b r
am a*b? b r a 8.4.61
oo = — 1 1002y 4 B log (L) + dPlog (2 + B — ] (8.4.60
N r a b r
T,0=0

The bending stress distribution gy through the beam thickness is shown in Figure 8-31 for
the case of b/a = 4. Also shown in the figure is the corresponding result from strength of
materials theory (see Appendix D, Section D.4, and Exercise 8-33). Both theories predict
nonlinear stress distributions with maximum values on the inner fibers. For this problem,
differences between elasticity and strength of materials predictions are very small.

1.2 T T T T T

1 i
bla=4

o
®
L

—— Theory of Elasticity
— = - Strength of Materials

O =
> o
T T

Dimensionless Stress, c,a?/M
o
N

06 1.5 2 2.5 3 35 4

Dimensionless Distance, r/a

FIGURE 8-31 Bendling stress results of a curved beam with end moments.

8.4.12 Curved Cantilever Under End Loading

Consider the curved cantilever beam carrying an end loading as shown in Figure 8-32. For this
problem, the stress field depends on the angular coordinate. The boundary conditions require
zero stress on = @ and b and a resultant shear load on the end 6 = 0. These conditions are
thus formulated as follows:
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FIGURE 8-32 Curved cantilever beam with end loading.

or(a,0) =0,(b,0) =0
Tr@(a, 6) = Tr@(b, 6) = 0
b
T,9(r,0)dr = P
b b
J oo(r,0)dr = J oo(r,0)rdr =0
a a (8.4.62)

b
oo(r,m/2)dr = —P

a

b
J oo(r,m/2)rdr = P(a + b)/2

a

b
J T,0(r,m/2)dr =0

a
Based on the required angular dependence of the stress field, the Airy stress function for this
problem is selected from the general Michell solution (8.3.6), including only terms with sin 0
dependence,
B
¢ = (Ar® + =+ Cr + Drlogr)sin 0 (8.4.63)
-

This form gives the following stresses:
2B D
o, = (2Ar — — +—)sin0
r r
2B D
o9 = (6Ar +—+—)sin0 (8.4.64)
P

2B D
1,0 = —(RAr — — +—)cos 0
r r

Using these results in the boundary condition relations (8.4.62) generates three equations for
the unknown constants. Solving these equations gives the results
AP s Pa’b?
2N 2N

P
,D=——(+p
§@+b)

where

b
N =d? fb2+(a2+b2)log(;)
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Substituting these forms into (8.5.64) gives the stress field solution

g, :N(I‘+737 , )Sin()
P 21,2 2 2
o=t ar -7 T ng (8.4.65)

P a*h*  a*+ b
T;~0:—N('+r—3—

These elasticity results can again be compared with the corresponding predictions from strength
of materials. Figure 8-33 illustrates the comparison of the hoop stress component through the beam
thickness at 8 = 7/2 (fixed end) for the case of b/a = 4. As in the previous example, results from
the two theories are similar, but for this case differences are more sizable. Other problems of end-
loaded cantilever beams can be solved using similar methods (see Exercise 8-34).

—_
T

6=m2 b/a=4
—— Theory of Elasticity
— — - Strength of Materials

Dimensionless Stress, cya/P

|
@

N

iy

15 2 25 3 35 2
Dimensionless Distance, r/a

FIGURE 8-33  Stress results of a curved cantilever beam with end loading.

EXAMPLE 8-10: Disk Under Diametrical Compression

Let us now investigate the solution to the plane problem shown in Figure 8-34 of a circular
disk or cylinder loaded by equal but opposite concentrated forces along a given diameter.
This particular problem is of special interest since this geometry is used in standard
testing (ASTM D-4123 1987) of bituminous and other brittle materials such as concrete,
asphalt, rock, and ceramics. Normally referred to as the Brazilian or indirect tension test,
the sample and loading geometry create a tension zone along the loaded diameter, thus
allowing determination of the tensile strength of the specimen material. Standard direct
tension testing on such brittle materials has led to difficulty in establishing a failure region
in the sample’s central interior away from the gripping locations (see the simple tension
sample geometry in Figure 4-2).

Continued
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EXAMPLE 8-10: Disk Under Diametrical Compression-Cont’'d

i Y

Flamant Solution (1)

Flamant Solution (2) Radial Tension Solution (3)

FIGURE 8-34 Disk under diametrical compression—superposition solution.

This problem can be solved by more than one method, but perhaps the most
interesting technique employs a clever superposition scheme, as shown in Figure 8-34.
The method uses superposition of three particular stress fields including two Flamant
solutions along with a uniform radial tension loading. As will be shown, the Flamant
solutions provide the required singular behaviors at the top and bottom of an imaginary
disk within each half space, while the radial loading removes the resulting boundary
tractions on the disk that were created by the two point loadings.

To combine the two Flamant solutions, it is more convenient to redefine the angular
coordinate as shown in Figure 8-35. Using the previous results from equation (8.4.36), the
stress fields for each Flamant solution can be written as

2P . 2P .
o) = —"—cos0,sin*0;, ¢'? =—"—cosl,sin’0,
- Ty . T
2P
oD — _ cos’ 01, g(?) =_= cos® 0, (8.4.66)
y | Y Ty

1) —
Ty =

iy

2P .
— = cos?0;sin0,, @ =

Xy

2P
- —ﬁcos2 0, sin 0,

Ty
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EXAMPLE 8-10: Cont'd

P
FIGURE 8-35 Disk under diametrical compression.

From the general solution (8.4.35), each Flamant solution produces only a constant
radial stress of o, = —2P /7D on the circular boundary of the disk (see Figure 8-21).
The resultant boundary traction from the two combined Flamant loadings is found to be
normal to the disk surface with a magnitude given by

T, = —\/(O'(rl) c0s 01)? + (62 sin 0)?

op (8.4.67)

2P 2P
= —/(—==cos0))? — —sin0,)? = - =—
\/( —post)” + (= —5sinfy) -
Thus, the final superposition of a uniformly loaded disk with the opposite tractions of
(8.4.67) removes the boundary forces and yields the solution to the desired problem. The
uniformly loaded disk problem creates a simple hydrostatic state of stress given by

2P
6D —g® 0 (8.4.68)
X y D Xy

Applying the superposition of states (1), (2), and (3), relations (8.4.66) and (8.4.68)
are added, giving the final stress field solution

2P {(R — 2 R+ 1]
Oy = —— + i

bd r‘l‘ r§ D
2PTR—-y)° (R 3
=2t ( 4y) ( +4y) 1 (8.4.69)
; b r ry D
2P {(R -2 R+ y)zx]
Ty = i 4
T I’l 1‘2

where 11, = /X2 + (R F )?. On the x-axis (y = 0) these results simplify to give

Continued
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EXAMPLE 8-10: Disk Under Diametrical Compression—-Cont’'d

2P [D? — 4x2]?
(0= "—|—— &
x0) =75 [D? +4x2]
2P 4p* (8.4.70)
a6 0) = — = [
7D [(D? + 4x2)
Ty (x,0) =0

while on the y-axis (x = 0) the stresses are

2P
O'X(O,Y)—E
2P 2 2 1 8.4.71)
o P2 2 1 (8.4.
95(0.) T D—2y+D+2y D
T5(0,) =0

Thus, along the loaded diameter (x = 0), the body will have a uniform tensile stress of
6, = 2P /nD, and this result is the primary basis of using the geometry for indirect tension
testing. Knowing the sample size and failure (fracture) loading, the simple stress relation
allows the determination of the failing tensile stress or material strength. Plots of the stress
distribution along the x-axis (y = 0) are left as an exercise. Additional applications of this
problem can be found in models of granular materials in which particles are simulated by
circular disks loaded by several contact forces (see Exercise 8-36).
The maximum shearing stresses in the disk can be calculated by the relation

0y — 0,\2
Tmax = (T}) +2 (8.4.72)

Using the stress results (8.4.69) in this relation, the 1,,,, distribution may be determined,
and these results are illustrated in Figure 8-36. The theoretical maximum shear

(Theoretical Contours) (Photoelastic Contours)
(Courtesy of Dynamic Photomechanics
Laboratory, University of Rhode Island)

FIGURE 8-36 Maximum shear stress contours and corresponding photoelastic
isochromatic for a disk under diametrical compression.
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EXAMPLE 8-10: Cont'd

stress contours are plotted using MATLAB. The corresponding photoelastic results are
also shown in the figure. In general, the theoretical contours match quite well with the
experimental results except for the regions near the loading points at the top and bottom
of the disk. This lack of correspondence is caused by the fact that the photoelastic
isochromatics were generated with a loading distributed over a small but finite contact
area, and thus the maximum shear stress occurs slightly below the contact surface, as
per earlier discussions of Figure 8-28. A numerical analysis of this problem using the
finite element method is developed in Chapter 16; see Example 16-3 and Figure 16-6.

EXAMPLE 8-11: Rotating Disk Problem

As a final example in this section, consider the problem of a thin uniform circular disk
subject to constant rotation w as shown in Figure 8-37. The rotational motion generates
centrifugal acceleration on each particle of the disk, and this then becomes the source of
external loading for the problem. No other additional external loadings are considered.

It is convenient to handle the centrifugal force loading by relating it to a body force
density through the disk. For the case of constant angular velocity, the body force is
only in the radial direction given by

F. = pu’r (8.4.73)

where p is the material mass density. This problem is axisymmetric, and thus the
equilibrium equations reduce to

d r r
do $ 790 =0 (8.4.74)
r r

The solution can be efficiently handled by using a special stress function that automatic-
ally satisfies the equilibrium equation. The particular stress-stress function relation with
this property is given by

o=@/
(8.4.75)
= i—(p + p(.uzr2
"

where ¢ = ¢(r) is the stress function.

FIGURE 8-37 Rotating circular disk.

Continued
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EXAMPLE 8-11: Rotating Disk Problem-Cont’d

As usual, the governing equation for the stress function is determined from the
compatibility statement. For this axisymmetric case, the displacement field is of the
form u, = u,(r) and uy = 0. Therefore, the strain field is given by

duy
dr

u,
ep=—,e=—, e,g=0
r

Eliminating u, from these equations develops the simple compatibility statement
d
—(reg) —e, =0 (8.4.76)
dr

Recall that the more general polar coordinate case was given as Exercise 7-17. Using
Hooke’s law for plane stress, the strains are given by

1 d
e, E(a, —vay) = 7 (}9 — l/d—q: — l/pwzrz)
y (8.4.77)
ey E(O’() va,) 7 (d—(’p + pw2r2 — yg)

Using this result in the compatibility relation (8.4.76) generates the desired governing
equation

e ldp ¢ 2
ﬁ'ﬁ‘;g—r—z-f—(:%-}—v)/)wl =0

which can be written as

d (1d ) _ 5
- (;E(’ q))) = -3+ v)pw’r (8.4.78)

This equation is easily integrated, giving the result

3 1 1
o= %pwz,ﬁ +5CIr G (8.4.79)
-

where C; and C; are constants. The stresses corresponding to this solution are

3
_( +v) pwzrz C O

Gl,: _l’__+_
8 2 72

8.4.80

ko, GG (8450
0= Tg P 2 2

For a solid disk, the stresses must be bounded at the origin and so C, = 0. The
condition that the disk is stress free at r = a gives the remaining constant C; =
(3 + v)pw?a® /4. The final form of the stress field is then
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EXAMPLE 8-11: Cont'd

3
oy = %pwz(a2 — )’2)

} (8.4.81)
o9 = ’% (3 +1)d® — (1 +3)]

The stress distribution within the disk is shown in Figure 8-38 for the case v = 0.3. Notice
that even though the body force is largest at the disk’s outer boundary, the maximum
stress occurs at the center of the disk where F, = 0. The maximum stress is given by

34+ v
Omax — GF‘(O) = U(—?(O) = przaz

For an annular disk with a < r < b, the maximum stress occurs on the inner boundary,
and for the case of a very small inner hole with ¢ << b, the maximum stress is
approximately twice that of the solid disk (see Exercise 8-37).

The solution to this problem could also be obtained by formulation in terms of the
radial displacement, thus generating the Navier equation, which can be easily integrated.
The corresponding plane strain solution for a rotating cylinder is found from these results
through the usual simple change in elastic constants; that is, by letting v — v/(1 — v).

0.45 T T T T T T T T T

04} y=0.3

o
w
a

°
w

Gg/pwza

©
© N
NSO

Dimensionless Stress
o
=
o

0,/pw2a2

o©
o

0.05 |

0 1 1 1 1 1 1 1 1 1
0O 01 02 03 04 05 06 07 08 09 1
Dimensionless Distance, r/a

FIGURE 8-38 Stresses in a rotating disk.
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Exercises

8-1. Explicitly show that the fourth-order polynomial Airy stress function
Asox* + Apx®y* + Apay?

will not satisfy the biharmonic equation unless 3A40 + A2 + 3404 = 0.

8-2. Show that the Airy function

3P xy? N ,
4"%(”*@)*@

solves the following cantilever beam problem, as shown in the following figure. As
usual for such problems, boundary conditions at the ends (x = 0 and L) should be
formulated only in terms of the resultant force system, while at y = +c the exact
pointwise specification should be used. For the case with N = 0, compare the elasticity
stress field with the corresponding results from strength of materials theory. Answer:

3Pxy N 3P y?
0x =753 +2—C,0y :O,'cxy:—4—c<l—c—2
AY
Y
T P
X f N
2c < I
< L =
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8-3.

8-4.

8-6.

Determine the displacement field for the beam problem in Exercise 8-2. To determine the

rigid-body motion terms, choose fixity conditions

ov(L,0)
ox

u(L,0) = v(L,0) = 0

Note that with our approximate St.-Venant solution, we cannot ensure pointwise
conditions all along the built-in end. Finally, for the special case with N = 0, compare
the elasticity displacement field with the corresponding results from mechanics of
materials theory (see Appendix D). Answer:

P

N =0: Vetasiciy (4, 0) = 7 (o = 3L%x + 2L%) = vyomu (%)

The solution to the illustrated two-dimensional cantilever beam problem is proposed
using the Airy stress function ¢ = C\x* + Cox’y + C3y° + C4y° 4+ Csx’y’, where C; are
constants. First determine requirements on the constants so that ¢ satisfies the governing
equation. Next find the values of the remaining constants by applying exact pointwise
boundary conditions on the top and bottom of the beam and integrated resultant boundary
conditions on the ends x = 0 and x = L.

I

. Verify that the Airy stress function

¢ =~ xy+—+c—2———

s y ¥ oxyr x?
4 ¢ ¢

solves the problem of a cantilever beam loaded by uniform shear along its bottom edge as
shown. Use pointwise boundary conditions on y = £¢ and only resultant effects at ends
x = 0 and /. Note however, you should be able to show that o, vanishes at x = /.

/

y
@
> X
c
- = > > > > > >
s
y
The following stress function

3 3 3 3,3 5
X X’y Xy X’y Xy
=C Co—+C3—+C4—+Cs5——+ Co =
¢ Wy +Cr e+ G-+ G+ Cs——+ Co o
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is proposed to solve the problem of a cantilever beam carrying at uniformly varying
loading as shown in the following figure. Explicitly verify that this stress function will
satisfy all conditions on the problem and determine each of the constants C; and resulting
stress field. Use resultant force boundary conditions at the beam-ends. Answers:

pc p 3p 3p 3p

Cil=—-+1_ C=—-2,C=—", C4=—r, Cs =——

! 40> 2 2L 7} 4L’ YT 10Le” 0 8L
Co=—-F PY (52 1042 + 6¢2)

T T 0L

8-7. The cantilever beam shown in the figure is subjected to a distributed shear stress
7,x/1 on the upper face. The following Airy stress function is proposed for this problem

¢ = c1y2 + czy3 + C3y4 + c4y5 + sk + cﬁxzy + c7x2y2 + c'gx2y3

Determine the constants ¢; and find the stress distribution in the beam. Use resultant
force boundary conditions at the ends. (Answer: ¢y = 1,¢/121, ¢3 = 1,/20l,¢3 =

—1,/24cl, ...)
T X/ Ty
/—> —_— —— ——p —p >
c

8-8". A triangular plate of narrow rectangular cross-section and uniform thickness is loaded
uniformly along its top edge as shown in the following figure. Verify that the Airy stress
function

. pcoto
" 2(1 — ocota)

¢ [—xz tan o + xy + o>+ y2)(oc — tan”! X)]
X

solves this plane problem. For the particular case of « = 30°, explicitly calculate the normal
and shear stress distribution over a typical cross-section AB and make comparison plots
(MATLAB recommended) of yourresults with those from elementary strength of materials.
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_ -1Y Xy _ -1y Xy
oy = 2K | — tan ;—m}ayfﬂ({ocftanaftan )—C+m
2
y pcoto
w = —2K , K=
Ty X2+ y2 2(1 — ocotor)

8-9*. Redo Exercise 8-8* using polar coordinates.

8-10*. For the pure beam bending problem solved in Example 8-2, calculate and plot the in-
plane displacement field given by relation (8.1.22),. Use the vector distribution plotting
scheme illustrated in Appendix C, Example C-5. Your solution should look like the
following figure.

: ___/1_1_4__/_‘__1__1__J_____,__r__,__,_-W___“_,\,,x,fxni\__
[ f [ O

T (N e T
\I \ LU U T S | / f f
N__x__X_L__x__s__4_____,__,___,___,,“-____.g__g__z__j__]_'__[d__:/

8-11". For the beam problem in Example 8-3, the boundary conditions required that the
resultant normal force vanish at each end (x = +/). Show, however, that the normal
stress on each end is not zero, and plot its distribution over —¢ <y < c.

VAL
v A
to

*

8-12". Explicitly determine the bending stress o, for the problem in Example 8-4. For the case
I/c = 3, plot this stress distribution through the beam thickness at x = //2, and
compare with strength of materials theory. For long beams (/ >> c¢), show that the
elasticity results approach the strength of materials predictions.

8-13. Develop the general displacement solution (8.3.9) for the axisymmetric case.

8-14. Consider the axisymmetric problem of an annular disk with a fixed inner radius and
loaded with uniform shear stress 7 over the outer radius. Using the Airy stress function
term a46, show that the stress and displacement solution for this problem is given by

o, =09 =0, 19=71

2
3
2
1
u, = 0, uyp = + I/ (% i)
U
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8-15.

8-16.

8-17.

Under the conditions of polar axisymmetry, verify that the Navier equations (5.4.4)
reduce to relation (8.3.10). Refer to Example 1-5 to evaluate vector terms in (5.4.4)
properly. Next show that the general solution to this Cauchy-Euler differential equation
is given by (8.3.11). Finally, use this solution to determine the stresses and show that
they will not contain the logarithmic terms given in the general solution (8.3.8).

For the axisymmetric problem of Example 8-6, explicitly develop the displacement
solution given by relation (8.4.5).

Through a shrink-fit process, a rigid solid cylinder of radius | + ¢ is to be inserted into
the hollow cylinder of inner radius r; and outer radius r, (as shown in the following
figure). This process creates a displacement boundary condition u,(r;) = 6. The outer
surface of the hollow cylinder is to remain stress free. Assuming plane strain conditions,
determine the resulting stress field within the cylinder (r; < r < r).

u=0

8-18. A long composite cylinder is subjected to the external pressure loading as shown in the

following figure. Assuming idealized perfect bonding between the two materials,

the normal stress and displacement will be continuous across the interface r = r;
(see Section 5.2). Under these conditions, determine the stress and displacement fields
in each material.
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8-19%.

8-20.

8-21.

Material (1) Material (2)

T

Numerically generate and plot the fields of stress (o, gy) and displacement (u,) within
the composite cylinder of Exercise 8-18 for the specific case with material (1) = steel
and material (2) = aluminium. Use Table 4-2 for elastic moduli values. Explore and
discuss the continuity issues for these field quantities at the interface r = r;.

For the case of a thin-walled tube under internal pressure, verify that the general
solution for the hoop stress (8.4.3), will reduce to the strength of materials relation (see
Appendix D, Section D.5)

-
o 202
t

where ¢ is the wall thickness and r, is the mean radius.

Consider the cut-and-weld problem in which a small wedge of angle « is removed from
an annular ring as shown in the figure. The ring is then to be joined back together
(welded) at the cut section. This operation produces an axisymmetric stress field, but
the problem will contain a cyclic tangential displacement condition ugy (r,27) — ug (r,0)
= or. First using the general plane stress solution (8.3.9),, drop the rigid-body motion
terms and show that the constant a3 is given by

aF

a3z — —
8w

Next use the general solution form (8.3.8) with zero boundary tractions on the inner and
outer radii of the ring and determine the constants a; and a, and complete the stress field
solution.
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8-22. Using superposition of the stress field (8.4.15) given in Example 8-7, show that the
problem of equal biaxial tension loading on a stress-free hole as shown in the figure
is given by equations (8.4.9).

t
-

Py

~|

8-23". Using superposition of the stress field (8.4.15), develop solution (8.4.18) for the equal
but opposite biaxial loading on a stress-free hole shown in Figure 8-15(a). Also justify
that this solution will solve the shear loading case shown in Figure 8-15(b). Construct a
polar plot (similar to Figure 8-13) of ay(a, 0)/T for this case.

8-24. Show that the stress function

‘L'OI’2

¢ = [sin® 0log  + 0 sin 0 cos 6 — sin® 0]

gives the solution to the problem of an elastic half space loaded by a uniformly
distributed shear over the free surface (x < 0), as shown in the figure. Identify
locations where the stresses are singular.
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8-25.

8-26.

8-27".

8-28.

Show that the Flamant solution given by equations (8.4.31) and (8.4.32) can also be
used to solve the more general wedge problem as shown.

Y
/

Determine the stress field solution (8.4.47) for the problem of a half space under a
concentrated surface moment as shown in Figure 8-23. It is recommended to use the
superposition and limiting process as illustrated in the figure. This solution can be
formally developed using either Cartesian or polar coordinate stress components.
However, a simple and elegant solution can be found by noting that the superposition
and limiting process yields the stress function solution ¢,, = —dd¢/Ox, where ¢ is the
solution to the Flamant problem shown in Figure 8-21.

For the problem of a half space under uniform normal loading as shown in Figure 8-24,
show that the maximum shear stress can be expressed by

Tmax = BSin (01 - 02)
T

Plot the distribution of lines of constant maximum shear stress, and compare the results
with the photoelastic fringes shown in Figure 8-28. These results along with several
other loading cases have been given by Poulos and Davis (1974).

Following a similar solution procedure as used in Section 8.4.9, show that the solution

for a half space carrying a uniformly distributed shear loading # is given by

i [41og(sin 01 /sin 0,) — cos 20, + cos 20,)]
oy = i [cos 20, — cos204)]

Ty = — ZL [2(0, — 01) + sin 20, — sin20]
’ i

Oy =
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8-29. Generalize the integral superposition methods used in the examples shown in Section 8.4.9
and Exercise 8-28. In particular, show that the stress solution for a half space carrying general

normal and shear distributions p(x) and #(x) over the free surface — a < x < ais given by

_ Qr ps)(x — s) ds — EJ‘I 1(s)(x — 5)°
P (€ S & 3 B ORI R b

Oy
T

. :,Zij” O ,Ler OSSO
’ T ol =57 + 21 T ) o[ —5)? + 2

2y? J“ p(s)(x —5)° 2y J C ) —s)’
- ———s5s—— s
cal =P+ P w6 — 9% + 52
8-30. Using the formulation and boundary condition results of the thin notch crack problem
shown in Figure 8-29, explicitly develop the stress components given by relations

Txy =
Y T

(8.4.56) and (8.4.57).
8-31". Photoelastic studies of the stress distribution around the tip of a crack have produced the

isochromatic fringe pattern (opening mode I case) as shown in the figure. Using the solution
given in (8.4.57), show that maximum shear stresses for each mode case are given by

i\/(1 + 3 cos2 )

3A .
(Tmax)[ = T\ﬁmn 193 (Tmax)ll = z\ﬁ

Next, plot contours of constant maximum shear stress for modes I and II. In
plotting each case, normalize 7,,,x by the coefficient A or B. For the mode I case,

theoretical contours should compare with the following photoelastic picture.

(Courtesy of Dynamic Photomechanics
Laboratory, University of Rhode Island)
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8-32. Consider the crack problem shown for the antiplane strain case with u = v = 0,
w = w(x,y). From Section 7.4, the governing equation for the unknown displacement
component with zero body force was given by Laplace’s equation, which in polar
coordinates reads

Pw 1ow 1w

2 == _ —_—— =
Viw = or? +r or +r2 002

0

Use a separation of variables scheme with w = r f(6), where 4 is a parameter to be
determined and f(6) is expected to be an odd function. Show that using this solution form
in the governing equation gives the result w = Ar* sin 20, where A is a constant. Next
determine the polar coordinate stress components, and following similar methods as in
Section 8.4.10, show that the boundary condition of zero stress on the crack surfaces
gives 2 =n/2, where n =1, 3, 5, ... Finally, using the arguments of finite displacements
but singular stresses at the crack tip, show that 0 < 4 < 1 and thus conclude that the
displacement and stress near r =~ 0 must be of the form

pA 0 A

0 0
w :A\/;sini, T, = —COSE’ T, = ——=Sin—

NG 22
Note that the order of stress singularity, O(r"/ 2), is identical to our previous study.

‘ y \
! \
i \
! \
1 1
|
i r—* |\
| 0 |
1
x|
1
1

8-33". Using strength of materials theory (see Appendix D), the bending stress y for
curved beams is given by 69 = —M(r — B)/[rA(R — B)], where A=b —a, B =
(b —a)/log(b/a), R = (a+ b)/2. For the problem shown in Figure 8-30, compare
and plot the strength of materials and elasticity predictions for the cases of b/a = 2
and 4. Follow the nondimensional plotting scheme used in Figure §-31.

8-34. Show that the curved beam problem with end loadings can be solved by superimposing
the solution from the Airy function ¢ = [Ar® + (B/r) + Cr + Drlogr] cos 0 with
the pure bending solution (8.4.61).
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8-35". For the disk under diametrical compression (Figure 8-35), plot the distribution of the
two normal stresses o, and g, along the horizontal diameter (y =0, — R <x < R).

*

8-36 . The behavior of granular materials has often been studied using photoelastic models
of circular particles as shown in the following figure. This provides the full-field
distribution of local contact load transfer through the model assembly. Particles in such
models are commonly loaded through multiple contacts with neighboring grains, and
the particular example particle shown has four contact loads. Assuming the loadings are
in-line and along two perpendicular diameters, use superposition of the solution given
in Example 8-10 to determine the stress field within the model particle. Make a
comparison plot of the distribution of normal stress along a loaded diameter with

the corresponding results from Example 8-10.

(Courtesy of Dynamic Photomechanics Laboratory, University of Rhode Island)

8-37. Solve the rotating disk problem of Example 8-11 for the case of an annular disk
with inner radius ¢ and outer radius b being stress free. Explicitly show that for
the case b >> a, the maximum stress is approximately twice that of the solid disk.
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9

Extension, Torsion, and Flexure
of Elastic Cylinders

This chapter investigates particular solutions to the problem of cylindrical bars subjected to
forces acting on the end planes. The general problem is illustrated in Figure 9-1 where an
elastic cylindrical bar with arbitrary cross-section R and lateral surface S carries general
resultant end loadings of force P and moment M. The lateral surface is taken to be free of
external loading. The cylindrical body is a prismatic bar, and the constant cross-section may be
solid or contain one or more holes. Considering the components of the general loading leads to
a definition of four problem types including extension, torsion, bending, and flexure. These
problems are inherently three-dimensional, and thus analytical solutions cannot be generally
determined. In an attempt to obtain an approximate solution in central portions of the bar,
Saint-Venant presumed that the character of the elastic field in this location would depend only
in a secondary way on the exact distribution of tractions on the ends of the cylinder and that the
principal effects are caused by the force resultants on the ends (Saint-Venant’s principle). As
such, he relaxed the original problem by no longer requiring the solution to satisfy pointwise
traction conditions on the ends, but rather seeking one which had the same resultant loading.
This approach is similar to our previous two-dimensional studies of beam problems in Chapter 8.
Under these conditions, the solution is not unique but provides reasonable results away from the
ends of the cylinder.

9.1 General Formulation

Formulation and solution of the extension, torsion, bending, and flexure problems are
normally made using the semi-inverse method, as previously discussed in Section 5.7. Recall this
method assumes a portion of the solution field and determines the remaining unknowns by
requiring that all fundamental field equations be satisfied. For a prismatic bar with zero body forces
and under only end loadings as shown in Figure 9-1, it is reasonable to assume that

Oy =0y =Ty =0 9.1.1)
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FIGURE 9-1 Prismatic bar subjected to end loadings.

Note that this enforces zero tractions on the lateral surface S. Under these conditions, the
equilibrium equations (3.6.5) and stress compatibility equations (5.3.4) give

Ot, Oty
0z 0Oz
Fo:_Fo:_Fo:_ Fo

ox2  Oy? ~ o2 Oxdy

=0

9.1.2)

Thus, 7. and 7, must be independent of z, and o. must be a bilinear form in x, y, z
such that o, = Cix+ Cpy + C3z+ Caxz 4+ Csyz + C, where C; are arbitrary constants
(see Exercise 9-1). For the extension, bending, and torsion problems, it can be further argued
that ¢, must be independent of z. We now investigate the formulation and solution of
extension, torsion, and flexure problems.

9.2 Extension Formulation

Consider first the case of an axial resultant end loading P = P.e; and M = 0. It is further
assumed that the extensional loading P. is applied at the centroid of the cross-section R so as
not to produce any bending effects. Invoking the Saint-Venant principle, the exact end tractions
can be replaced by a statically equivalent system, and this is taken as a uniform loading over
the end section. Under these conditions, it is reasonable to assume that the stress ¢, is uniform
over any cross-section throughout the solid, and this yields the simple results

w

P
o, = X’ Tz = Ty, = 0 (921)
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Using stress results (9.1.1) and (9.2.1) in Hooke’s law and combining them with the strain-
displacement relations gives

Ou  wvP, v vP, Ow P,
dx  AE’ 9y  AE’ 0z AE
ou v Oy v ow ou_
Oy ox T 0z dy T Ox 0Oz

0

Integrating these results and dropping the rigid-body motion terms such that the displacements
vanish at the origin yields

VP, VP, P,
U= ———X, V=——"y, W=

AE AE AE

z 9.2.2)

These results then satisfy all elasticity field equations and complete the problem solution.

An additional extension example of a prismatic bar under uniform axial body force has been
previously presented in Example 5-1. This problem was defined in Figure 5-11 and corresponds
to the deformation of a bar under its own weight. The problem includes no applied end tractions,
and the deformation is driven by a uniformly distributed axial body force F, = —pg. Relations
for the stresses, strains, and displacements are given in the example.

9.3 Torsion Formulation

For the general problem shown in Figure 9-1, we next investigate the case of a torsional end
loading P = 0 and M = Te;. Formulation of this problem began at the end of the eighteenth
century, and a very comprehensive review of analytical, approximate, and experimental
solutions has been given by Higgins (1942, 1943, 1945). Studies on the torsional deformation
of cylinders of circular cross-section have found the following:

® Each section rotates as a rigid body about the center axis.

® For small deformation theory, the amount of rotation is a linear function of the axial
coordinate.

® Because of symmetry, circular cross-sections remain plane after deformation.

Guided by these observations, it is logical to assume the following for general cross-sections:

® The projection of each section on the x,y-plane rotates as a rigid body about the central
axis.

e The amount of projected section rotation is a linear function of the axial coordinate.

® Plane cross-sections do not remain plane after deformation, thus leading to a warping
displacement.

In order to quantify these deformation assumptions, consider the typical cross-section shown in
Figure 9-2. For convenience, the origin of the coordinate system is located at point O called the
center of twist, which is defined by the location where u = v = 0. The location of this point
depends on the shape of the section; however, the general problem formulation does not depend
on the choice of coordinate origin (see Exercise 9-3). Under torque 7, the displacement of a
generic point P in the x,y-plane will move to location P’ as shown. Line OP then rotates through a
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FIGURE 9-2 In-plane displacements for the torsion problem.

small angle f, and thus the arc length PP’ = rf3, and this distance may be represented by a
straight line normal to OP. The in-plane or projected displacements can thus be determined as

u=—rfsinf =—

b Py (9.3.1)
v=rfcosl = fix

Using the assumption that the section rotation is a linear function of the axial coordinate, we
can assume that the cylinder is fixed at z = 0 and take

B =oz 9.3.2)

where the parameter o is the angle of twist per unit length. The out-of-plane, warping
displacement is assumed to be a function of only the in-plane coordinates and is left as an
unknown to be determined. Collecting these results together, the displacements for the torsion
problem can thus be written as

U= —oyz
v = axz (9.3.3)

w=w(x, y)

This then establishes a semi-inverse scheme whereby requiring these displacements to satisfy
all governing field equations generates a much simplified problem that can be solved for many
particular cross-sectional shapes. We now proceed with the details of both a stress (stress
function) and displacement formulation.

9.3.1 Stress-Stress Function Formulation

The stress formulation leads to the use of a stress function similar to the results of the plane
problem discussed in Section 7.5. Using the displacement form (9.3.3), the strain-displacement
relations give the following strain field:
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ex=ey=e =ey;=0

e ! 8—W—oc
A (9.3.4)

1w,
eyz—z By ox

The corresponding stresses follow from Hooke’s law:

Oy =0,=0,=71,=0

B ow
Te =M 9y =% (9.3.5)

ow
Ty, = U a—y—l—ocx

Note the strain and stress fields are functions only of x and y.
For this case, with zero body forces, the equilibrium equations reduce to

Oty 01y
- =~ =0 3.6
Ox Jdy ©.3.6)

Rather than using the general Beltrami-Michell compatibility equations, it is more direct to
develop a special compatibility relation for this particular problem. This is easily done by
simply differentiating (9.3.5), with respect to y and (9.3.5); with respect to x and subtracting
the results to get

Ot Oty

X2 _ 9 3.
B o Lot (9.3.7)

This represents an independent relation among the stresses developed under the continuity
conditions of w(x,y).

Relations (9.3.6) and (9.3.7) constitute the governing equations for the stress formulation.
The coupled system pair can be reduced by introducing a stress function approach. For this
case, the stresses are represented in terms of the Prandtl stress function ¢ = ¢(x,y) by

Txz = 8__)1, Ty: = — 37 (9.3.8)

Note that here we are using the same notation for the stress function as used for the Airy
function in the previous chapter that dealt with plane elasticity. Since the problem types are
completely different, there should be little confusion. The equilibrium equations are then
identically satisfied and the compatibility relation gives
2 2
Vi = ?97(? + % = 2ux (9.3.9)

This single relation is then the governing equation for the problem and (9.3.9) is a Poisson
equation that is amenable to several analytical solution techniques.

To complete the stress formulation we now must address the boundary conditions on the
problem. As previously mentioned, the lateral surface of the cylinder S (see Figure 9-1) is to be
free of tractions, and thus
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T} = ouny + Tyhty + T, =0
T}n = TNy + ayhy + Ty, = 0 (9.3.10)

n __ J—
T! = teny + 1.0y + 0.0, =0

The first two relations are identically satisfied because o, = 0y =1, =n. =0 on §. To
investigate the third relation, consider the surface element shown in Figure 9-3. The compon-
ents of the unit normal vector can be expressed as

dy dx dx dy
oy Ay 9.3.11
" ds dn "y ds dn ( )

>
FIGURE 9-3 Differential surface element.
Using this result along with (9.3.8) in (9.3.10); gives
0pds O dy _
Oxds Oyds
which can be written as
d
—d) =0, onS 9.3.12)
ds

This result indicates that the stress function ¢ must be a constant on the cross-section
boundary. Because the value of this constant is not specified (at least for simply connected
sections), we may choose any convenient value and this is normally taken to be zero.

Next consider the boundary conditions on the ends of the cylinder. On this boundary,
components of the unit normal become n, =n, =0, n. = £1, and thus the tractions
simplify to

T = %1y,
T} = =1, (9.3.13)
" =0
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Recall that we are only interested in satisfying the resultant end-loading conditions, and thus
the resultant force should vanish while the moment should reduce to a pure torque 7 about the
z-axis. These conditions are specified by

P, = J T dxdy =0
R
Py = J Tydxdy =0
R
P, = T!dxdy = 0
K (9.3.14)
M, = J yTdxdy =0
R
M, = xTZdxdy = 0
R

M, = Ty = yT)dxdy =T
R

With T? = 0, conditions (9.3.14); 4 5 are automatically satisfied. Considering the first condi-
tion in set (9.3.14), the x component of the resultant force on the ends may be written as

9¢

JJ Tidxdy = + [J Ty.dxdy = £ [J —dxdy 9.3.15)
R JJr J g Oy

¢

Using Green’s theorem (1.8.11), JJ 8—dXdy :% ¢nyds, and because ¢ vanishes on
Y s

R
boundary S, the integral is zero and the resultant force P, vanishes. Similar arguments can

be used to show that the resultant force P, will vanish. The final end condition (9.3.14)4
involving the resultant torque can be expressed as

T = JJ (xT; —yT)dxdy = fJJ ()cg—q5 Jry%)dxdy (9.3.16)
R R X dy

Again using results from Green’s theorem

“R xaa—fdxdy = J L % (xp)dxdy — “R pdxdy
~§ wonds— | | gasay

[ B[ s ] s
= ﬁ yényds — “R dxdy

Because ¢ is zero on S, the boundary integrals in (9.3.17) will vanish and relation (9.3.16)
simplifies to

9.3.17)

T=2 ” pdxdy (9.3.18)
R

Extension, Torsion, and Flexure of Elastic Cylinders 221



We have now shown that the assumed displacement form (9.3.3) produces a stress field that
when represented by the Prandtl stress function relation (9.3.8) yields a governing Poisson
equation (9.3.9) with the condition that the stress function vanishes on the boundary of the
cross-section. All resultant boundary conditions on the ends of the cylinder are satisfied by the
representation, and the overall torque is related to the stress function through relation (9.3.18).
This then concludes the stress formulation of the torsion problem for simply connected
sections.

9.3.2 Displacement Formulation
The displacement formulation starts by expressing the equilibrium equation in terms of the
warping displacement w. Using (9.3.5) in (9.3.6) gives

Pw  Pw
WJraTz:O (9.3.19)

and thus the displacement component satisfies Laplace’s equation in the cross-section R. The
associated boundary condition on the lateral side S is given by (9.3.10);, and expressing this in
terms of the warping displacement gives

a_w —ya |ne + @ +xo |n, =0 (9.3.20)
Ox Oy ’

Using relations (9.3.11), this result can be rewritten as

8wdx+8wdy ” a,’x+ dy
et A AV VS T
Oxdn Oydn ds 7 ds
dw od 5 5
%*Eg(x +59)

(9.3.21)

It can again be shown that the boundary conditions on the ends specified by equations
(9.3.14),_5 will all be satisfied, and the resultant torque condition (9.3.14)¢ will give

T:u” oc(x2+y2)+x6—w—ya—w dxdy (9.3.22)
R 8_)} Ox

This result is commonly written as
T =oJ (9.3.23)

where J is called the torsional rigidity and is given by

J:,uJJ Py S == |dxdy (9.3.24)
R ody oodx

This completes the displacement formulation for the torsion problem.

Comparing the two formulations, it is observed that the stress function approach results in a
governing equation of the Poisson type (9.3.9) with a very simple boundary condition requiring
only that the stress function be constant or vanish. On the other hand, the displacement
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formulation gives a somewhat simpler Laplace governing equation (9.3.19), but the boundary
specification is expressed in terms of the normal derivative. An addition approach involving
formulation in terms of a conjugate function (see Exercise 9-4) creates yet another scheme that
yields a Laplace governing equation with a somewhat simpler boundary condition involving
specification of the unknown itself. The boundary-value problems created by these approaches
generally fall into the area of applied mathematics called potential theory (Kellogg 1969). As
such, many mathematical techniques have been developed to solve such problems, including
potential theory, complex variables, Fourier methods, and some specialized simple schemes
based on the boundary equation. In this presentation we only consider two solution schemes,
one using the boundary equation and the other using Fourier methods. Before moving on to
these solutions, we wish to establish briefly the necessary modifications to the formulations for
cylinders with hollow sections. We shall also explore an analogous (membrane) problem that
provides some useful information and interpretation for development of approximate solutions
to the torsion problem.

9.3.3 Multiply Connected Cross-Sections

We now wish to develop some additional relations necessary to solve the torsion of hollow
cylinders with multiply connected cross-sections (see definitions in Section 2.6). Figure 9-4
illustrates a typical section of this type with a single hole, and we shall establish theory capable
of handling any number of holes. It is assumed that the original boundary conditions of
zero tractions on all lateral surfaces applies to the external boundary S, and all internal
boundaries S, . . . Therefore, as before, condition (9.3.10); would imply that the stress function
is a constant and the displacement is specified as per (9.3.20) or (9.3.21) on each boundary
Si, i=0,1, ...

¢ =¢;onS;
(9.3.25)
d_w = a(yn, — xny) on §;
dn

FIGURE 9-4 Multiply connected cross-section.
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where ¢; are constants. These conditions imply that the stress function and warping displace-
ment can be determined up to an arbitrary constant on each boundary S;. With regard to the
stress function, the value of ¢; may be arbitrarily chosen only on one boundary, and commonly
this value is taken as zero on the outer boundary S, similar to the simply connected case.

For multiply connected sections, the constant values of the stress function on each of the
interior boundaries are determined by requiring that the displacement w be single-valued.
Considering the doubly connected example shown in Figure 9-4, the displacement will be
single-valued if

% dw(x,y) =0 (9.3.26)
Si
This integral can be written as

ow ow
ﬁ[; drixy) = il (a* et a*y"y)

| 9.3.27)
- —j[% (txdx + Tyudly) — o«{S (xdy — ydv)
HJs, i M

Now 1..dx + 7,.dy = tds, where 1 is the resultant shear stress. Using Green’s theorem (1.8.10),

jg (xdy — ydx) = JJ (8_)c+ @) dxdy = Z[J dxdy = 2A, (9.3.28)
S A, \0x Oy A

where A is the area enclosed by S;. Combining these results, the single-valued condition
(9.3.26) implies that

jE tds = 2u0A (9.3.29)
Si

The value of ¢, on the inner boundary S; must therefore be chosen so that (9.3.29) is satisfied.
If the cross-section has more than one hole, relation (9.3.29) must be satisfied for each; that is,

fﬁ tds = 2uoAy (9.3.30)
Sk

where k = 1,2, 3,...is the index corresponding to each of the interior holes.
It can be shown that boundary conditions on the ends of the cylinder given by (9.3.14),_s
will all be satisfied, and the resultant torque condition (9.3.14)¢ will give

Tzz” pdxdy + 2¢,A, (9.3.31)
R

For the case with N holes, this relation becomes

N
T=2 ” pdxdy + Y 2, A (9.3.32)
R k=1

Justifying these developments for multiply connected sections requires contour integration in a
cut domain following the segments S,, C, S, as shown in Figure 9-4.
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9.3.4 Membrane Analogy
It was originally discovered by Prandlt in 1903 that the equations of the stress function
formulation (9.3.9), (9.3.12), and (9.3.18) are identical with those governing the static deflec-
tion of an elastic membrane under uniform pressure. This fact then creates an analogy between
the two problems and enables particular features from the membrane problem to be used to aid
in solution of the torsion problem. Use of this analogy is generally limited to providing insight
into qualitative features and to aid in developing approximate solutions.

Consider a thin elastic membrane stretched over a frame with shape S that encloses region R
in the x,y-plane, as shown in Figure 9-5(a). The membrane is stretched with uniform tension N
and is subjected to a uniform pressure p, which produces a transverse membrane deflection
z(x,y). For small deformation theory, it is assumed that the pressure loading will not alter the
membrane tension. The governing membrane displacement equation is developed by applying
equilibrium to a differential element shown in Figure 9-5(b). A side view of this element along
the y-axis shown in Figure 9-5(c) illustrates the tension forces on each edge and the pressure
loading. Summing forces in the z direction and including the tension forces in both x and y
directions gives

2 2
Ndy (82 +8—dx> Ndy (g > +Ndx(az + 22, ) Ndx<gy) + pdxdy = 0

Ox  Ox? Oy  0y?

and this result simplifies to

=

Pz 9z
Gt o= h (9.3.33)

4 Deflected Membrane

A

Nady

Ndx
Nadx

Ndy > X
(b) Membrane Element (c) Equilibrium of Membrane Element

FIGURE 9-5 Membrane problem.
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Because the membrane is stretched over the boundary S in the x,y-plane, the boundary
condition for deflection is expressed by

z=0onS (9.3.34)

The volume enclosed by the deflected membrane and the x,y-plane is given by

V= JJ zdxdy (9.3.35)
R

The analogy can now be recognized because relations (9.3.33) through (9.3.35) match the
corresponding results from the torsion formulation providing ¢ = z, p/N = 2ua, T =2V.

In order to extract some useful information from this analogy, consider first the relationship
between the shear stress and stress function

;. 00 _0z

SOy Oy (9.3.36)
o 9 _ o

S TR

A contour line on the membrane is defined as z = constant (see Figure 9-6). Using the analogy,
such a contour is also a line of constant ¢, and along the contour

9z _0¢ 0¢dx Opdy
Os Os Oxds Oyds (9.3.37)

= Ty:My + Tazhy = T

where 7., is the component of shear stress normal to the contour line. Thus, the component 7.,
is zero along a contour line and the resultant shear stress must be tangent to the contour. This
resultant shear stress is given by

ly dx
T =Ty = —Tyly + Tyl = —'Eﬁ% + ryz%
_ (0pdy Opdx\  dp  d 9:3.38)
= *(aj%*&%) ST

Contour Lines

FIGURE 9-6 Contour lines for the torsion-membrane analogy.
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Reviewing the previous findings related to the membrane analogy, the following concepts
can be concluded. The shear stress at any point in the cross-section is given by the negative of
the slope of the membrane in the direction normal to the contour line through the point. The
maximum shear stress appears always to occur on the boundary where the largest slope of the
membrane occurs. Actually, this result can be explicitly proven (see Exercise 9-5). The torque
T is given as twice the volume under the membrane. Using these membrane visualizations, a
useful qualitative picture of the stress function distribution can be determined and approximate
solutions can be constructed (see Exercise 9-7). However, it should be realized that trying to
make slope measurements of an actual pressurized membrane would not provide an accurate
method to determine the stresses in a bar under torsion.

We now explore the solution to several torsion problems using boundary equation schemes,
Fourier methods, and membrane analogy techniques. These methods provide solutions to
sections of simple geometry. More complicated sections can be solved using complex variable
theory; see Sokolnikoff (1956) for a brief presentation of these techniques.

9.4 Torsion Solutions Derived from Boundary Equation

For simply connected sections, the stress function formulation requires that the function
satisfy Poisson equation (9.3.9) and vanish on boundary S. If the boundary is expressed by
the relation f(x, y) = 0, this suggests a possible simple solution scheme of expressing the stress
function in terms of the boundary equation ¢ = Kf(x,y) where K is an arbitrary constant.
Clearly, this form satisfies the boundary condition on S, and for some simple geometric
shapes it will also satisfy the governing equation (9.3.9) with an appropriate choice of K.
Unfortunately, this is not a general solution method but rather an ad hoc scheme that works
only for special cross-sections of simple geometry. Nevertheless, it provides several solutions
to problems of interest, and we now investigate some particular solutions using this scheme.

EXAMPLE 9-1: Elliptical Section

The first example of this solution method is that of an elliptical cross-section as shown
in Figure 9-7. The boundary equation has the usual form

T4l 9.4.1)

where a and b are the semi major and minor axes as shown.
Using the boundary equation scheme, we look for a stress function of the form

2 2

Xy
¢ = K(E+ﬁf 1) (9.4.2)

Continued
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EXAMPLE 9-1: Elliptical Section-Cont’'d

Ay

FIGURE 9-7 Elliptical cross-section.

This stress function satisfies the boundary condition by vanishing on S, and this form
will also satisfy the governing equation (9.3.9) if the constant is chosen as

a*b* o

K=_47H
a +b?

(9.4.3)

Because both the governing equation and the boundary conditions are satisfied, we have
found the solution to the torsion of the elliptical section.
The load carrying torque follows from relation (9.3.18)

2a*b*po (1 5 1 5
o 4 e one

The integrals in this expression have the following simple meaning and evaluation:

A = Area of Section = JJ dxdy = nab
R

I, = Moment of Inertia About x-Axis = JJ yzdxdy = gab3 9.4.5)
R

I, = Moment of Inertia About y-Axis = -” Xdxdy = %ba3
R

Substituting these results back into (9.4.4) yields

na’h? po

T=——= 9.4.6

215 (9.4.6)

which can be cast in the form to determine the angle of twist in terms of the applied

loading

T(a* + b?)

=—" 9.4.7

nabu ( )
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EXAMPLE 9-1: Cont’'d

The shear stresses resulting from this solution are given by

24 o 2Ty
Ty = — = -
“ 2127 nab’ 9.4.8)
2b ot _ 2Ix

Ty = ———X =
a4+ p2 nba’

Intuition from strength of materials theory would suggest that the maximum stress
should occur at the boundary point most removed from the section’s center; that is, at
x==xaand y=0 (assuming a > b). However, the membrane analogy would
argue for a boundary point closest to the center of the section where the membrane
slope would be the greatest. Evaluating equations (9.4.8), we find that the resultant
shear stress becomes

o 2T [x* 2
T = T%Z + ng = % g + b_4 (949)

For the case a > b, the maximum value of T occurs at x = 0 and y = +b and is given by

2T
i = 9.4.10
Tmax = 3 ( )

This result then corresponds to arguments from the membrane analogy and thus differs
from strength of materials suggestions. Contour lines of the stress function are shown in
Figure 9-8, and it is observed that the maximum slope of the stress function (membrane)
occurs at x = 0 and y = %b (on the top and bottom of the section).

(Stress Function Contours)

(Warping Displacement Surface)

(Displacement Contours)

FIGURE 9-8 Stress function and warping displacement contours and warping displacement
surface for the elliptical section.

Continued
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EXAMPLE 9-1: Elliptical Section-Cont’'d

Using the stress relations (9.4.8) in (9.3.5) yields a system that can be integrated to
determine the displacement field
2 2

= %xy 9.4.11)
Contour lines of this displacement field are represented by hyperbolas in the x,y-plane and
are shown in Figure 9-8 for the case of a positive counterclockwise torque applied to the
section. Solid lines correspond to positive values of w, indicating that points move out of the
section in the positive z direction, while dotted lines indicate negative values of displace-
ment. A three-dimensional plot of the warping displacement surface is also shown in
Figure 9-8, illustrating the positive and negative behavior of the w displacement. Along
each of the coordinate axes the displacement is zero, and for the special case with a = b
(circular section), the warping displacement vanishes everywhere. If the ends of the
elliptical cylinder are restrained, normal stresses o, are generated as a result of the torsion.

EXAMPLE 9-2: Equilateral Triangular Section

Consider next the torsion of a cylinder with equilateral triangular section, as shown in
Figure 9-9. Following our boundary equation solution scheme, we look for a stress
function of the form

¢ = K(x — 3y + 2a)(x + V3y + 2a)(x — a) (9.4.12)

where we have simply used a product form of each boundary line equation. In this
fashion, the stress function vanishes on each side of the triangular section. It is found
that this function satisfies the governing equation (9.3.9) if the constant is taken as

K= (9.4.13)
6a

\

FIGURE 9-9 Equilateral triangular cross-section.
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EXAMPLE 9-2: Cont'd

All conditions on the problem are now satisfied, and we have thus determined the
solution for the equilateral triangular case. The torque may be calculated through a
lengthy integration using relation (9.3.18), giving the result

27, 3
53 ~5

where I, = 31/3a" is the polar moment of inertia of the cross-section about the centroid.
The stresses follow from relations (9.3.8)

uod, 9.4.14)

Lo

Tyz = ;(X - a)y
(9.4.15)
v = E2 (P + 2ax — )
2a

Note that the component 7,, vanishes along the edge x = a as required by the problem
boundary conditions, and this can also be argued by the membrane analogy. This
component also vanishes along the y-axis. The maximum stress always occurs on the
boundary, and the section symmetry implies that each boundary side has an identical
resultant stress distribution. Therefore, we can choose one particular side to investigate
and determine the maximum resultant shear stress. For convenience, we choose side
Xx = a, and because 7,, = 0 on this edge, the resultant stress is given by

o
r:rﬂwJ):gEGf—af) (9.4.16)

The maximum value of this expression gives

3 5V3T
Tmax = Tyz(a’ 0) =Zuoa = W

> 9.4.17)

Contours of the stress function are shown in Figure 9-10, and by using the membrane
analogy itis evident that the maximum stress occurs at the midpoint of each boundary side.

(Stress Function Contours) (Displacement Contours)

FIGURE 9-10  Stress function and warping displacement contours for the equilateral
triangular section.

Continued
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EXAMPLE 9-2: Equilateral Triangular Section-Cont’d

The warping displacement again follows from integrating relations (9.3.5)

W= 61 Y32 —y?) (9.4.18)
a

Contour lines of this displacement field are shown in Figure 9-10 for the case of a
positive counterclockwise torque applied to the section. Again, solid lines correspond to
positive values, while dotted lines indicate negative displacements.

EXAMPLE 9-3: Higher-Order Boundary Polynomials

As a final example of the boundary equation scheme, consider the more general case of a
section with a polynomial boundary equation. The trial stress function is taken of the form

¢ =K@ — x> + cy?) (@ + cx® —y?) (9.4.19)

where K, a, and ¢ are constants to be determined. The terms in parentheses can be
rewritten as

x==xva*+cy?, y=*vat+cx?

and these represent pairs of curves shown in Figure 9-11 that can be interpreted as bounding
a closed region R as shown. This region is taken as the cylinder section for the torsion
problem. As before, this stress function vanishes on the boundary, and it satisfies the
governing equation (9.3.9)ifc =3 — V8andK = —puor/ [4a*(1 — \/i)]. The stresses and
displacements can be calculated using the previous procedures (see Exercise 9-15).
Timoshenko and Goodier (1970) discuss additional examples of this type of problem.

y=Ad?+cx® 4y

X=—+la®+ cy?

y=—+da*+cx?

FIGURE 9-11  Polynomial boundary example.
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9.5 Torsion Solutions Using Fourier Methods

Previously introduced in Section 8.2 for plane problems, Fourier methods also provide a useful
technique to solve the torsion problem. Using separation of variables and Fourier series theory,
solutions can be developed to particular problems formulated either in terms of the stress or
displacement function. We now pursue one such case in Cartesian coordinates involving the
torsion of a rectangular section.

EXAMPLE 9-4: Rectangular Section

We now wish to develop the solution to the torsion of a cylinder with rectangular
section shown in Figure 9-12. Trying the previous scheme of products of the boundary
lines does not create a stress function that can satisfy the governing equation (see
Exercise 9-16). Thus, we must resort to a more fundamental solution technique, and
the Fourier method is ideally suited for this problem. We develop the solution using
the stress function formulation, but a similar solution can also be determined using the
displacement formulation.

The solution to governing equation (9.3.9) can be written as the sum of a general
solution to the homogeneous Laplace equation plus a particular solution to the nonho-
mogeneous form; that is, ¢ = ¢, + ¢,,. A convenient particular solution can be chosen as

¢,(x,y) = pe(a® — x%) 9.5.1)

Note that this choice of a parabolic form can be motivated using the membrane analogy
for the case of a thin rectangle with a << b (see Exercise 9-7). We discuss more on this
limiting case at the end of the problem solution. Using this form, the homogeneous
solution must then satisfy the following conditions:

FIGURE 9-12 Rectangular section example.

Continued
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EXAMPLE 9-4: Rectangular Section-Cont’d

V2¢h =0
dp(£a,») =0 9.5.2)
Ppx, £b) = —po(a® — x7)

and this ensures that the combined stress function ¢ satisfies the general formulation

conditions. Standard separation of variables methods are used to generate the homoge-
neous solution by looking for solutions of the form

Pp(x,y) = XY (y) (9.5.3)

Substituting this form into (9.5.2); allows the variables to be separated into the
following pair of differential relations:

X"(x) 4+ A2X(x) =0

(9.5.4)
Y'(y) = 2Y() =0
where 4 is the separation constant. The solution to (9.5.4) is given by
X(x) = Asin Ax + B cos /x
@ 9.5.5)

Y(y) = Csinh Ay + D cosh Ly

where A, B, C, D are constants. Because of the given problem symmetry, we
can immediately argue that the solution should be an even function of x and y, and thus
the odd function terms must be dropped by taking A = C = 0. In order to satisfy condition
(9.5.2),, the separation constant must be given by A = nn/ 2a, n = 1,3,5, ... Combining
these results, the homogeneous solution can then be expressed by

> nmx nmy
,Y) = B ——cosh—= 9.5.6
¢u(x,y) ; n €08 ——-cosh—— ( )

where we use the superposition of all solution forms and the coefficient B, has absorbed
the product term BD.
The final boundary condition (9.5.2); yields the result

nmx

2 9.5.7)

o0
—po(a® — ¥%) = ZB: cos
n=1

where B} = B, cosh (nmb/2a). Equation (9.5.7) is recognized as the Fourier cosine series
for the expression on the left-hand side. Using relations (8.2.27), Fourier series theory
provides a simple scheme to determine the series coefficients, giving the result

B — _%J (@ — &) cos "™ ¢ (9.5.8)
a 2a

n
0

Evaluating this integral, the original coefficient can then be expressed as
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EXAMPLE 9-4: Cont’'d

32u0a*(—1)"D/2

nnb
n373 cosh —

B, = — (9.5.9)

The stress function has now been determined, and combining the previous results gives

32 w? S (—1)eh2 nmx nm
¢ = pa@® — %) - 0L 08 5 cosh 2—ay (9.5.10)
n=1,3.5- 113 cosh ——

The stresses follow from relation (9.3.8)

_8(;5 16,uoca i (—1n=b/2 nmx . . nmy

) ay n=1,3,5-pn2 cosh @ 2 2

2a 9.5.11)

09 5 lopoa S~ (DU D2 ppx o)

Tyz = —a = LUOX — 7‘[2 Z b SIH%COS g

n=1,3,5--p2 cosh —
and using (9.3.18), the torque is given by
l6poa®h  1024p0a* &

== > (9.5.12)

n=1,3,5-

Using our experience from the previous examples or from the membrane analogy, the
maximum stress will occur on the boundary at the midpoint of the longest side. Under
the assumption that a < b, these points are located at x = +a and y = 0, and thus

16pca &
Tmax = Tyz(a,0) = 2poa — ,u Z b
n=1,3,5--p2 cosh —

9.5.13)

Figure 9-13 illustrates the stress function contours for this case, and it is observed that the
maximum stresses occur at the midpoint of each of the longest boundary sides. For
the square section case (¢ = b), the maximum stresses would occur at the midpoint of
each side.

Again the displacement field follows from integrating relations (9.3.5), giving the result

2aa* SN D"V nmy
; Z WSIHESI hg (9514)

Contour lines of this displacement field are shown in Figure 9-13 for three sections with
different aspect ratios. Again, solid lines correspond to positive displacements, while
dotted lines indicate negative values. The square section case with a/b = 1 produces a
displacement pattern with eight zones of symmetry. As the aspect ratio a/b is reduced,
four of the displacement patterns disappear and the resulting displacement contours for
a/b = 0.5 look similar to that from the elliptical section case shown in Figure 9-8.
Continued
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EXAMPLE 9-4: Rectangular Section-Cont’d

i \ )

(Displacement Contours, a/b = 0.9) (Displacement Contours, a/b = 0.5)

FIGURE 9-13  Stress function and displacement contours for the rectangular section.

We now investigate these results for the special case of a very thin rectangle witha << b.
Under the conditionsof b/a >> 1, cosh (nnb/2a) — occandtanh (nnb/2a) — 1,and we
therefore find that the stress function, maximum shear stress, and torque relations reduce to

¢ = pa(a® — x%)
Tmax = 20 (9.5.15)
1
T = ?6;1050317

For this limiting case, it is observed that the stress function reduces to a parabolic
distribution, and this would be predictable from the membrane analogy (see Exercise 9-7).
These results can be applied to the torsion of sections composed of a number of thin
rectangles such as the example shown in Figure 9-14 with three rectangles. Note that
these shapes can approximate many common structural beams with angle, channel, and
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EXAMPLE 9-4: Cont’'d

(Composite Section) (Stress Function Contours)

FIGURE 9-14 Composite section of three thin rectangles.

I sections. Neglecting the local regions where the rectangles are joined and the free short
edges, it can be assumed that the membrane has the parabolic distribution given by
(9.5.15),; over each rectangle. Stress function contours (from a numerical solution)
shown in Figure 9-14 justify these assumptions. Thus, the load-carrying torque for
such a composite section is given by

16 &
_ 3
T == ;a,. b; (9.5.16)

where a; and b;(b; >> a;) are the dimensions of the various N rectangles. Neglecting the
high localized stresses at the reentrant corners, the maximum shear stress can be
estimated by using relation (9.5.15), for the narrowest rectangle.

9.6 Torsion of Cylinders with Hollow Sections

Section 9.3 develops the basic formulation for the torsion of hollow cylinders with multiply
connected cross-sections. It was found that the stress function must be constant on all section
boundaries. Although ¢ could be arbitrarily chosen as zero on the outer boundary, on each
interior surface it is required to be a different constant determined by relation (9.3.30), a
requirement that ensures single-valued displacements. Under such a formulation, analytical
solutions of these problems are difficult to develop and only a few closed-form solutions exist.
Complex variable theory using conformal mapping has provided some of these solutions, and
Sokolnikoff (1956) provides references to a few specific cases. Rather than trying to pursue
these details, we shall only present a couple of simple solutions in order to demonstrate some
basic features of such problems.
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EXAMPLE 9-5: Hollow Elliptical Section

Consider the torsion of a bar with a hollow elliptical section as shown in Figure 9-15.
The inner boundary is simply a scaled ellipse similar to that of the outer boundary.
Using the solid section solution from Example 9-1, it can be shown that the contour
lines or lines of constant shear stress coincide with such a scaled concentric ellipse (see
Exercise 9-9). The shear stress will then be tangent to the inner boundary contour and no
stress will then act on the lateral surface of a cylinder with inner ellipse section.
Therefore, the solution to the hollow section can be found by simply removing the
inner core from the solid solution developed in Example 9-1, and this results in the same
stress distribution in the remaining material.
Thus, the stress function solution for the hollow case is given by

e ()
$=—ip (a—2+§—1) (9.6.1)

and this form satisfies the governing equation, boundary conditions, and the multiply
connected condition (9.3.30). The constant value of the stress function on the inner
boundary is found to be

212
abuo 5
In order to determine the load-carrying capacity, the torque relation for the solid section
(9.4.6) must be reduced by subtracting the load carried by the removed inner cylinder.
This gives the result

na’h? o n(ka)? (kb)3uoc

ai;;bz (ka)? + (kb)? 9.6.3)
313 4

= P -k

S A u 2P

(kP * TGP g Faraa

\

N | S

FIGURE 9-15 Hollow elliptical section.
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EXAMPLE 9-5: Cont'd

and this relation can also be determined from equation (9.3.31). As mentioned, the stress
distribution in the hollow cylinder will be the same as that found in the corresponding
material of the solid section; see relations (9.4.8). For the case a > b, the maximum
stress still occurs at x = 0 and y = £b and is given by

o
Tmax =22 1 — &

(9.6.4)

This solution scheme could be applied to other cross-sections whose inner boundary
coincides with a contour line of the corresponding solid section problem.

EXAMPLE 9-6: Hollow Thin-Walled Sections

The torsion of hollow thin-walled cylinders can be effectively handled using an approxi-
mate solution based on the membrane analogy. Consider the general thin-walled tube
shown in Figure 9-16. We assume that thickness ¢ is small, although not necessarily
constant. A general section aa is taken through the tube wall at AB, and the expected
membrane shape is shown. From our previous theory, the membrane (stress function)
will be zero at the outer boundary (point B) and equal to a nonzero constant, say ¢,, on
the inner boundary (point A). Because the thickness is small there will be little variation
in the membrane slope, and thus shape BC can be approximated by a straight line.
Because the membrane slope equals the resultant shear stress, we can write

T = % (9.6.5)

The load-carrying relation (9.3.31) gives
T=2 JJ ¢dxdy +2¢ A, (9.6.6)
R

where A; is the area enclosed by the inner boundary. Using our assumption that the
membrane slope is constant over the section and neglecting variation in the
wall thickness (see Figure 9-16), the integral over the cross-section R can be approxi-
mated by A¢,/2, where A is the section area. This allows the torque relation to be
expressed by

T=2 (A %) + 20,4 = 2¢,A, (9.6.7)

where A, is the area enclosed by the section’s centerline. Combining relations (9.6.5)
and (9.6.7) gives

(9.6.8)

Continued
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EXAMPLE 9-6: Hollow Thin-Walled Sections—-Cont’d

The angle of twist is determined using relation (9.3.29) with constant wall thickness

jg tds = 2uoA, =
Se

s, (9.6.9)

*= 4AZut

where S, is the length of the centerline of the tube section. These results provide
reasonable estimates of the stress, torque capacity, and angle of twist for thin-walled
tubes under torsion. However, if the tube has sharp corners such as those found in
square or rectangular sections, considerable stress concentration normally exists at these
reentrant locations. Timoshenko and Goodier (1970) provide additional details on
calculating these stress concentration effects.

Tube Centerline

_______ 4C Membrane

A B
(Section aa)

FIGURE 9-16 Thin-walled section.
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9.7 Torsion of Circular Shafts of Variable Diameter

The previous discussion on the torsion problem was limited to bars of constant section. We
now wish to investigate the case of variable section, and in order to limit problem complexity
we consider only circular cross-sections, as shown in Figure 9-17. Cylindrical coordinates are
the logical choice to formulate this type of problem, and the governing field equations have
been previously given by (2.7.3), (3.7.6), (4.3.2) or see Appendix A. Guided by studies on
uniform circular cylinders, we assume that u, = u, = 0, and uy = uy(r,z). For this semi-
inverse scheme, it will be shown that the solution based on these assumptions satisfies all
governing elasticity field equations, and therefore represents the true solution.
Under these assumptions, strain and stress fields are then determined as

e,=eg=e.=e.=0

R LT S ) ©7.D
éro = 2\ or r)’ €0 = 2 0z
o, =0p=0,=71,=0
S LT T 672
o= H or ’ 02_”62

Using these stress results in the equilibrium equations with no body forces gives one non-
vanishing relation

0|50 (ug 0|50 rup

0 = — |y — | — = 0 ol

81‘{’ 61‘(1‘)}+8Z{’ 5 () ©7.3)
This particular form suggests attempting a stress function approach, and introducing the

function ¥, such that

2

oY ;0 (@) r

—=—r = =——1

0z or\r u 0 9.7.4)
8 _pd(my L, -
or  0z\r/) pu v

FIGURE 9-17 Shaft of a variable circular section.
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satisfies the equilibrium equation identically. Differentiating relations (9.7.4) to eliminate uy
generates the compatibility relation

PV 39¥ PV

The lateral sides of the bar are again taken to be traction free, and thus the boundary conditions
are expressed as

Ton, + To:n; =0 (976)
dz dr . . ..
Asbeforen, = 7 and n, = I and incorporating (9.7.4), boundary condition (9.7.6) becomes
s s

war oW p
“(a dr 9 dz):o a@_y 9.7.7)

2\ ords oz ds = s

and so, as before, the stress function must be a constant on the boundary of the section.
The load-carrying torque is given by

21 (R(z) R(z) 4
T = J J T2 drd0 = 27r,uJ 8—a’r
o Jo o Or 9.7.8)

= 2mu[P(R(2), z) — ¥(0,2)]

where R(z) is the variable radius of the section.

EXAMPLE 9-7: Conical Shaft

As an example of a variable section problem, consider the torsion of a conical shaft with
cone angle ¢, as shown in Figure 9-18. We again have selected a problem whose
boundary shape will help generate the solution. On the lateral sides of the conical
boundary, z/v/r? + z2 = cos ¢, which is a constant. Thus, any function of this ratio will
satisfy the boundary condition (9.7.7). It can be shown that a linear combination of this
ratio with its cube can be constructed to satisfy the governing equation (9.7.5), and the
solution for the stress function is then given by

FIGURE 9-18 Conical shaft geometry.
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EXAMPLE 9-7: Cont'd

z 1 2
Y = C(m — §(r2 n 22)3/2> 9.7.9)

where the constant C has been determined to satisfy the load-carrying relation (9.7.8)

T
C=——> : (9.7.10)
2mu(5 — cos @ +3cos® )

The stresses follow from relations (9.7.4)

Cur?
T = ————=75
2 2\5/2
@ g:rz) 9.7.11)
T9; =

- (r2 + 22)5/ 2
and the displacement uy can be determined by integrating equations (9.7.2) to get

Cr n
N A T
3(r2 + 72)%2

Uy = (9.7.12)

where wr is the rigid-body rotation term about the z-axis and w can be determined
by specifying the shaft rotation at a specific z location. Additional examples of
such problems are discussed in Timoshenko and Goodier (1970) and Sokolnikoff (1956).

Before leaving the torsion problem, it should be mentioned that this problem can also be easily
formulated and solved using the numerical finite element method. Chapter 16 discusses this
important numerical scheme and provides a series of such solutions in Example 16-4 and
Figure 16-7. These examples illustrate the power and usefulness of this numerical method to
solve problems with complicated geometry that could not be easily solved using analytical means.

9.8 Flexure Formulation

We now investigate a final case of deformation of elastic cylinders under end loadings
by considering the flexure of elastic beams subject to transverse end forces, as shown in
Figure 9-19. The problem geometry is formulated as a cantilever beam of arbitrary section with
a fixed end at z =0 and transverse end loadings P, and P, at z = [. Following our usual
procedure, the problem is to be solved in the Saint-Venant sense, in that only the resultant end
loadings P, and P, are used to formulate the boundary conditions at z = /.

From our general formulation in Section 9.1, ¢, = 6, = 1, = 0. The other three nonzero
stresses will be determined to satisfy the equilibrium and compatibility relations and all
associated boundary conditions. From our earlier work, the equilibrium and compatibility
relations resulted in equations (9.1.2) from which it was argued that t,; and t,, were independ-
ent of z, and ¢, was a bilinear form in x, y, z (see Exercise 9-1). Motivated from strength of
materials theory, we choose the arbitrary form for o, as follows
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FIGURE 9-19 Flexure problem geometry.

0. =Bx+Cy)(l—2) (9.8.1)

where B and C are constants.
Using this result in the remaining equilibrium equation in the z direction gives

0ty 01y

— (B Cy)y=0
o + By (Bx+Cy)
which can be written in the form
1o} 1 0 1
e — =B+ —[1.. —=Cv*1=0 9.8.2
ax[fxb > x]"'ay[‘cy > y7] ( )

This equilibrium statement motivates the introduction of another stress function F(x,Yy),
such that

Ty — 4+ B
oy 2 9.8.3)
OF 1.
Ty =——+=
s ox 2

This form then satisfies equilibrium identically, and using it in the remaining compatibility
relations gives the results

B
g(vzp)+ v =0
dy 1+v 9.8.4)
0 _» vC o
"V P =0
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This system can be integrated to get

V2F = ryy(Cx —By) +k (9.8.5)

where £ is a constant of integration. In order to determine this constant, consider the rotation

about the z-axis. From the general relation (2.1.9), w, = [(9v/dx) — (Ou/Dy)]1/2, differentiat-
ing with respect to z and using Hooke’s law and our previous results gives

Ow, 71 v B & u
0z 2\0x0z Oyoz

_ i a‘[yz . afxz (986)
2u\ Ox Oy

1 _, 1 v
- = ——(Cx—B k
2u Zu{l—l—y(x )+

From the torsion formulation, the angle of twist per unit length was specified by the
parameter o, and selecting the section origin (x =y = 0) at the center of twist, relation

(9.8.6) then implies that k = —2uo. Thus, the governing equation (9.8.5) can be written as

V2F = HLV (Cx — By) — 2o (9.8.7)

The zero loading boundary condition on the lateral surface S is expressed by

Tehy + Ty =0

and using the stress function definition, this can be written as

OFd OFdy 1
Oxds Oyds 2

dy dx dF 1 dy dx
24y A~ 20X\ ar 1 28y 4 20X
Bx Is Cy ds) 0 or s 2 (Bx Is Cy ds) (9.8.8)

It is convenient to separate the stress function F into a torsional part ¢ and a flexural part \,
such that

F(x,y) = ¢(x,y) +(x,y)

(9.8.9)
where the torsional part is formulated by
V2 = —2uo in R
d (9.8.10)
9 =0onS
ds
while the flexural portion satisfies
2 v :
VY =——(Cx—By)inR
T+ 9.8.11)
@ 1ad o8

dx
. Cy*—)on S
as - 2BV O om
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Because we have already investigated the torsional part of this problem in the preceding
sections, we now pursue only the flexural portion. The general solution to (9.8.11); may be
expressed as the sum of a particular solution plus a harmonic function

_ l 4 3 p3
w(x,y)—f(x,y)+61+V(Cx By”) 9.8.12)

where f is a harmonic function satisfying V2f = 0. The boundary conditions on end z = / can
be stated as

JJ Ty dxdy = P,
R

JJ Ty.dxdy = P, (9.8.13)
R

JJ [xty: — yTo:ldxdy = x,Py — y, Py
R
Using the first relation of this set gives

JJ [3((;3 +) + lez]dxdy =P, (9.8.14)
r Oy 2

0
but from the torsion formulation J[ a—(/)dxdy =0, and so (9.8.14) can be written as
R OY

JJ R

1, B
. a(xa—y) — a—y(xa)]dxdy +JJR§BX dxdy = P, (9.8.15)

Using Green’s theorem and the boundary relation (9.8.11),, the first integral can be
expressed as

o Ny _ 0 W I N
JJR [8x (x By ) By (x P )ldxdy = JJR [2Bx + Cxyldxdy

and thus equation (9.8.15) reduces to

BI, + CI,, = —P, (9.8.16)
In a similar manner, boundary condition (9.8.13), gives

Bl +CI, = —P, 9.8.17)

The expressions I, I, and I, are the area moments of inertia of section R

I, = JJ y2dxdy, I, = JJ x2dxdy, I, = JJ Xydxdy (9.8.18)
R R R

Relations (9.8.16) and (9.8.17) can be solved for the constants B and C
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g Pl =Pl

]xly - ]%y

I, — P, 9.8.19)
C=———F—
LI, — Ify
The final boundary condition (9.8.13); can be expressed as
0 0 0 0
— JJ [xc,)—(jc5 +ya—¢]dxdy — JJ [xa—l)/: +ya—l//]dxdy

R Y R Y (9.8.20)

1
+ [ L 3 (ny2 — Bx2y)dxdy = XoPy — yo Py

From the torsion formulation, —JJ [xg—(b + yg—ﬂ dxdy =2 JJ ¢dxdy =T = aJ, s0 (9.8.20)
becomes RL X Y R

o +JJ l(C'Xy2 _ szy) — (x% er%) dxdy = x()Py ~y,P. 9.821)
rR\2 ox 7 Oy

Once the flexural stress function i is known, (9.8.21) will provide a relation to determine the
angle of twist a.

Relation (9.8.21) can also be used to determine the location (x,,y,) for no induced
torsional rotation, a point commonly called the shear center or center of flexure. Choosing
o = 0, this equation can be independently used for the two cases of (P, =0, P, # 0) and
(P, # 0, P, = 0) to generate two equations for locations x, and y,. If the x-axis is an axis of
symmetry, then y, = 0; and likewise, if the y-axis is one of symmetry, then x, = 0. For a
section with two perpendicular axes of symmetry, the location (x,, y,) lies at the intersection of
these two axes, which is at the centroid of the section. However, in general the shear center
does not coincide with the section’s centroid and need not even lie within the section.

Flexure Problems Without Twist

Because we have previously studied examples of the torsion problem, we shall now develop
flexure solutions to problems that do not include twist. The two examples to be investigated
include simple symmetric cross-sections with single end loadings along an axis of symmetry.

EXAMPLE 9-8: Circular Section

Consider the flexure of an elastic beam of circular section, as shown in Figure 9-20. The
end loading (P, = 0, P, = P) passes through the center of the section, which coincides
with the centroid and center of twist. Thus, for this problem there will be no torsion
(x=0), and so ¢ =0 and F = . It is convenient to use polar coordinates for this
problem, and the governing equation (9.8.11); can then be written as

2,V f
Vo = —1+V[X10050 (9.9.1)

Continued
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EXAMPLE 9-8: Circular Section—-Cont'd
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FIGURE 9-20 Flexure of a beam of circular section.
while the boundary condition (9.8.11), becomes
10 1P
Eﬁ_lg = Ezaz sinfonr=a 9.9.2)
The solution to (9.9.1) can then be taken as
P .1 v 5 4
=—[f—= a 20 9.9.3
W IX[J‘ 6115 ] ( )

Using trigonometric identities, relations (9.9.3) and (9.9.2) can be rewritten

1 v

7P ‘3
l'//_a[f_241+ul (cos30 + 3 cos 0)]
9.9.4)
%_15 3(—sin30 4 3sin6) on r =
50 = 31° i si r=a

Based on the previous relations, we look for solutions for the harmonic function in the
form f = " A,r" cos nf and consider the two terms

n

f=Arcosf + A3 cos 30 9.9.5)

Combining (9.9.4) and (9.9.5) yields

3

d lcos O + [A3 — #]r’% cos 360 9.9.6)

P v
V= M i 24(1 +v)

Boundary condition (9.9.4), yields two relations to determine the constants A; and A3

3+20 ,
81+
1+
T 24(1 4 v)

A=
9.9.7)
3
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EXAMPLE 9-8: Cont’d

and back-substituting this result into (9.9.6) gives the final form of the stress function

P 3420, 1+2v , 1-2v 4
=—|- — — 9.9.8
4 IX{ 81+ " 81+ T2ultn) 0-9-8)
The stresses corresponding to this solution become
P 1+42v
Ty, = — — X
TR IRy
P3+2v |, 5, 1-=-2v,

== -y - 9.9.9
T80+ 0) {“ 31207 ©.9.9)

P
0. = —Ey(l—Z)

Note for this section I, = ma*/4. The maximum stress occurs at the origin and is given by

P 3+4+2v

Tmax = T,2(0,0) = 22201+ 1)

(9.9.10)
This can be compared to the value developed from strength of materials theory
Tmax = 4P/ 37ma®. Differences in the maximum shear stress between the two theories
are small, and for the special case v = 1/2, the elasticity solution is the same as the
elementary result. Comparison of the shear stress distribution with strength of materials
theory for v = 0.1 has been given by Sadd (1979), and again differences were found to
be small. Displacements for this problem can be determined through the usual integra-
tion process (see Exercise 9-24).

EXAMPLE 9-9: Rectangular Section

Our second flexure example involves a beam of rectangular section with end loading
(Py =0, P, = P) passing through the shear center, as shown in Figure 9-21. The
section dimensions are the same as those given in Figure 9-12. As in the previous
example, there is no torsion (a = 0), and so for this case ¢) = 0 and F = . Formulation
equations (9.8.11) then give

V3 = ,fo in R
tvi (9.9.11)
% — _lf 2@ on S -
ds 21, ds
For the rectangular section,
:I:d—l// =0, x==a
ay dy
kA 9.9.12)
ds | 0 _ (1P
dx 21,
Continued

Extension, Torsion, and Flexure of Elastic Cylinders 249



EXAMPLE 9-9: Rectangular Section-Cont’d
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FIGURE 9-21 Flexure of a beam of rectangular section.

Based on these boundary relations we are motivated to select a solution of the form

P L v s e b
l//_lx[f 61 +u(x ax) > ] (9.9.13)

with the harmonic function f satisfying

0, x==a
f(x,y)—{ v 32 _ (9.9.14)
6(1+1/)(x ax), y==b

Because we expect 1,. to be an even function in x and y, and 7. to be odd in y, we
look for a harmonic solution for f in the form

o0
fory) =" Aysin™= cosh ™2 (9.9.15)
"l a a

This form satisfies (9.9.14); identically, while (9.9.14), implies that

= . NmX v P
§ » = — 9.1
2 b, sin P & er)(x a“x) (9.9.16)

where b, = A, cosh (nmb/a). Relation (9.9.16) is recognized as a Fourier sine series,
and thus the coefficients follow from standard theory (8.2.28) and are given by
b, =213 (—1)" /(1 + v)n®n3. Putting these results back together gives the final form
of the stress function

sin e cosh Yy
P L v 5 5 b%x wad  SS(— 1S a
O B e (=D D | O
n=1 cosh —
a
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EXAMPLE 9-9: Cont'd

The stresses then follow to be

sin™™ sinp "
2va*P X (— 1) Sm——Ssmh —=
Ty = (A + vyr, ( n2) “ nnb ‘
Y n=1 cosh —
a
cos nx cosh nny

2 o0 7 — —
o i(bz_yz)_’_yi Al 12a =" P P (9.9.18)
(T 6(1 + )i, n2 n? nnb

n=1 cosh —
a
P
s =—y( —
o Ixy( 2)

The corresponding results from strength of materials gives t,, = P(b* — y?)/2I,, and
thus the second term of (9.9.18), represents the correction to the elementary theory.
Note that if v = 0, this correction term vanishes, and the two theories predict identical
stresses. For the case of a thin rectangular section with b >> a, cosh (nnb/a) — oo,
and it can be shown that the elasticity solution reduces to the strength of materials
prediction. A similar result is also found for the case of a thin section with a >> b.
Comparison of the shear stress distribution t,. with strength of materials theory for
v = 1/2 has been presented by Sadd (1979), and differences between the two theories
were found to be sizable. As in the previous example, the maximum stress occurs at
x=y=0

vPa? 12 (—1) nmh
— |1 +— h— 9.9.19
6(1 + v)l, + 2 2 ey ( )

n=1

P
Tmax = 0,2(0,0) = - b —

Again, the strength of materials result is given by the first term in relation (9.9.19).

This concludes our brief presentation of flexure examples. Solutions to additional
flexure problems are given by Sokolnikoff (1956) and Timoshenko and Goodier
(1970).
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Exercises

9-1.

9-4.

9-5.

9-6.

Under the assumption that 6, = ¢, = 1\, = 0, show that equilibrium and compatibility
equations with zero body forces reduce to relations (9.1.2). Next integrate relations

&a, &, 8202_ &,

ox2  0y2 022 OxOy =0

to justify that 6, = Cix + Coy + C3z + Cyxz 4 Csyz + Cg, where C; are arbitrary constants.

. During early development of the torsion formulation, Navier attempted to extend

Coulomb’s theory for bars of circular section and to assume that there is no warping
displacement for general cross-sections. Show that although such an assumed
displacement field will satisfy all elasticity field equations, it will not satisfy the
boundary conditions and thus is not an acceptable solution.

. Referring to Figure 9-2, if we choose a different reference origin that is located at point

(a,b) with respect to the given axes, the displacement field would now be given by
u=—oz(y —b), v=oz(x —a), w=w(x,Yy)

where x and y now represent the new coordinates. Show that this new representation leads

to an identical torsion formulation as originally developed.

In terms of a conjugate function Y(x,y) defined by

o low oy 1dw

ox  ady dy adx
show that the torsion problem may be formulated as
V2 =0inR

1
= 5()62 + y%) + constant on §

A function f (x,y) is defined as subharmonic in a region R if V?f > 0 at all points in R.
It can be proved that the maximum value of a subharmonic function occurs only on the
boundary S of region R. For the torsion problem, show that the square of the resultant
shear stress 12 = rﬁz + Tiz is a subharmonic function, and thus the maximum shear stress
will always occur on the section boundary.

Formulate the torsion of a cylinder of circular section with radius a, in terms of the usual
Prandtl stress function. Note for this case, there will be no warping displacement and
¢ = ¢(r). Show that the stress function is given by

¢ = 7#720!(,,2 —a)

and the only nonzero stress simplifies to 179, = por. Check these results with the
solution given for the elliptical section for the case with b = a.

9-7. Employing the membrane analogy, develop an approximate solution to the torsion problem

of a thin rectangular section as shown. Neglecting end effects aty = =£b, the membrane
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9-8.

9-9.

9-10.
9-11.

9-12".

9-13".

9-14.

deflection will then depend only on x, and the governing equation can be integrated to give
z = ¢ = poa® — x?), thus verifying that the membrane shape is parabolic. Formally
compute the maximum membrane slope and volume enclosed to justify relations (9.5.15).

Ay

Parabolic Membrane

V4

Using the stress results for the torsion of the elliptical section, formally integrate the
strain-displacement relations and develop the displacement solution (9.4.11).

For the torsion of an elliptical section, show that the resultant shear stress at any point
within the cross-section is tangent to an ellipse that passes through the point and has the
same ratio of major to minor axes as that of the boundary ellipse.

Develop relation (9.4.14) for the load-carrying torque of an equilateral triangular section.

For the torsion of a bar of elliptical section, express the torque equation (9.4.6) in terms
of the polar moment of inertia of the section, and compare this result with the
corresponding relation for the equilateral triangular section.

For the triangular section shown in Figure 9-9, calculate the resultant shear stress along
the line y = 0, and plot the result over the range —2a < x < a. Determine and label all
maximum and minimum values.

For the triangular section of Example 9-2, plot contours of constant resultant shear stress

— /2 2
T= ‘C.\’Z+Tyz

Point out how these contours would imply that the maximum shear stress occurs at the
mid-points of each boundary side.

Consider the torsion of a bar of general triangular section as shown in the following
figure. Using the boundary equation technique of Section 9.4, attempt a stress function
solution of the form

¢ = K(x — a)(y — mx)(y + myx)
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9-15.

9-16.

9-18.

where m;, m,, and a are geometric constants defined in the figure and K is a constant to
be determined. Show that this form will be a solution to the torsion problem only for the
case of an equilateral triangular section.

y

y=mx

For the torsion problem in Example 9-3, explicitly justify that the required values for
the constants appearing in the stress function are given by ¢ = 3 — /8 and

K= —pa/ [4a*(1 — /2)]. Also calculate the resulting shear stresses and determine the
location and value of the maximum stress.

Attempt to solve the torsion of a rectangular section shown in Figure 9-12 by using the
boundary equation method. Show that trying a stress function created from the four products
of the boundary lines x = +a and y = =£b will not satisfy the governing equation (9.3.9).

. Using the torque relation (9.5.12) for the rectangular section, compute the nondimensional

load-carrying parameter T /uab*, and plot this as a function of the dimensionless ratio b/a
over the range 1 < b/a < 10. For the case where b/a approaches 10, show that the load-
carrying behavior can be given by the approximate relation (9.5.15).

Using the relation (9.5.16), develop an approximate solution for the load-carrying
torque of the channel section shown.
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9-19. A circular shaft with a keyway can be approximated by the section shown in the
following figure. The keyway is represented by the boundary equation r = b, while the
shaft has the boundary relation r = 2a cos 0. Using the technique of Section 9.4, a trial
stress function is suggested of the form

b =Ko? — - 22,

where K is a constant to be determined. Show that this form will solve the problem and
determine the constant K. Compute the two shear stress components 7. and ty..

r=2acos 6

9-20". For the keyway section of Exercise 9-19, show that resultant stresses on the shaft and
keyway boundaries are given by

2

m — 1), Tkeyway = ,ua(Za cos 0 — b)

Tshaft = ,uoca(
Determine the maximum values of these stresses, and show that for b << a, the
magnitude of the maximum keyway stress is approximately twice that of the shaft
stress. Finally, make a plot of the stress concentration factor

(Tmax )keyway

(Tmax)xolid shaft

versus the ratio b/a over the range 0 < b/a < 1. Note that (Tpuc)spiia shap 18 the maximum
shear stress for a solid shaft of circular section and can be determined from Example 9-1
or strength of materials theory. Show that the stress concentration plot gives

T -
Omadieyway —2,a8b/a—0
(Tmax)xolid shaft

thus indicating that a small notch will result in a doubling of the stress in circular
section under torsion.
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9-21. Example 9-6 provides the torsion solution of a closed thin-walled section shown in
Figure 9-16. Investigate the solution of the identical section for the case where a small
cut has been introduced as shown in the following figure. This cut creates an open tube
and produces significant changes to the stress function (use membrane analogy), stress
field, and load-carrying capacity. The open tube solution can be approximately
determined using results (9.5.15) from the thin rectangular solution. For the open tube,
develop an equivalent relation as given by (9.6.8) for the closed tube. For identical
applied torque, compare the stresses for each case, and justify that the closed tube has
much lower stress and is thus much stronger.

9-22. For the solution of the conical shaft given in Example 9-7, compare the maximum
shearing stress 7y, with the corresponding result from strength of materials theory.
Specifically, consider the case with a cone angle ¢ = 20° with z =/, and compare
dimensionless values of 7.3 /T.

9-23". Make a comparison study of the torsion of a conical shaft given in Example 9-7 with
corresponding results from mechanics of materials. First develop the 7, shear stress
relations for each theory, and then make a comparison plot of the maximum section
shear stress (normalized by the torque, T) for the case with cone angle ¢ = 30° over the
range 4 < z < 10.

9-24. Determine the displacement field for the flexure problem of a beam of circular section
given in Example 9-8. Starting with the stress solution (9.9.9), integrate the strain-
displacement relations and use boundary conditions that require the displacements and
rotations to vanish at z = 0. Compare the elasticity results with strength of materials
theory. Also investigate whether the elasticity displacements indicate that plane
sections remain plane.

9-25. Make a comparison of theory of elasticity and strength of materials shear stresses for
the flexure of a beam of rectangular section from Example 9-9. For each theory,
calculate and plot the dimensionless shear stress t,.(0, y)b2 /P versus y/b for an aspect
ratio b/a = 1.

9-26. Solve the flexure problem without twist of an elastic beam of elliptical section as shown
in Figure 9-7 with P, = P. Show that the stress results reduce to (9.9.9) for the circular
case with a = b.
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10

Complex Variable Methods

10.1

Complex variable theory provides a very powerful tool for the solution of many problems in
elasticity. Such applications include solutions of the torsion problem and most importantly the
plane problem discussed in Chapters 7 and 8. The technique is also useful for cases involving
anisotropic and thermoelastic materials, and these are discussed in subsequent chapters.
Employing complex variable methods enables many problems to be solved that would be
intractable by other schemes. The method is based on the reduction of the elasticity boundary-
value problem to a formulation in the complex domain. This formulation then allows many
powerful mathematical techniques available from complex variable theory to be applied to the
elasticity problem. Such applications were originally formulated by Kolosov (1909), and
additional Russian researchers further expanded the use of this technique. Comprehensive
texts on this solution method include Muskhelishvili (1953, 1963), Milne-Thomson (1960),
Green and Zerna (1968), and England (1971). Additional briefer sources of information can
also be found in Sokolnikoff (1956) and Little (1973). The purpose of this chapter is to
introduce the basics of the method and to investigate its application to particular problems
of engineering interest. We shall first briefly review complex variable theory to provide a
general background needed to develop the elasticity solutions. Further and more detailed
information on complex variables may be found in the mathematical texts by Churchill
(1960) or Kreyszig (1999).

Review of Complex Variable Theory

A complex variable z is defined by two real variables x and y in the form

z=x+1y (10.1.1)
where i = v/ —1 is called the imaginary unit, x is known as the real part of z, that is, x = Re(z),
while y is called the imaginary part, y = Im(z). This definition can also be expressed in polar

form by

z=r(cos0 +isin0) = re (10.1.2)
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FIGURE 10-1  Complex plane.

where r = /x2 + y? is known as the modulus of z and 6 = tan~!(y/x) is the argument. These
definitions may be visualized in a plot of the complex plane, as shown in Figure 10-1 where the
variable z may be thought of as a point in the plane, and definitions of r and 0 have obvious
graphical meaning. Because a complex variable includes two quantities (real and imaginary
parts), it can be used in a similar fashion as a two-dimensional vector with x and y components.
This type of representation is used in several places in our plane elasticity applications. The
complex conjugate 7 of the variable z is defined by

z=x—iy=re " (10.1.3)

It should be apparent that this quantity is simply a result of changing the sign of the imaginary
part of z, and in the complex plane (see Figure 10-1) is a reflection of z about the real axis. Note

that r = \/zz.
Using the definitions (10.1.1) and (10.1.3), the following differential operators can be

developed
0_0, 0 0 (0 0
Ox 0z 0z° Oy \0z Oz
0 _1(0_ 0\ 9 _1(0 0
9: 2\ax 'ay) 8z 2\ox oy

Addition, subtraction, multiplication, and division of complex numbers z; and z, are defined by

(10.1.4)

z1 4+ 22 = (01 +x2) +i(y1 +y2)
71—z = () —x2) +i(y1 — y2)

712 = (01%2 — y1y2) + i(y1x2 + x1y2) (10.1.5)
i _ Xty Xty ik — Xiys
. Xty X3+ y3 x5+ 3
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A function of a complex variable z may be written as

@ =fx+iy) = ux,y) + iv(x,y) (10.1.6)

where u(x,y) and v(x,y) are the real and imaginary parts of the complex function f{(z). An
example of this definition is given by

f@) =az+ bz? = a(x + iy) + b(x + iy)2 = (ax + bx* — byz) + i(ay + 2bxy)

thus u(x,y) = ax + bx*> — by? and v(x,y) = ay + 2bxy, where we have assumed that a and b
are real constants.
The complex conjugate of the complex function is defined by

@) =f@ = ulx,y) — iv(x,y) (10.1.7)
and thus for the previous example of f(z) = az + bz?

f@) = (az + bz2) = az + bZ*
= a(x — iy) + b(x — iy)?
= (ax + bx> — by*) — i(ay + 2bxy)

Differentiation of functions of a complex variable follows the usual definitions. Let f{z) be a
single-valued continuous function of z in a domain D. The function f'is differentiable at point
z, in D if

'(Zo + AZ) _f(zo))

oy i [
[z0) = A{}%( e (10.1.8)

exists and is independent of how Az — 0. If the function is differentiable at all points in a
domain D, then it is said to be holomorphic, analytic, or regular in D. Points where the
function is not analytic are called singular points.

Using the representation (10.1.6) with differential relations (10.1.4), the derivative of f can
be expressed by

oy O s L (Ou dvy 1[0y Ou
F@=gurm=1a"a) " 2\a o (10.1.9)

Because the derivative limit must be the same regardless of the path associated with 4z — 0,
relation (10.1.9) must be valid for the individual cases of Ax = 0 and Ay = 0, and thus

poy 1 ou 1 /oy _l @ l _@
f(z)’§($>+’5<§>72(6y>+l2< 8y) (10110

Equating real and imaginary parts in relations (10.1.10) gives

Ou Ov Ou  Ov

— =, —=—— 10.1.11
Ox 0Oy’ 0Oy Ox ( )
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which are called the Cauchy-Riemann equations. In polar coordinate form, these relations may
be written as

8u_18v 1814_ ov

—=——, —— = —— 10.1.12
ar rof’ rof or ( )

Note that by simple differentiation of these relations, it can be shown that
Viu=0, V’v=0 (10.1.13)

and thus the real and imaginary parts of any analytic function of a complex variable are
solutions to Laplace’s equation and are thus harmonic functions. It can also be observed that
relations (10.1.11) allow the differential of u to be expressed in terms of the variable v, that is,

ou ou v v
et —dy = —dx — — 10.1.14
du 8xdx+(9y dy aydx 8Xdy 10 )

and so if we know v, we could calculate u by integrating relation (10.1.14). In this discussion,
the roles of u and v could be interchanged, and therefore if we know one of these functions, the
other can be determined. This behavior establishes u and v as conjugate functions.

Next consider some concepts and results related to integration in the complex plane shown
in Figure 10-2. The line integral over a curve C from z; to z; is given by

J f(z)dz = J (u + v)(dx + idy) = J ((udx — vdy) + i(udy + vdx)) (10.1.15)
c c c

VA

Zy

FIGURE 10-2 Contour in the complex plane.

Using the Cauchy-Riemann relations, we can show that if the function f is analytic in a region
D that encloses the curve C, then the line integral is independent of the path taken between the
end points z; and z,. This fact leads to two useful theorems in complex variable theory.

Cauchy Integral Theorem: If a function f(z) is analytic at all points interior to and on a
closed curve C, then
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f’; f@dz=0 (10.1.16)
C

Cauchy Integral Formula: Iff(z) is analytic everywhere within and on a closed curve C,
and if z, is any point interior to C, then

[ fG)

2ni ez — 2z,

fz,) = dz (10.1.17)

The integration over C is to be taken in the positive sense with the enclosed region to the left as
the curve is traversed. Notice that the Cauchy integral formula provides a method to express
the value of an analytic function at interior points of a domain in terms of values on the
boundary.

It is often convenient to express functions of a complex variable in a power series. If f{z) is
analytic at all points within a circle C with center at z = a, then at each point inside C the
function admits the Taylor series expansion

ARG

n!

f@O=f@+f(@z—a)+- -+ z—a) + - (10.1.18)

about point z = a. For the special case where a = 0, the representation is referred to as the
Maclaurin series. These results are useful for expansions in interior regions. A generalization
of series representations for an annular region also exists. If f{z) is analytic on two concentric
circles Cy and C; and throughout the region between these circles (C; > C»), then the function
may be expressed by the Laurent series

= A —a + 3B (10.1.19)
z) = 2(z—a m 1.
. n=0 n:l(Z_a)
where
1
,,Iz—fi; %dz, I’l:O,l,Z,"'
Tl —
L : fz(z) (10.1.20)
n:—xf =12,
27'El.C2 (Z_Z()) ks

Recall that points where a complex function is not analytic are called singular points or
singularities. We now wish to discuss briefly one particular type of singularity called a pole.
If f(z) is singular at z = a, but the product (z — a)"f(z) is analytic for some integer value of 7,
then f{z)is said to have a pole of order n at z = a. For this case, the analytic product form can be
expanded in a Taylor series about z = a,

C—a)'f() =) A —a)

k=0
1 g

A= aE

{z— a)"f(Z)}'

z=a

Rewriting this series for f{z)
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) _ Nk
fo=Y A=Y
k=0

(z—a)

Integrating this expression around a closed contour C that encloses the point a and using the
Cauchy integral formula reduces the right-hand side to a single term

% f(2)dz = 2miA,—
c

The quantity A, is called the residue of f(z) at the pole z = a, and this result would allow
the calculation of the integral by knowing the residue of the pole inside the contour C. Thus, if
f(z) is analytic except for a pole of order n at z = a in a region enclosed by an arbitrary contour
C, then the integral of f{z) around C is given by

dn—l

[ J o1 n
f’jc f(2)dz = 2mi [WW {z—a)f(2)}

} (10.1.21)

If more than one pole exists in the domain enclosed by C, then the integral is evaluated using
relation (10.1.21) by including the summation of the residues of all poles in the domain. This
procedure is called the calculus of residues and is useful to evaluate complex integrals. Using
this scheme along with the Cauchy integral formula, the following useful integral relation may
be developed

| I . (0. n>0
L S e 10.1.22
2m£§"(§—z) ¢ {1, n=0 ( )

where C is the contour around the unit circle and z is inside the circle.

Another type of nonanalytic, singular behavior involves multivalued complex functions.
Examples of such behavior are found in the functions z!/2 and log z. Consider in more detail
the logarithmic function

logz = log (re’) = log r + i0

It is observed that this function is multivalued in 0. This multivaluedness can be eliminated by
restricting the range of 0 to —n < 0 < 7, and this results in the principal value of log z. For this
case, the function is single-valued at all points except for the origin and the negative real axis.
The origin is then referred to as a branch point, and the negative real axis is a branch cut. By
restricting the function to the domain » > 0 and —n < 0 < 7, the singular behavior is avoided,
and the function is analytic in the restricted range. Because of the common occurrence of
functions involving W and log, branch points and branch cuts are present in many
applications in elasticity.

Consider next the issue of the connectivity of the plane domain. Recall that a simply
connected region is one where any closed curve can be continuously shrunk to a point without
going outside the region, and for two dimensions this simply means a region with no holes in it.
Figure 10-3 illustrates a multiply connected region D with several internal boundaries L;. It can
be shown that analytic functions in such multiply connected regions need not be single-valued.
Note, however, that such regions can be made simply connected by making appropriate cuts
joining each of the internal boundaries with the outer boundary.
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FIGURE 10-3 Multiply connected domain.

The final topic in our complex variable review involves the powerful method of conformal
transformation or mapping. This transformation concept provides a convenient means to find
elasticity solutions to interior and exterior problems of complex shape. The concept starts with
a general relationship between two complex variables z and ,

z=w(), { =f(2) (10.1.23)

The transformation w is assumed to be analytic in the domain of interest, and this establishes a
one-to-one mapping of points in the {-plane to points in the z-plane as shown in Figure 10-4.
Thus, the region R is mapped onto the region D by the relation { = f(z). The term conformal is
associated with the property that angles between line elements are preserved under the
transformation.

YA
r]k
z=w({)
‘/{;(z)\\
:X > 5

z-plane {-plane

FIGURE 10-4 Conformal mapping.

Many plane elasticity problems rely on solutions related to the unit circle, and thus the
conformal mapping of a region R in the z-plane into a unit circle in the {-plane is commonly
used. This case is shown in Figure 10-5. The particular transformation that accomplishes this
mapping is given by the following:

Complex Variable Methods 265



z=> alt (10.1.24)
k=0

where the constants ¢; would be determined by the specific shape of the domain R. Another
useful transformation is that which maps the exterior of region R into the unit circle, and this is
of the form

zZ =

| O

+) alt (10.1.25)
k=0

where as before the constants C and ¢; would be determined by the shape of R. Other special
mappings are presented as this theory is applied to specific elasticity problems in later sections.
A large number of conformal mappings have been developed for various applications in many
branches of engineering science; see, for example, Kober (1952).

z=w?)
¢=fz) ™

z-plane {-plane

FIGURE 10-5 Conformal mapping of a region onto the unit circle.

10.2 Complex Formulation of the Plane Elasticity Problem

The general plane problem of elasticity formulated in Chapter 7 establishes the two theories of
plane strain and plane stress. Although each case is related to a completely different two-
dimensional model, the basic formulations are quite similar, and by simple changes in elastic
constants, solutions to each case were shown to be interchangeable (see Table 7-1).

The basic equations for plane strain include expressions for the stresses

ou Ov du
Gx—/l(a-f—a—y)-f—zﬂa
ou Ov v
=t )+ ou— 2.
oy Maer(?y)Jr 'uay (10.2.1)
s
Ty = K dy Ox

while the Navier equations reduced to
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uNViu+ A+ Vv -u) =0 (10.2.2)

where the Laplacian is given by V? = (), + ( )yy» With subscripts representing partial differ-
entiation. For both plane strain and plane stress with zero body forces, the stresses were
expressed in a self-equilibrated form using the Airy stress function ¢

¢ ¢ ¢
x = B = s Ixyy = — 3 4 10.2.
7 0y? T T Oxdy (10.2.3)

and from the compatibility relations, ¢ satisfied the biharmonic equation
V4¢ = qsxxxx + 2¢x,kyy + ()byyyy =0 (1024)

Thus, the stress formulation to the plane problem reduced to solving the biharmonic equation.

We now wish to represent the Airy stress function in terms of functions of a complex
variable and transform the plane problem into one involving complex variable theory. Using
relations (10.1.1) and (10.1.3), the variables x and y can be expressed in terms of z and z, and
thus functions of x and y can be expressed as functions of z and z. Applying this concept to the
Airy stress function, we can write ¢ = ¢(z,z). Repeated use of the differential operators
defined in equations (10.1.4) allows the following representation of the harmonic and bihar-
monic operators:

240
208 4y _
V=0 74—8262’ Vi) =16

0
022072

(10.2.5)

Therefore, the governing biharmonic elasticity equation (10.2.4) can be expressed as

e
9707 (10.26)
Integrating this result yields
o ‘)—l( @) +2)(2) + 1) + 1)
2.2) =5 (2@ + 2y + 2() + 2 (10.2.7)

= Re(zy(2) + 2(2))

where y and y are arbitrary functions of the indicated variables, and we have invoked the fact
that ¢» must be real. This result demonstrates that the Airy stress function can be formulated in
terms of two functions of a complex variable.

Following along another path, we consider the governing Navier equations (10.2.2) and
introduce the complex displacement U = u + iv to get
d (oU OU >’U
(i—}—u)a—Z(E—i-E) 2/1@—0 (10.2.8)

Integrating this expression yields a solution form for the complex displacement

2uU = 1y(z) — 2y'(z) — Y(2) (10.2.9)
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where again y(z) and Y(z) = y/(z) are arbitrary functions of a complex variable and the
parameter x depends only on Poisson’s ratio v

3 — 4v, plane strain

K=4(3_yp (10.2.10)
——, plane stress
14+v

Result (10.2.9) is the complex variable formulation for the displacement field and is written in
terms of two arbitrary functions of a complex variable.
Using relations (10.2.3) and (10.2.7) yields the fundamental stress combinations

oy +0y= 2(7),(2) + m)

10.2.11
oy — 0y + 2ity, = 2(2)"(2) + ' (2)) ( )

By adding and subtracting and equating real and imaginary parts, relations (10.2.11) can be
easily solved for the individual stresses (see Exercise 10-5). Using standard transformation
laws (see Exercise 3-3), the stresses and displacements in polar coordinates can be written as

0, + 09 =0yx+0,

o9 — 0, + 2it,g = (0, — 0, + 2irxy)e2i9 (10.2.12)

u, + iug = (u + iv)efm

From the original definition of the traction vector, we can express these components as

d dx d [0
TY = oxne + Ty = Gyne — pyny = = ¢ N <7¢)

Vs T s ds \ Oy (10.2.13)
Tn_ + __¢ +¢ __(bd_y_'_d)% —_i% -
y T Tl T Oy = TP e T Qully = Vds  ™ds) T ds \ Ox
and thus
i =4 (90 _ 00\ __;d (00 09
Y ds\ Oy Ox ds\Ox Oy (10.2.14)

if@@+ww+wm

s

Therefore, we have demonstrated that all of the basic variables in plane elasticity are express-
ible in terms of two arbitrary functions of a complex variable. These two functions y(z) and
Y(z) are commonly referred to as the Kolosov-Muskhelishvili potentials. The solution to
particular problems is then reduced to finding the appropriate potentials that satisfy the
boundary conditions. This solution technique is greatly aided by mathematical methods of
complex variable theory.
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EXAMPLE 10-1: Constant Stress State Example

Consider the complex potentials y(z) = Az, Y(z) = Bz, where A and B are complex
constants. We wish to determine the stresses and displacements and explicitly show that
this example corresponds to a uniform stress field. Using the stress combinations (10.2.11),

o+ 0y, =2(7'(2) +7'(2)) = 2(A + A) = 4ReA = 4Ag
oy — 0y + 2ityy, = 2(2)"(2) + Y/ (2)) = 2B = 2(Bg + iB))

Equating real and imaginary parts in the second relation gives

oy — 0y =2Bp

‘Exy = B[
and this allows the individual stresses to be calculated as

Oy = 2AR —BR, oy = 2AR +BR, Ty :B1

o
xy?

If these stresses are to be a uniform state ¢, = 69, g, = 07, T,, = 1y, then the con-

stants must take the form

0 0 0 0
A _ax—l—ay B 0y — 0, B — 1
R=— » BR="5  bi=1y

Note that the imaginary part of A is not determined by the stress state.
The polar coordinate stresses can easily be calculated by using relation (10.2.12)

o, + 09 = 4Ap
o9 — o, + 2it,g = 2(Bg + iB;)em = 2(Bg + iB;)(cos 20 + isin 20)

Again separating and equating real and imaginary parts gives the individual stresses

0, = 2Ar — Bp cos 20 + B; sin 20
09 = 2Ar + Br cos 20 — B; sin 20
7,0 = Bg sin 20 + B; cos 20

Finally, the displacements follow from equation (10.2.9)

2u(u + iv) = KAz — zA — Bz = k(Ag + iA)(x + iy)
— (v +iy)(Ag —iAp) — (Br — iBp)(x — iy)

Equating real and imaginary parts, the individual components can be determined as
1
u= Z[(AR(K — 1) = Bg)x + (Br — Aj(x + 1) )yl

1
v = ﬂ[(A'(K + 1)+ Bpx + (Ag(x — 1) + Br)y]
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10.3 Resultant Boundary Conditions

The final formulation step in the complex variable approach is to develop expressions to
handle general resultant boundary conditions, and this involves methods to determine the
resultant force and moment acting on arbitrary boundary segments. Consider the boundary
segment AB for an interior simply connected domain problem shown in Figure 10-6. The
resultant force components produced by tractions acting on this segment may be expressed in

complex form as

B
Fy+iFy = J (T + iT")ds
A

B - 10.3.1
= —iJ d[y(z) + zy'(z) + Y (2)] ( )
A

=~ + 2@ + YOI
Again, the direction of the boundary integration is always taken to keep the region to the left.

Similarly, the resultant moment M with respect to the coordinate origin is given by

B
M = J T, — yT)ds
L

__ [Ij [xd (%) +yd (%)] (103.2)

R R
[y, o

= Rely(2) — 2(2) — 22/ ()]}

where ¥'(z) = Y(2).

Y

FIGURE 10-6 Resultant boundary loading.
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10.4 General Structure of the Complex Potentials

It has now been shown that the solution to plane elasticity problems involves determination of
two complex potential functions y(z) and (z). These potentials have some general properties
and structures that we now wish to investigate. First, by examining relations for the stresses
and displacements, a particular indeterminacy or arbitrariness of the potentials can be found.
From the first stress relation in set (10.2.11), it is observed that an arbitrary imaginary constant
iC may be added to the potential 7'(z) without affecting the stresses. From the second stress
relation (10.2.11),, an arbitrary complex constant can be added to the potential y/(z) without
changing the stresses. These two observations indicate that without changing the state of stress,
a new set of complex potentials y*(z) and /" (z) could be written as

Y2 =7y() +iCz+ A

V(@) =) +B (10.4.1)

Using these new forms in relation (10.2.9) yields a displacement field that differs from the
original form by the terms

2uU* —U) = (k+ 1)iCz+ kA — B (10.4.2)

These difference terms correspond to rigid-body motions (see relations (2.2.9)), and thus as
expected the stresses determine the displacements only up to rigid-body motions.

Particular general forms of these potentials exist for regions of different topology. Most
problems of interest involve finite simply connected, finite multiply connected, and infinite
multiply connected domains as shown in Figure 10-7. We now present specific forms for each
of these cases.

I

| )
/ \
[ |
! 1
o
| |
v 1
! 1

1

\

57) | 0

(a) Finite Simply Connected (b) Finite Multiply Connected  (c) Infinite Multiply Connected

FIGURE 10-7 Typical domains of interest.

10.4.1 Finite Simply Connected Domains
Consider the finite simply connected region shown in Figure 10-7(a). For this case, the

potential functions y(z) and y/(z) are analytic and single-valued in the domain and this allows
the following power series representation
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0
V(Z) = Z anzn
n=0

~ (10.4.3)
Yo =Y b
n=0

where a, and b, are constants to be determined by the boundary conditions of the problem
under study.

10.4.2 Finite Multiply Connected Domains

For the general region shown in Figure 10-7(b), it is assumed that the domain has & internal
boundaries as shown. For this topology, the potential functions need not be single-valued, as
can be demonstrated by considering the behaviors of the stresses and displacements around
each of the n contours C; in region R. For the present case, we shall limit the problem and
assume that the displacements and stresses are continuous and single-valued everywhere.
Multivalued displacements lead to the theory of dislocations, and this is discussed at a later
stage in Chapter 15. The resultant force on a typical internal boundary C; may be determined
by using relation (10.3.1)

Fr=X, +iY; = {Q (T} + iT})ds = ily(2) + 27'G) + Y@, (10.4.4)
Ci

where [f(z,2)]¢, is referred to as the cyclic function of f and represents the change of the
function f around closed contour Cy. Note that in relation (10.4.4), the internal boundary circuit
C is traversed with the region on the left, thus leading to a clockwise circuit and a change of
sign from relation (10.3.1). Of course, the cyclic function of a single-valued expression is zero,
and further details on properties of cyclic functions may be found in Milne-Thomson (1960).
Because the resultant force on a given internal boundary will not necessarily be zero, the cyclic
function on the right-hand side of relation (10.4.4) should properly produce this result.
Therefore, the potential functions y(z) and y/(z) must have appropriate multivalued behavior.
It can be shown that the logarithmic function previously discussed in Section 10.1 can provide
the necessary multivaluedness, because

[log (z — zi)l¢, = 2mi (10.4.5)

where z; is a point within the contour Cy and the cyclic evaluation is taken in the counterclockwise
sense for the usual right-handed coordinate system with 6 measured counterclockwise. Including
such logarithmic terms for each of the two complex potentials and employing (10.4.4) for all
contours within the region R in Figure 10-7(b) develops the following general forms:

n Fk i
7(2) = —;mlog(zfzk)w (2)
- (10.4.6)

n

_ K?Fk *
Y(z) = ;mlog (z—z) + (@)

where F) is the resultant force on each contour Cy, 7*(z) and *(z) are arbitrary analytic
functions in R, and « is the material constant defined by (10.2.10).
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10.4.3 Infinite Domains

For the region shown in Figure 10-7(c), the general form of the potentials is determined in an
analogous manner as done in the previous case. The logarithmic terms in (10.4.6) may be
expanded in the region exterior to a circle enclosing all m contours Cy to get

1 /22
log(z—zk):logz+log(1—z—k) =logz — (214_7(@) +>
z z  2\z

= logz + (arbitrary analytic function)

Combining this result with the requirement that the stresses remain bounded at infinity gives
the general form for this case

.- z b LT

'y = e TaE— gZ —Z 'J) 4
o (lf <) 4 (10.4.7)
B KZFk | a} -0y —|—21‘r »

Y(z) = 2(1+ )ogz+ 7 24+ Y (2)

where ¢7°, o°

v » and 777 are the stresses at infinity and y**(z) and Y**(z) are arbitrary analytic
functions outside the reglon enclosing all m contours. Using power series theory, these analytic

functions can be expressed as

o0
V**(Z) _ Zanzfn
n=1
o0
V@ =Y b
n=1

An examination of the displacements at infinity would indicate unbounded behavior unless all
stresses at infinity vanish and XF; = XF; = 0. This fact occurs because even a bounded strain
over an infinite length will produce infinite displacements. Note that the case of a simply
connected, infinite domain is obtained by dropping the summation terms in (10.4.7).

(10.4.8)

10.5 Circular Domain Examples

We now develop some solutions of particular plane elastic problems involving regions of a
circular domain. The process starts by developing a general solution to a circular region with
arbitrary edge loading as shown in Figure 10-8. The region 0 < r <R is to have arbitrary
boundary loadings at » = R specified by g, = f1(0) 7,0 = —f2(0), which can be written in
complex form as

f=HO)+ifr0) = 0, — itg],_g (10.5.1)

The fundamental stress combinations and displacements in polar coordinates were given in
relations (10.2.12). The tractions given by (10.2.14) may be expressed in polar form as

o d B
T+ iy = —i— (1@ + 2@ + ¥ (@), & (10.5.2)
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f1(0)

FIGURE 10-8 Circular disk problem.

Integrating this result around the boundary r = R (ds = Rd0) gives
iJ(T; +iT)DRAO = ((2) + 2)/@) + YD) |, = ¢ (10.5.3)

where the boundary function g depends only on 0. Using general form (10.4.3) for the complex
potentials, the stress resultant becomes

o, — ity =7 @)+ 7@ — [y @) + ¥/ ()]

= Xj(a,,nz”*1 +anz’ ' — zanin — D" + b,,nz"il])
n=l N (10.5.4)
=a; +a + Z( — lage1 (K — Dr* + by (k — Dr* 21
=1

+ Gy (k + ke )

This relation can be recognized as the complex Fourier series expansion for ¢, — it,9. On
the boundary r = R, the complex boundary-loading function f can also be expanded in a
similar Fourier series as

fO) = Ce
k=*°;n (10.5.5)
Cy lj F©)e ™ do

:ﬂo

Matching (10.5.4) with (10.5.5) on the boundary and equating like powers of exponentials of 0
yields the system

274
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a; +a; = C, =2Re(ay)
a1 (k+ DR = C_y, (k > 0) (10.5.6)
a1 (F — DR + by (k — DRF2 = Gy (k> 0)

Equating real and imaginary parts in relations (10.5.6) generates a system of equations to
determine the constants a; and b;. This solution is essentially the same as the Michell solution
previously discussed in Section 8.3. Note that the annulus (r; <r <r,) and the exterior
(r > R) domain problems may be solved in a similar fashion.

This solution scheme then only duplicates previous methods based on Fourier analysis.
A more powerful use of complex variable techniques involves the application of Cauchy
integral formulae. In order to discuss this method, consider again the circular region with unit
boundary radius. Relation (10.5.3) becomes

@+ +¥@) .o =¢ (10.5.7)

where { = z|,_, = ¢ and { = ¢ = 1/{. Multiplying (10.5.7) by 1/2mi ({ — z) and integrat-
ing around the boundary contour C (r = 1) yields

) /(C)
— d¢ +
miJel =z ct- (10.5.8)
s jgw@ - g(é) P
2ni Jo{—z 2m cl—z

Using the Cauchy integral formula, the first term in (10.5.8) is simply y(z). Using the general
series form (10.4.3) for the potentials and employing the integral formula (10.1.22), the
remaining two terms on the left-hand side of (10.5.8) can be evaluated, and the final result
reduces to

g(¢ )
(-

92) + arz + 2a + y(0) = 5 3& (10.5.9)

We also find that a, = 0 for n > 2, and so y(z) = a, + a,z + a»z%. These results can be used to
solve for the remaining terms in order to determine the final form for the potential y(z). Using a
similar scheme but starting with the complex conjugate of (10.5.7), the potential /(z) may be
found. Dropping the constant terms that do not contribute to the stresses, the final results are
summarized as

72 =~ zfi;cég(—o di—ayz,  aita =5 fi;gg) dg

6) V(@) | a
llj()imei;C zg TJr?

Note that the preceding solution is valid only for the unit disk. For the case of a disk of radius
a, the last two terms for y(z) should be multiplied by 4.
We now consider a couple of specific examples using this general solution.

(10.5.10)

Complex Variable Methods 275



EXAMPLE 10-2: Disk Under Uniform Compression

Consider the case of uniform compression loading of the circular disk, as shown in
Figure 10-9.

FIGURE 10-9 Disk under uniform compression.
The boundary tractions for this case become
T + iT}’f = (0, + it,9)e"’ = —peie
and thus the boundary-loading function defined by (10.5.3) reduces to

0 0
= iJ(T; +iT))d0 = —i Jpeiedﬂ = —pe' = —p¢
0 0

Substituting into relation (10.5.10); gives

. ,
2(2) = fﬁ;ide —ai;z=—pz—az
2ni J { —
c (10.5.11)
a, +a; = —Lﬂ;]—?dé =
! ! 27i |
C

Finally, substituting these results into relation (10.5.10), gives the result for the second
potential function

1 p ptai  a
d —=0 10.5.12
2711{)((4 z) CF z z ( )

C

Y(2) =
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EXAMPLE 10-2: Cont'd

With the potentials now explicitly determined, the stress combinations can be
calculated from (10.2.11) and (10.2.12), giving

o,+09g=2(—p—a—p—a)=-2p
op — o, +2it9=0

Separating the real and imaginary parts gives individual stresses
o, =09g=—p, T,9=0 (10.5.13)

Of course, this hydrostatic state of stress is the expected result that is easily verified as a
special case of Example 8-6.

EXAMPLE 10-3: Circular Plate with Concentrated
Edge Loading

Consider next the circular plate of radius @ under symmetric concentrated edge loadings
F, as shown in Figure 10-10.

FIGURE 10-10 Circular plate with edge loading.

For this case, the boundary condition on |z| = a ({ = ae'’) may be expressed as

Fe™ *5(07a)+Fe

a a

o0 —m—o) (10.5.14)

o, + iTrH =

The expression () is the Dirac delta function, which is a special defined function that is zero
everywhere except at the origin, where it is singular and has the integral property
j:l 2SS — dx = f(&) for any parameter d and continuous function f. Using this
representation, the resultant boundary-loading function can be expressed as

o 0,0<0<u
g:iJ(T;:JriT;)adOZ {if, a<0<m—u (10.5.15)
0 0, t—a<0<2n

Continued

Complex Variable Methods 277



EXAMPLE 10-3: Circular Plate with Concentrated
Edge Loading-Cont'd

Thus, using the general solution (10.5.10) then gives

ael™=

+ B F Jae:(na) dé F 1 F
a+a =— —=— =—cosa
T T ) 2 2n{ na
el
and the expressions for the potential functions then become
aellﬂiz) dC F i(m—o)
=— —aiz=—1 — 2)|Gein
7@ 2n Leu (—z Mz=on 08 €=
B F los(? + qe” i -
—a;z=—log|l ———) —a
> & z — ae™ 1
F z+ae ™ Fa’cosa a+a ,
=——Io . . . a 10.5.16
Ve 27 & ( z — ae'* ) nz(z + ae ") (z — ae*) z ( )

The stress resultant then becomes

or+00=2(y(+7@)
_ 2Facosa 1 n 1 i (10.5.17)
B (z + ae=®)(z — ae™)  (Z+ ae™)(z — ae™™)  a?

T

Note that for the case with o = 0 (diametrical compression), we get

2Fa { ! ! 1] (10.5.18)

arto=nto=-—r o ate-a 2

which was the problem previously solved in Example 8-10, giving the stresses specified
in relations (8.4.69). Solutions to many other problems of circular domain can be found
in Muskhelishvili (1963), Milne-Thomson (1960), and England (1971).

10.6 Plane and Half-Plane Problems

Complex variable methods prove to be very useful for the solution of a large variety of full-
space and half-space problems. Full-space examples commonly include problems with various
types of internal concentrated force systems and internal cavities carrying different loading
conditions. Typical half-space examples include concentrated force and moment systems
applied to the free surface and indentation contact mechanics problems where the boundary
conditions may be in terms of the stresses or displacements, or of mixed type over a portion of
the free surface. This general class of problems involves infinite domains and requires the
general solution form given by (10.4.7).
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EXAMPLE 10-4: Concentrated Force-Moment System
in an Infinite Plane

We now investigate the elasticity solution to the full plane with a concentrated force and
moment acting at the origin, as shown in Figure 10-11.

Using the general potential solutions (10.4.7) with no stresses at infinity, we choose
the particular form

= X,
T 271 + 1) ¢ . (10.6.1)
o KD M

27(1 + x) 08 27z

The stress combinations become

— 1 X+iY X-—-iY
o 0y, =2(y@+7() = ( Rl + l)

Z Z
X+i¥ z k(X—iV)l M

ml+wz2  a(l+x)z n?

D) (10.6.2)

ay = 0x + 2ity, = 2(5)"@) + Y (2) =
while the resulting displacements are

20U = ky(z) — 27 (2) — ¥(2)
KX +1iY) X—iY z iM (10.6.3)

— 22T logz)+ > % 2, "W
(1 1) J08F T l0eD) o e

Using relations (10.3.1) and (10.3.2), the resultant force and moment on any internal
circle C enclosing the origin is given by

y
A
/” ‘\\\
f bN
/ \
/ \
[ A
[ \
v LAY A
T |
\ P 1
' l
, N\ X !
7 > >
[ | X
[ \
v = )
8 M 1
X 1
v 1
! /
\ 7
X ’
A 7
< ;

FIGURE 10-11 Concentrated force system in an infinite medium.

Continued
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EXAMPLE 10-4: Concentrated Force-Moment System
in an Infinite Plane-Cont’'d

}(Tg +iTds = i[)(2) + 27 @ + Y@le = X +iY
C

(10.6.4)
i;(xT}’ —yT)ds = —Re [1(z) — 2y(2) — 22)'(D)lc = M
C

Note that appropriate sign changes have been made as a result of integrating around an
internal cavity in the clockwise sense. Thus, the proper resultant match is attained with
the applied loading for any circle, and in the limit, as the circle radius goes to zero, the
concentrated force system in the problem is realized.

For the special case of X = P and Y = M = 0, the stresses reduce to

Px X2
= 4= -1
= T ra el
Px X2
— 4 — 10.6.5
= iy T TR (106
P 2
J Y —3—xk], P =x"+y

= 47
W At 2

EXAMPLE 10-5: Concentrated Force System on the Surface
of a Half Plane

Consider now the half plane carrying a general concentrated force system on the free
surface, as shown in Figure 10-12. Recall this Flamant problem was previously solved
using Fourier methods in Example 8-8 (Section 8.4.7).

Following the solution pattern from Example 10-4, the complex potentials can be
written as

(10.6.6)

The stress combinations then become

X+iY X-iY
1Jr Zz)

—— 1
0+ 00 =20/ +7E = ( —

) (X+iYz X—-iYl1l
00 — 0, + 2it,9 = 267" (2) + ¥/ (2)] = 262’0( ;[l 212 27_[1 E)

which can be reduced to

2 .
o, +09g=——Xcosl + Ysin0)
w (10.6.7)

2
o9 — 0, + 2it,9g = — (X cos 0 + Y sin0)
nr
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EXAMPLE 10-5: Cont’d

b
AN

FIGURE 10-12 Concentrated force system on a half space.

Solving for the individual stresses gives

2" (X cos 0 + Y sin 0)

0, =——
T

(10.6.8)
o9 =T,0 = 0

This result matches with our previous solution to this problem in Example 8-8; see
relations (8.4.34). Again, it is somewhat surprising that both ¢y and 7,9 vanish even
with the tangential surface loading X.

The boundary condition related to the concentrated force involves integrating the
tractions around the contour C (a semicircle of arbitrary radius centered at the origin) as
shown in Figure 10-12. Thus, using (10.4.4)

fi;(T,’: +iT))ds = i[y(z) + 2 (2) + y(D)]c = X +iY
C

which verifies the appropriate boundary condition. By using the moment relation (10.3.2),
it can also be shown that the resultant tractions on the contour C give zero moment.

For the special case X = 0 and Y = P, the individual stresses can be extracted from
result (10.6.8) to give

2P
0, =——sinf, og=1,9=0 (10.6.9)
nr

Again, this case was previously presented in Example 8-8 by relation (8.4.35).

By employing analytic continuation theory and Cauchy integral representations, other more
complicated surface boundary conditions can be handled. Such cases typically arise from contact
mechanics problems involving the indentation of an elastic half space by another body. Such a
problem is illustrated in Figure 10-13, and the boundary conditions under the indenter could
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FIGURE 10-13 Typical indentation problem.

involve stresses and/or displacements depending on the contact conditions specified. These
problems are discussed in Muskhelishvili (1963), Milne-Thomson (1960), and England (1971).

EXAMPLE 10-6: Stressed Infinite Plane with a Circular Hole

The final example in this section is a full plane containing a stress-free circular hole,
and the problem is loaded with a general system of uniform stresses at infinity, as
shown in Figure 10-14. A special case of this problem was originally investigated in
Example 8-7.

The general solution form (10.4.7) is again used; however, for this problem the terms
with stresses at infinity are retained while the logarithmic terms are dropped because the
hole is stress free. The complex potentials may then be written as

o 4+ o° o0
o) =—— 2 L) apr
n=1
10.6.10
0y — oy + 2ty < ( )
lﬁ(z):fz—s— g b,z"

Using relation (10.5.4), the stress-free condition on the interior of the hole may be
written as

(0, —it10),_y = (Y@ +7@ — 12" @) + ¥'(2)]),_,= 0 (10.6.11)

Substituting the general form (10.6.10) in this condition gives

00 00 00 00 : 00
o + oy o oy +2ityy 20
2 2
00
_ Z( — [nan(e(n+l)l{‘) + ef(nJrl)l() + (l’l + 1)67(n+l)1()) _ nbnef(nfl)l(?]>
a
n=1
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EXAMPLE 10-6: Cont'd
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FIGURE 10-14 Stress-free hole under general far-field loading.

Equating like powers of ¢ gives relations for the coefficients a, and b,

o — g% 4 2it%°
#a{ a,=0n>2)

2 (10.6.12)
o +o,

b = —#02, by =0, by = d*ay, b, =0 (n>4)

a) = —

The potential functions are now determined and the stresses and displacements can
easily be found using the standard relations in Section 10.2. Exercise 10-18 further
explores a specific loading case. Recall that our previous work using Fourier methods in
Example 8-7 investigated several special cases of this problem with uniaxial

o =8, 0,° =1y = 0 and biaxial 67° = 0}° = §, 73} = 0 loadings.

10.7 Applications Using the Method

of Conformal Mapping

The method of conformal mapping discussed in Section 10.1 provides a very powerful tool to
solve plane problems with complex geometry. The general concept is to establish a mapping
function, which will transform a complex region in the z-plane (actual domain) into a simple
region in the {-plane. If the elasticity solution is known for the geometry in the {-plane, then
through appropriate transformation formulae the solution for the actual problem can be easily
determined. Because we have established the general solution for the interior unit disk problem
in Section 10.5, mapping functions that transform regions onto the unit disk (see Figure 10-5)

will be most useful. Specific mapping examples are discussed later.
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To establish the appropriate transformation relations, we start with the general mapping

function
=w({) (10.7.1)
where w is an analytic single-valued function. Using this result, the derivatives are
related by
dw
dz =—d 10.7.2
T ¢ ( )

Now the complex potentials are to be transformed into functions of { through the relations

7@ = yw(0) = 71D, Y(2) = hWw() =¥, (D (10.7.3)

and thus

dy dydl 4O

=——= 10.7.4
dz dldz w() ( )
These relations allow the stress combinations to be expressed in the {-plane as
o, +0,=0,+0,=2 (2}1&8 + L/Eg)
w
) , (10.7.5)
. 2{ ( 1O nOw© '
Op— 0p+2iTpp = ——— (C){ + ¥,
o T D) O wor]T
: v CWO
where in the transformed plane { = pe’® and e%¢ = T . The boundary tractions become
p w
j(T” + iT)ds = 7,(O) + ,(C)“/I(C) +9,0 (10.7.6)
The complex displacement transforms to
2uup + iugp) = Kky(0) — ’(C) VL(C) +9,0 (10.7.7)

To proceed further we must establish the form of the complex potentials, and this requires
information on the problem geometry in order to determine an appropriate mapping function.
Although many types of problems can be handled by this scheme, we specialize to the
particular case of an infinite domain bounded internally by an arbitrary closed curve C, as
shown in Figure 10-15. This case has important applications to problems of stress concen-
tration around holes and cracks in extended planes. We choose the particular transformation
that maps the region exterior to boundary C onto the interior of the unit disk. Some authors use
a scheme that maps the region onto the exterior of the unit disk in the {-plane. Either mapping
scheme can be used for problem solution by incorporating the appropriate interior or exterior
solution for the unit disk problem. Mappings for the special cases of circular and elliptical
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——— -

{-plane

FIGURE 10-15

z-plane: Elliptical Case

FIGURE 10-16 Mappings for an infinite plane with circular and elliptical holes.

holes are shown in Figure 10-16, and additional examples can be found in Milne-Thomson
(1960) and Little (1973).

For the exterior problem, the potential functions are given by relations (10.4.7) and (10.4.8),
and when applied to the case under study give

o0 o0

. F | oy +oy -
Y(z) = —m og [w(D)] + fw(o +9"0 078
-0 42t (10.7.8)

_ kF : : a; 3 e "
‘//(Z)*m og [w( )]+fw( )+ YO
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where F is the resultant force on the internal boundary C, and the functions y*({) and " ({) are
analytic in the interior of the unit circle. For the geometry under investigation, the mapping
function will always have the general form w({) = CC’1+ (analytic function), and thus the
logarithmic term in (10.7.8) can be written as logw = —log {+ (analytic function). This
allows the potentials to be expressed as

_F o +o°C
Vl(C)—727T(1+K)10z<;l+—4 Z+v (8]
i . (10.7.9)
_ kF ) o;” —oX + 217:)?;’ C .
l/II(C)——zn(lJrK) og{ + > E—HP(C)

We now investigate a specific case of an elliptical hole in a stressed plane.

EXAMPLE 10-7: Stressed Infinite Plane with
an Elliptical Hole

Consider the problem of a stress-free elliptical hole in an infinite plane subjected to
uniform stress o7 = S, 07° = 73y = 0 as shown in Figure 10-17. The mapping function
is given in Figure 10-16 as

w(l) =R<%+mc> (10.7.10)

where the major and minor axes are related to the parameters R and m by

_a+tb _a—b

R m= =a=R(1+m), b=R(1 —m)

2 7 a+b

FIGURE 10-17 Infinite plane with an elliptical hole.
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EXAMPLE 10-7: Cont'd

For this case, relations (10.7.9) give the potentials

SR
710 :ZFJFV*(C)
’SR (10.7.11)
(O = —EZJF v (0

where y*({) and y*({) are analytic in the unit circle. These functions may be determined
by using either Fourier or Cauchy integral methods as outlined in Section 10.5. Details
on this procedure may be found in Little (1973), Muskhelishvilli (1963), or Milne-
Thomson (1960). The result is

O =2 my

O %#(ng i fm (10.7.12)
T 2m -1
The stress combination in the {-plane is then given by
20 —m* — Y(ml* -1
6, + 0, =S5 Re <( g —ml — Dl )> (10.7.13)
m> 0 —m( 4+ ) + 1
On the boundary { = €/?, g, = 0 and the circumferential stress is given by
2m+ 1 —2cos2p — m?
= 10.7.14
70(¢) S( m? —2mcos2¢p + 1 ) ( )

The maximum value of this stress is found at ¢ = + /2 with a value

(90) ar= —S(Z—i) =S<1 +2§> (10.7.15)

Note the case m = 0 corresponds to the circular hole (¢ = b = R) and gives a stress
concentration factor of 3 as found previously in Example 8-7. The case m = 1 gives
b =0, and thus the hole reduces to a line crack of length 2a parallel to the applied
loading. This gives (). = S With no stress concentration effect. The most interesting
case occurs when m = —1 because this gives a = 0 and reduces the elliptical hole to a
line crack of length 2b perpendicular to the direction of applied stress. As expected for
this case, the maximum value of ¢, at the tip of a crack becomes unbounded. Because
of the importance of this topic, we further investigate the nature of the stress distribution
around cracks in the next section. A plot of the stress concentration factor (64 )mayx/S
versus the aspect ratio b/a is shown in Figure 10-18. It is interesting to observe that this
relationship is actually linear. For aspect ratios less than 1, the concentration is smaller
than that of the circular case, while very high concentrations exist for b/a > 1. Further
details on such stress concentration problems for holes of different shape can be found

Continued
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EXAMPLE 10-7: Stressed Infinite Plane with
an Elliptical Hole-Cont'd

in Savin (1961). Numerical techniques employing the finite element method are applied to
this stress concentration problem in Chapter 16; see Example 16-2 and Figure 16-5.

25
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Eccentricity Parameter, b/a

FIGURE 10-18 Stress concentration factor for the elliptical hole problem.

10.8 Applications to Fracture Mechanics

As shown in the previous example and in Section 8.4.10, the elastic stress field around crack tips
can become unbounded. For brittle solids, this behavior can lead to rapid crack propagation
resulting in catastrophic failure of the structure. Therefore, the nature of such elevated stress
distributions around cracks is important in engineering applications, and the general study of such
problems forms the basis of linear elastic fracture mechanics. Complex variable methods provide
aconvenient and powerful means to determine stress and displacement fields for a large variety of
crack problems. We therefore wish to investigate some of the basic procedures for such applica-
tions.

Several decades ago Westergaard (1937) presented a specialized complex variable method
to determine the stresses around cracks. The method used a single complex potential now
respectfully called the Westergaard stress function. Although this scheme is not a complete
representation for all plane elasticity problems, it was widely used to solve many practical
problems of engineering interest. More recently Sih (1966) and Sanford (1979) have reex-
amined the Westergaard method and established appropriate modifications to extend the
validity of this specialized technique. More detailed information on the general method can
be found in Sneddon and Lowengrub (1969) and Sih (1973), and an extensive collection of
solutions to crack problems have been given by Tada, Paris, and Irwin (2000).

Crack problems in elasticity introduce singularities and discontinuities with two important
and distinguishing characteristics. The first is involved with the unbounded nature of the
stresses at the crack tip, especially in the type of singularity of the field. The second feature
is that the displacements along the crack surface are commonly multivalued. For open cracks,
the crack surface will be stress free. However, some problems may have loadings that can
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produce crack closure leading to complicated interface conditions. In order to demonstrate the
basic complex variable application for such problems, we now consider a simple example of a
crack in an infinite plane under uniform tension loading.

EXAMPLE 10-8: Infinite Plane with a Central Crack

Consider the problem of an infinite plane containing a stress-free crack of length 2a lying
along the x-axis as shown in Figure 10-19. The plane is subjected to uniform tension S in
the y direction, and thus the problem has symmetries about the coordinate axes.
The solution to this problem follows the general procedures of the previous section
using the mapping function
a

272((l +0 (10.8.1)

Note this relation is somewhat different than our previous work in that it maps the
exterior problem in the z-plane onto the exterior of the unit circle in the {-plane.

Inverting this relation gives

r=1 (:+v2—a) (10.8.2)
a

where the positive sign for the radical term has been chosen because we are interested in
the exterior mapping. Using this result, we can eliminate { from expressions in our
previous work and express the potentials in terms of z

9(2) = g (2m - z)

s &2 (10.8.3)
N==|z——
V) =3 ( E— a2>
y o _
T T T T Gy B S

W/ e~ ,”—_\\\
/ A
I )
[ |
! ry !
[} /
I |
[} \
[ \
l 1
I > X 1
/ a a |
I} I
I 1
i |
v |
\ 1
Y /
Y 7

\\ //

FIGURE 10-19 Central crack in an infinite plane.
Continued
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EXAMPLE 10-8: Infinite Plane with a Central Crack-Cont'd

For this case the stress combinations become

z z
6X+Gy:SRe<\/22—a2+\/fz—a2_1>

ity =S —— zz! 2’ 1 10.8.4
Oy — Oy + 2iTyy = z2—a2_(22—a2)3/2+(22—a2)3/2+ (10.8.4)

fS2 -2 +i
=wva @2 —apR &

Fracture mechanics applications are normally interested in the solution near the
crack tip. In order to extract this information, consider the geometry of the
crack neighborhood as shown in Figure 10-20. For this case we define a polar coordin-
ate system centered on the crack tip at z =a and wish to develop the crack-tip
solution for small values of r. In terms of the given geometry, we note that
z=rge, z—a=re", 24+ a=rye”, and rsin0 = r,sino = rysin p.

FIGURE 10-20 Crack geometry.

Using these new geometric variables, the stress combinations and displacements can
be written as

GX+6},:S<2r/‘ cos[ﬁ—HJra]—l)

T 2
28a’i ' p 3(0 + o) 3(0 + ) (10:8)
. airg sin o .. o
Gy — 0y + ity = (mfw ( s[5 —isin[ == ]) +S
Evaluating these relations for small r gives
. 28a 0
Oy + 0y = ———=cos =
V2ar 2
2ai (10.8.6)
oy — 0y +2it —ﬁsingcosg sinﬁ—s—icosﬂ
v Y V2ar 272 2 2
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EXAMPLE 10-8: Cont'd

and solving for the individual stresses produces the following:

K; 8( A 30)
0y = ——=cos= | 1 —sin—sin—

V2 2 22
K 0 0 . 30
oy = icosi (1 + sinisinj) (10.8.7)

K .0 0 30
= sin—cos = cos —

R R R

where the parameter K; = Sy/ma and is referred to as the stress intensity factor. Using
relation (10.2.9), the corresponding crack-tip displacements can be expressed by

u _K Lcosg 1 +sin2§
Top V2 2\ 2 2

K[ ro. 0 K+1 20
= — —S1n— — COS™ —
TR A 2

As observed in Section 8.4.10, these results indicate that the crack-tip stresses have an
r~1/2 singularity, while the displacements behave as /2. The stress intensity factor K; is a
measure of the intensity of the stress field near the crack tip under the opening mode (mode I)
deformation. Two additional shearing modes also exist for such crack problems, and the
crack-tip stress and displacement fields for these cases have the same r dependence but
different angular distributions (see Exercise 8-32). For the central crack problem considered
in this example, the stress intensity factor was proportional to 1/a; however, for other crack
geometries, this factor will be related to problem geometry in a more complex fashion.
Comparing the vertical displacements on the top and bottom crack surfaces indicates
that v(r, 1) = —v(r, — m). This result illustrates the expected multivalued discontinuous
behavior on each side of the crack surface under opening mode deformation.

(10.8.8)

10.9 Westergaard Method for Crack Analysis

As mentioned, Westergaard (1937) developed a specialized complex variable technique to
handle a restricted class of plane problems. The method uses a single complex potential, and
thus the scheme is not a complete representation for all plane elasticity problems. Neverthe-
less, the technique has been extensively applied to many practical problems in fracture
mechanics dealing with the determination of stress fields around cracks. Sih (1966) and
Sanford (1979) have reexamined the Westergaard method and established appropriate modifi-
cations to extend the validity of the specialized technique.

In order to develop the procedure, consider again the central crack problem shown in
Figure 10-19. Because this is a symmetric problem, the shear stresses must vanish on y = 0,
and thus from relation (10.2.11)

Im[zy"(z) +y/(2)] =0ony=0 (10.9.1)
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This result can be satisfied by taking
7"@) + Y () =A (10.9.2)

where we have used z=7 on y =0, and A is a real constant determined by the boundary
conditions. Equation (10.9.2) can be integrated to give the result

Y(2) =92 — zy'(2) + Az (10.9.3)

where the constant of integration has been dropped. This provides a relation to express one
potential function in terms of the other, and thus we can eliminate one function for this class of
problem.

Using the stress combination definitions (10.2.11), we eliminate the i potential and find

ax = 2 Re[y'(2)] — 2yIm[y"(2)] — A
gy, =2 Re[y' ()] + 2yIm[y" (2)] + A (10.9.4)
Ty = _Zy RE[VII(Z)]

Defining the Westergaard stress function Z(z) = 2y'(z), the stresses can now be written as

0. = ReZ(z) — yImZ'(z) — A
oy = ReZ(z) + yImZ'(z) + A (10.9.5)
Ty = —y ReZ'(2)

Note that this scheme is sometimes referred to as the modified Westergaard stress function
formulation.

This method can be applied to the central crack problem of Example 10-8. For this case, the
Westergaard function is given by

Sz S

with A = S§/2. The stresses follow from equation (10.9.5) and would give identical values as
previously developed.

The Westergaard method can also be developed for skewsymmetric crack problems in
which the normal stress ¢, vanishes along y = 0. Exercise 10-25 explores this formulation.
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Exercises
10-1. Derive the relations (10.1.4) and (10.2.5)

9_0. 0 0 _ (0 0
ox 0z 0z dy \9z 0z

o _1(0 0\ 9 _1(0 .0
9. 2\ax 'ay) oz 2\ax oy
2?0 0

20N\ 40y —
VO=450 VO=10552

10-2. Formally integrate relation (10.2.6) and establish the result

1, — -
$G.2) =3 (220 + (@) + ¥(2) + ¥(2))
= Re(2y(2) + ¥(2))

10-3. Starting with the Navier equations (10.2.2) for plane strain, introduce the complex
displacement U = u + iv, and show that

U W) PU 0

o
U““‘)a?(E*az Mooz

Integrate this result with respect to zZ to get

oU oU ou
(ﬂ~+ﬂ)(g+g> +2,UE:f(Z)

where f'(z) is an arbitrary analytic function of z. Next, combining both the preceding
equation and its conjugate, solve for OU/0z, and simplify to get form (10.2.9).
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10-4. Establish the relations

0 — o .
= [2u@u +iv)] = —[2y"(2) + ' (2)] = ulex — ey + 2ieyy)
0z

where e,, e, and e,,, are the strain components.

10-5. Explicitly derive the fundamental stress combinations

o+ 0y =202 +7 ()]
ay — 0y + 20ty = 2[2)"(2) + ¥ (2)]

Next solve these relations for the individual stresses

1 1,
o, =2 Re[y'(z) — 55))”(2) — 51# (@]

1 1,
oy =2 Re[y'(z) + EZVN(Z) + El// (2]
Ty = Im[?y”(z) + l//,(Z)]

10-6. Develop the polar coordinate transformation relations for the stress combinations and
complex displacements given in equations (10.2.12).

10-7. Determine the Cartesian stresses and displacements in a rectangular domain
(—a <x < a;— b <y <b) from the potentials y(z) = Aiz%, Y(z) = —Aiz® where A
is an arbitrary constant. Discuss the boundary values of these stresses, and show that
this particular case could be used to solve a pure bending problem.

10-8. Determine the polar coordinate stresses corresponding to the complex potentials
7(z) = Az and (z) = Bz~! where A and B are arbitrary constants. Show that these
potentials could solve the plane problem of a cylinder with both internal and external
pressure loadings.

10-9. Show that the potentials y(z) = 0,y (z) = A/z will solve the problem of a circular hole
of radius @ with uniform pressure loading p in an infinite elastic plane. Determine the
constant A and the stress and displacement fields for r > a.

10-10. Consider the problem geometry described in Exercise 10-9. Show that the suggested
potentials (with different A) can also be used to solve the problem of a rigid inclusion
of radius a + 0, which is forced into the hole of radius a. Determine the new constant A
and the stress and displacement fields for » > a.

10-11. From Section 10.4, the complex potentials

X +iY k(X — iY)

e T L O ey prae

logz

would be the appropriate forms for a problem in which the body contains a hole
surrounding the origin (i.e., multiply connected). Show for this case that the complex
displacement U is unbounded as |z| — 0 and |z| — oo. Also explicitly verify that the
resultant force across any contour surrounding the origin is X + Y. Finally, determine
the stress distribution on the circle r = a.
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10-12.

10-13.

10-14.

10-15.

10-16.

10-17.

Show that the resultant moment caused by tractions on a boundary contour AB is given
by relation (10.3.2)

M = Re[y(2) — 2(2) — 22/ ()1}, where '(2) = (2)

An infinite elastic medium |z| > a is bonded over its internal boundary |z| = a to a
rigid inclusion of radius a. The inclusion is acted upon by a force X + iY and a moment
M about its center. Show that the problem is solved by the potentials

© X+i¥
W)= ——— Z
Y 2n(1 4+ x) &
i X+i¥ & iM
— 27" 9 I S T
VO = a2 o

Finally, show that the rigid-body motion of the inclusion is given by

—kXloga —«kYloga M
= , Vo = s =
2np(1 + K) 0 2ol +x)° ° dnua?

Uo

An infinite isotropic sheet contains a perfectly bonded, rigid inclusion of radius @ and
is under uniform tension 7 in the x-direction as shown. Show that this problem is
solved by the following potentials

T 2a? T K—1 a*
MZZ(Z‘;)’ ‘/’(Z):_§<Z_ 2 “2+@>

Note that because of the problem symmetry, the inclusion will not move. In solving
this problem, you should verify boundary conditions on » = a and at r — oo,
and the appropriateness of the potential forms as per Section 10.4.

—>
—>
—>
—>
-« —>

—>

7 —>
< Inclusion —

Consider the unit disk problem with displacement boundary conditions
u, + iug = h({) on C: { = e, Using Cauchy integral methods described in
Section 10.5, determine the form of the potentials y(z) and y/(2).

For Example 10-3 with oo = 0, verify that the stresses from equation (10.5.18) reduce
to those previously given in (8.4.69).

Consider the concentrated force system problem shown in Figure 10-11. Verify for the
special case of X = P and Y = M = 0 that the stress field reduces to relations (10.6.5).
Also determine the corresponding stresses in polar coordinates.

Complex Variable Methods 295



10-18.

10-19.

10-20".

10-217.

10-22.
10-23.
10-24.

10-25.

For the stress concentration problem shown in Figure 10-14, solve the problem with
the following far-field loadings ¢3° = J;C =3, rf;’ = 0, and compute the stress
concentration factor. Verify your solution with that given in (8.4.9) and (8.4.10).

Verify the mappings shown in Figure 10-16 by explicitly investigating points on the
boundaries and the point at infinity in the z-plane.

Consider relation (10.7.14) for the circumferential stress ¢, on the boundary of the
elliptical hole shown in Figure 10-17. Explicitly verify that the maximum stress
occurs at ¢ = m/2. Next plot the distribution of ,, vs. ¢ for the cases of

m=0, £0.5, £ 1.

Consider the problem of an infinite plate containing a stress-free elliptical hole with
0y =0, =0, 13y = §. For this problem, the derivative of the complex potential has

been developed by Milne-Thomson (1960)

ay©) s
dz m — Cz

Show that the stress on the boundary of the hole is given by

4Ssin2¢
m? — 2mcos2¢p + 1

Op = —

Determine and plot ¢, vs. ¢ for the cases m = 0, 0.5, and 1. Identify maximum
stress values and locations.

Verity the crack-tip stress distributions given by (10.8.6) and (10.8.7).
Verify that the crack-tip displacements are given by (10.8.8).
Show that the Westergaard stress function
Sz S
@ —-a) 2

with A = S/2 solves the central crack problem shown in Figure 10-19.

Z(z) =

Following similar procedures as in Section 10.9, establish a Westergaard stress
function method for skewsymmetric crack problems. For this case, assume that
loadings are applied skewsymmetrically with respect to the crack, thereby
establishing that the normal stress g, vanishes along y = 0. Show that this leads to
the following relations

0 = 2ReZ(z) — yImZ (z)
oy = yImZ ()
Ty = —ImZ(z) — yReZ'(z) — B

where Z(z) = 2y'(z) and B is a real constant.
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Anisotropic Elasticity

111

It has long been recognized that deformation behavior of many materials depends upon
orientation; that is, the stress-strain response of a sample taken from the material in one
direction will be different if the sample were taken in a different direction. The term
anisotropic is generally used to describe such behaviors. Early investigators of these phe-
nomena were motivated by the response of naturally occurring anisotropic materials such as
wood and crystalline solids. Today, extensive use of engineered composites (see Jones 1998
or Swanson 1997) has brought forward many new types of fiber-and particle-reinforced
materials with anisotropic response. Thus, knowledge of stress distributions in anisotropic
materials is very important for proper use of these new high-performance materials in
structural applications. Our previous development of the linear elastic stress-strain relations
in Section 4.2 began with the general case of inhomogeneous and anisotropic behavior.
However, this generality was quickly eliminated, and only the homogeneous isotropic
case was subsequently developed in detail. We now wish to go back and further investigate
the anisotropic homogeneous case and develop applications for particular elasticity problems
including torsion and plane problems. Much of the original work in this field was done by
Lekhnitskii (1968, 1981), while Love (1934) and Hearmon (1961) also made early contribu-
tions. More recently, texts by Ting (1996a) and Rand and Rovenski (2005) provide modern
and comprehensive accounts on this subject.

Basic Concepts

The directional-dependent behaviors found in anisotropic solids normally result from par-
ticular microstructural features within the material. Our previous isotropic model neglected
these effects, thus resulting in a material that behaved the same in all directions. Micro
features commonly arise in natural and synthetic materials in such a way as to produce a
stress-strain response with particular symmetries. This concept is based on the Neumann
principle (Love 1934) that symmetry in material microgeometry corresponds to identical
symmetry in the constitutive response. We can qualitatively gain an understanding of this
concept from some simple two-dimensional cases shown in Figure 11-1. The figure illustrates
idealized internal microstructures of two crystalline solids and one fiber composite. The two
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Simple Cubic Crystal Hexagonal Crystal ~ Fiber Reinforced Composite

(Arrows indicate material symmetry directions)

FIGURE 11-1 Material microstructures.

crystalline materials correspond to special atomic packing arrangements that lead to identical
behaviors in the indicated directions of the arrows. The fiber-reinforced composite has a 90°
fiber layout, which again produces identical behaviors in the layout directions. Many other
deformation symmetries exist for more complicated microstructures, and some follow a
curvilinear reference system such as that found in wood. These symmetries generally lead
to a reduction in the complexity of the stress-strain constitutive relation, and examples of this
are shown in the next section. On a related topic, for multiphase or porous materials, many
researchers (e.g., Cowin, 1985) have been trying to establish relationships between the
elasticity tensor C;;; and a fabric tensor that characterizes the arrangement of microstructural
material components.
From Section 4.2, the general form of Hooke’s law was given by

J,’j:C,'jkle/([ (11.1.1)

The fourth-order elasticity tensor C;j; contains all of the elastic stiffness moduli, and we have
previously established the following symmetry properties:

Cii = Cjit = Cije = Cuij (11.1.2)

The first two symmetries in relation (11.1.2) come from the symmetry of the stress and strain
tensors, while the final relation comes from arguments based on the existence of the strain
energy function (see Section 6.1). Relations (11.1.2) reduce the original 81 independent elastic
constants within Cjj, to a set of 21 elastic moduli for the general case. We shall assume that the
material is homogeneous and thus the moduli are independent of spatial position. On occasion
we may wish to invert (11.1.1) and write strain in terms of stress

€jj :Sijklo-kl (1113)

where S;j; is the elastic compliance tensor, which has identical symmetry properties as those in
relations (11.1.2).

Because of the various preexisting symmetries, stress-strain relations (11.1.1) and (11.1.3)
contain many superfluous terms and equations. To avoid these, a convenient contracted
notation has been developed, sometimes referred to as Voigt matrix notation.
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O Cnu Cpp -+ Cis ey

oy C21 . . . ey
O’Z _ . . e . eZ
o | = ) o 2e,. (11.1.4)
TZX . . .o . 282)(
Txy C61 . T C66 zexy
or in compact notation
g :Ci/ej (1115)

where o; and e; are defined by comparing relations (11.1.4) and (11.1.5). Note that the
symmetry imposed by strain energy implies that the 6 x 6 C matrix is symmetric; that is,
Cij = Cj;, and thus only 21 independent elastic constants exist. The two elasticity stiffness
tensors are related by the expression

Cinn Cuz Chzs Cuzs Cuzr Chne
Crxn Cxn3z Cxnxz Cxzt Conp
C, = C3'333 Ciz3 C33z1 Casz (11.1.6)

Caz Cp31 Cospz
: Ciiz1 Gz

Cin

A similar scheme can be established for relation (11.1.3), and a compliance matrix S;; can be
defined by

e :S,:,‘Gj (1117)

11.2 Material Symmetry

From the previous section, we determined that for the general anisotropic case (sometimes
referred to as triclinic material), 21 independent elastic constants are needed to characterize
the material response. However, as per our discussion related to Figure 11-1, most real
materials have some types of symmetry, which further reduces the required number of
independent elastic moduli. Orientations for which an anisotropic material has the same
stress-strain response can be determined by coordinate transformation (rotation) theory previ-
ously developed in Sections 1.4 and 1.5. Such particular transformations are sometimes called
the material symmetry group. Further details on this topic have been presented by Zheng and
Spencer (1993) and Cowin and Mehrabadi (1995). In order to determine various material
symmetries, it is more convenient to work in the noncontracted form. Thus, applying this
theory, Hooke’s law (11.1.1) can be expressed in a new coordinate system as

o} = Clely (11.2.1)

Now because the stress and strain must transform as second-order tensors,

aﬁ»j = QuQuon, 0; = QuQyoy

| , (11.2.2)
e = OQuOQjien, eij = Qulijey
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Combining equations (11.2.1) and (11.2.2) and using the orthogonality conditions (1.4.9) and
(1.4.10) yields the transformation law for the elasticity tensor

;jkl = QimanQkaqumnpq (1 123)

If under a specific transformation Q the material response is to be the same, relation (11.2.3)
reduces to

Cijkl = QimanQkaqumnpq ¢! 124)

This material symmetry relation will provide a system of equations that allows reduction in the
number of independent elastic moduli. We now consider some specific cases of practical
interest.

11.2.1 Plane of Symmetry (Monoclinic Material)

We first investigate the case of a material with a plane of symmetry. Such a medium is
commonly referred to as a monoclinic material. We consider the case of symmetry with
respect to the x,y-plane as shown in Figure 11-2.

AX/

Plane of Symmetry

FIGURE 11-2  Plane of symmetry for a monoclinic material.

For this particular symmetry, the required transformation is simply a mirror reflection about
the x,y-plane and is given by

1 0 0
0;=10 1 0 (11.2.5)
0 0 —1

Note that this transformation is not a simple rotation that preserves the right-handedness of the
coordinate system; that is, it is not a proper orthogonal transformation. Nevertheless, it can be
used for our symmetry investigations. Using this specific transformation in relation (11.2.4)
gives Cjjyy = —Cjjyy if the index 3 appears an odd number of times, and thus these particular
moduli would have to vanish. In terms of the contracted notation, this gives
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Cis =Cis =C46 =Cs6 =0, (i=1,2,3) (11.2.6)

Thus, the elasticity matrix takes the form

Ch Cpp Ciz O 0 Cis

. C22 C23 0 0 C26

o - G 0 0 Cs
Cy : Cu Cis 0 (11.2.7)

Css 0

- Ces

It is therefore observed that /3 independent elastic moduli are needed to characterize mono-
clinic materials.

A
Planes of Symmetry

\
N

/

FIGURE 11-3  Three planes of symmetry for an orthotropic material.

11.2.2 Three Perpendicular Planes of Symmetry (Orthotropic Material)

A material with three mutually perpendicular planes of symmetry is called orthotropic.
Common examples of such materials include wood and fiber-reinforced composites.
To investigate the material symmetries for this case, it is convenient to let the symmetry
planes correspond to coordinate planes as shown in Figure 11-3.

The symmetry relations can be determined by using 180° rotations about each of the coordin-
ate axes. Another convenient scheme is to start with the reduced form from the previous
monoclinic case, and reapply the same transformation with respect to, say, the y,z-plane. This
results in the additional elastic moduli being reduced to zero:

Cig=Crp=C3=Cs5=0 (11.2.8)

Thus, the elasticity matrix for the orthotropic case reduces to having only nine independent
stiffnesses given by
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Ch Cp Ciz O 0 0

Cy Cy 0 0 0

o Cs 0 0 0
Cjj CoCw 00 (11.2.9)

- GCs 0

- Ces

It should be noted that only two transformations were needed to develop the final reduced
constitutive form (11.2.9). The material also must satisfy a third required transformation
that the properties would be the same under a reflection of the x,z-plane. However, attempting
this transformation would only give relations that are identically satisfied. Thus, for
some materials the reduced constitutive form may be developed by using only a portion of
the total material symmetries (see Ting 1996a for more on this topic). On another issue for
orthotropic materials, vanishing shear strains imply vanishing shear stresses, and thus the
principal axes of stress coincide with the principal axes of strain. This result is of course not
true for general anisotropic materials; see, for example, the monoclinic constitutive form
(11.2.7).

For orthotropic materials, the compliance matrix has similar form but is commonly written
using notation related to isotropic theory:

ro1 1 1z T
N
E; E> E;
2P 1 V3
S
E, E; Es

1
S, = ! 2 3 (11.2.10)
) ) ) 0 0
U3

— 0

H3y
1

L Uy

where E; are Young’s moduli in the three directions of material symmetry, v; are the Poisson’s
ratios defined by —e;/e; for a stress in the i direction, and p; are the shear moduli in the
i,j-planes. Symmetry of this matrix requires that v;;/E; = v;; /E;.

11.2.3 Axis of Symmetry (Transversely Isotropic Material)

Another common form of material symmetry is with respect to rotations about an axis. This
concept can be specified by stating that a material possess an axis of symmetry of order n when
the elastic moduli remain unchanged for rotations of 27t/n radians about the axis. This situation
is shown schematically in Figure 11-4. The hexagonal packing crystalline case shown in
Figure 11-1 has such a symmetry about the axis perpendicular to the page for n =6
(60° increments). It can be shown (Lekhnitskii 1981) that the only possible symmetries for
this case are for orders 2, 3, 4, 6, and infinity. The order 2 case is equivalent to a plane of
symmetry previously discussed, and order 6 is equivalent to the infinite case.

The transformation for arbitrary rotations 0 about the z-axis is given by
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cos sinf O
Q= | —sin0 cosO O (11.2.11)
0 0 1

Using this transformation and invoking symmetry for arbitrary rotations corresponds to the
case of n — oo, and such materials are called transversely isotropic. The elasticity stiffness
matrix for this case reduces to

Cni Cp Ciz O 0 0

Ch Ciz O 0 0

o . Cu 00 0
Cyi = Y e o 0 (11.2.12)

. Cus 0

(Cii—C)/2

Thus, for transversely isotropic materials, only five independent elastic constants exist.

SIS,
APV,
VAP AvAYs

\\\\\\\\

ST

s
Sy
s

4

Axis of Symmetry

FIGURE 11-4 Axis of symmetry for a transversely isotropic material.

11.2.4 Complete Symmetry (Isotropic Material)
For the case of complete symmetry, the material is referred to as isotropic, and the fourth-order
elasticity tensor has been previously given by

Ciji = 460 + 10iudj + 6idjr) (11.2.13)
This form can be determined by invoking symmetry with respect to two orthogonal axes,

which implies symmetry about the remaining axis. In contracted matrix form, this result would
be expressed
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CE OO O

cRE ©O O OO

= oo o OO

(11.2.14)

Thus, as shown previously, only fwo independent elastic constants exist for isotropic
materials. For each case presented, a similar compliance elasticity matrix could be developed.
Our brief presentation does not include all cases of material symmetry. Based on symmetry planes,
Ting (2003) has proven that there are only eight symmetries for linear anisotropic elastic materials
for the general case. Of course, a large variety of curvilinear material symmetries also exist in
various biological and synthetic materials and these will be discussed further in Section 11.7.

EXAMPLE 11-1: Hydrostatic Compression
of a Monoclinic Cube

In order to demonstrate the difference in behavior between isotropic and anisotropic
materials, consider a simple example of a cube of monoclinic material under hydrostatic
compression. For this case, the state of stress is given by ¢;; = —pd;;, and the mono-
clinic Hooke’s law in compliance form would read as follows:

ex S Sz Sis 0 0 S| |-p

ey © S» S3 0 0 Sx||-p

e: | | - - S 0 0 S| |-p
ol el I (11.2.15)
261\- . . . . S55 0 0
2exy . . . . . 566 0

Expanding this matrix relation gives the following deformation field components:

e =—(S11 +Si2+Si3)p
ey = —(S12+ S22 + 823)p

—(S13 + 823 +S33)p
_ (11.2.16)

S
S
Il

1
ey = —E(S](; + 826 + S36)p

The corresponding strains for the isotropic case would be given by e, = e, =e. =
—[(1-2v)/Elp, ey. = e.. = ey, = 0. Thus, the response of the monoclinic material is
considerably different from isotropic behavior and yields a nonzero shear strain even
under uniform hydrostatic stress. Additional examples using simple shear and/or bend-
ing deformations can also be used to demonstrate the complexity of anisotropic stress-
strain behavior (see Sendeckyj 1975). It should be apparent that laboratory testing
methods attempting to characterize anisotropic materials would have to be more
involved than those used for isotropic solids.
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11.3 Restrictions on Elastic Moduli

Several general restrictions exist on particular combinations of elastic moduli for anisotropic
material classes previously discussed. These restrictions follow from arguments based on
rotational invariance and the positive definiteness of the strain energy function.

Consider first the idea of rotational invariance. This concept has already been discussed in
Section 1.6, where it was shown that for all 3 x 3 symmetric matrices or tensors there exist
three invariants given by relations (1.6.3). This general concept may be applied to symmetric
square matrices of any order including the general elasticity matrix C;. One scheme to
generate such invariant relationships is to employ the rotational transformation (11.2.11)
about the z-axis. Using this transformation, we can show that

C), = Casco8? 0 — 2Cyssin 0 cos O + Css sin 0

Cis = Cus sin 0 + 2Cys sin 0 cos 0 4 Css cos® 0
Adding these individual equations together gives the simple result
Cliy + Cs5 = Cas + Css

and thus this sum must be an invariant with respect to such rotations. Other invariants can also
be found using this type of rotational transformation scheme, and the results include the
following invariant forms:

Cii+Cp+2Cn
Ces — Cr12
Cug + Css
Ciz+Ca3
Cla+C5s
Cii +Cpn+C33+2(Ci2 +Cx3+Cr3)

(11.3.1)

Next consider modulus restrictions based on strain energy concepts. In terms of the
contracted notation, the strain energy function can be written as

1 1
U= EO’,‘je,‘j = EC,-je,»ej = ES,'jO',‘O'j (1132)

Now the strain energy is always positive definite, U > 0 with equality only if the stresses or
strains vanish. This result implies that both the C;; and S;; must be positive definite symmetric
matrices. From matrix theory (see, for example, Ting 1996a,b), it can be shown that for such a
case all eigenvalues and principal minors of C;; and S;; must be positive and nonzero. Recall
that a principal minor p; of a square matrix is the determinant of the submatrix created by
deleting the i"™ row and column. For the general case, this concept will yield six rather lengthy
relations; however, one simple result from this is that all diagonal elements of each matrix are
positive.
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TABLE 11-1 Typical Elastic Moduli for Some Planar Orthotropic
Composite Materials

Material E,(GPa) E>(GPa) Vi2 u12(GPa)
S-Glass/Epoxy 50 17 0.27 7
Boron/Epoxy 205 20 0.23 6.5
Carbon/Epoxy 205 10 0.26 6
Kevlar49/Epoxy 76 5.5 0.34 2.2

Note: Direction 1 corresponds to fiber layout axis.

For an orthotropic material, these results would yield

C11Cxn > C3), CnCi3 > C§3, C3Cpy > C%3

5 5 5 (11.3.3)
C11C2C33 4 2C12C3C31 > C11C55 + CCi3 4 C33C,
while for a transversely isotropic material we get
Ch, > Ch,, C33(Ciy + Crp) > 2CY, C11Cy3 > Chy (11.3.4)
and the isotropic case reduces to
, 2
A+§,u>0, n>0 (11.3.5)

Note that for the isotropic case, relations (6.3.11) from Section 6.3 give the same results as
(11.3.5). Typical values of elastic moduli for some planar orthotropic composite materials are
given in Table 11-1. These values represent average properties, and in some cases considerable
variation may occur depending on the type and percentage of fibers and/or resin used in the
composite mix.

11.4 Torsion of a Solid Possessing a Plane
of Material Symmetry

As our first example, consider the torsion of a prismatic bar of arbitrary cross-section, as shown
in Figure 11-5. The isotropic problem was investigated in Chapter 9, and we now wish to
formulate and develop solutions to the problem where the bar material is anisotropic with a
plane of material symmetry normal to the bar axis (z-axis). For this case, the x,y-plane is the
symmetry plane (similar to Figure 11-2), and the elasticity matrix takes the reduced form for a
monoclinic material as given by equation (11.2.7).

Following the usual procedure for torsion problems, boundary conditions are formulated on
the lateral surface S and on the end sections R. Conditions on the lateral surfaces of the bar are
to be stress free, and these traction conditions are expressed as

Oy + Toyny =0
Tyl +oyny, =0 (11.4.1)

Teolly + Tynty =0
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Plane of Symmetry

FIGURE 11-5 Torsion of an anisotropic bar.

where 7, and n, are the components of the unit normal vector to surface S. The loadings on
the end sections (or any bar cross-section R) reduce to a single resultant moment 7" about the
z-axis, and this is formulated as

0,dA = fosz = J‘rysz =0
R R

xo-dA = Jyosz =0 (11.4.2)
R

(xryz - yrxz)dA =T

X e, N — R e

11.4.1 Stress Formulation

Following our previous approach in Chapter 9, we seek the torsion solution using the Saint-
Venant semi-inverse method. Based on the boundary conditions (11.4.1), we assume as before
that o, = o, = 1,, = 0. Using the equilibrium equations, we find that 7, and t,. are independ-
ent of z, and the remaining z equation reduces to

Oty 01y
- = 11.4.
ox 0Oy 0 ( 3)

Next we employ the strain compatibility equations and substitute in for the strains using the
appropriate form of Hooke’s law ¢; = S;j0; coming from (11.2.7). For the anisotropic problem,
this yields a new form of compatibility in terms of stress given by
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&, _8202 0. %o

ox2 6—)72 02 Bxay

0 & o,
e { (5441'» + S45Ta2) + (554Ty_ + S55Tx2) + S630: ] =28513 y0: (11.4.4)
0 (S + S55Tee) + 5 (S T St + S| — 250 2
T Tz Tyz Txz 0| =
8y 54Ty; + 955 44Ty; 1+ 45 63 2350,
As found in Chapter 9, the first line of (11.4.4) can be integrated, giving the result
0, =Cix+ Coy+ C3z+ Caxz + Csyz+ Cg (11.4.5)

However, using this result in boundary conditions (11.4.2) gives C; = 0, and thus ¢, must
vanish. This result simplifies the remaining compatibility relations in (11.4.4), and these may
be integrated to give the single equation

(544%& + S457y2) + (554Ty_ + Ss557y) = (11.4.6)

where C is an arbitrary constant of integration. Using Hooke’s law and strain-displacement and
rotation relations, it can be shown that the constant is given by the simple result

C=-20 (11.4.7)

where o is the angle of twist per unit length of the bar.

The stress formulation to this problem is then given by equations (11.4.3) and (11.4.6), and
the solution to this system is conveniently found by employing a stress function approach
similar to the Prandtl stress function formulation given in Section 9.3 for the isotropic case.
Following the usual approach, we seek a solution form that identically satisfies equilibrium,

W o= (11.4.8)

where V) is the stress function for our anisotropic problem. With equilibrium satisfied identi-
cally, the compatibility relation (11.4.6) yields the governing equation for the stress function

o 5
U L5 Y W
Oy?

2
I — 2845

Su g dxdy

=-2 (11.4.9)

The remaining boundary condition on the lateral surface (11.4.1); becomes

W o
=0 11.4.10
ay™ o™ ( )
From our previous investigation in Section 9.3, the components of the normal vector can be
expressed in terms of derivatives of the boundary arc length measure (see Equation (9.3.11)),
and this allows (11.4.10) to be written as
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O d %d_y:%: 11.4.11)
Oxds Oyds Os
Thus, it follows as before that the stress function Y(x,y) is a constant on the boundary. For
solid cross-sections, this constant can be set to zero without loss of generality. However, for
hollow bars with sections containing internal cavities (see Figure 9-4), the constant can still be
selected as zero on the outer boundary, but it will take on different constant values on each of
the internal boundaries. More details on this are given later in the discussion.

Following similar steps as in Section 9.3, the resultant moment boundary condition on the
ends can be expressed as

_ _ L &ﬁ Vi
= J(Xfyz YT )dA = O‘j( i +y ay)
R

R
= 2adeA - aJ(a(gf) + 8(5;0))% (11.4.12)
R
= ZadeA + 20(2 WAk
R

where 1/, is the constant value of the stress function on internal contour Cy enclosing area Ay. If
the section is simply connected (no holes), then the summation term in relation (11.4.12) is
dropped. One can show that all other boundary conditions are now satisfied using the assumed
stress field, and thus the problem formulation in terms of the stress function is now complete.

11.4.2 Displacement Formulation

Next consider the displacement formulation of the anisotropic torsion problem. Again, following
similar arguments as given in Section 9.3, we assume a displacement field with one unknown
component of the form

u=—oyz, v=oxz, w=wk,y) (11.4.13)

where o is the angle of twist per unit length and w is the warping displacement.
This displacement field gives the following strain components:

1 ow _Lfow, (11.4.14)
e”_z o P) T\ T

and using Hooke’s law, the stresses become

Oy =0y =0, =Ty =0
ow ow
Ty = Css (8__ Oty) +Cas (a—y+°‘x) (11.4.15)

ow ow
Ty, = Cys <§ - ocy) +Cus (B_y + UJC)
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Substituting these stresses into the equilibrium equations yields the following governing
equation for the warping displacement

w Pw Pw
Css—+2Css=——+Cyy— =0 11.4.16
592 +2C4s Ox0y + Cua oy ( )

For this formulation, the boundary conditions on the lateral surface give the result

ow ow
[Css <a - cxy) + Cys (8_y + ocxﬂ Ny

11.4.17
+ |C @—a +C a—w+ocx ny =0 ( :
45 ox y 44 dy y =
and the moment condition on the ends is given by
> s ow
T = o | |Caax™ 4 Cssy” — 2Css5xy + C44x8_y
(11.4.18)

—Cssya—w+c45 x@_m‘/_ya_w dA
x ox Jy

Note that all other boundary conditions in set (11.4.1) and (11.4.2) are satisfied.

Comparison of the stress and displacement formulations for the anisotropic torsion problem
results in similar conclusions found for the isotropic case in Chapter 9. The stress function is
governed by a slightly more complicated nonhomogeneous differential equation but with a
simpler boundary condition. This fact commonly favors using the stress function approach for
problem solution.

11.4.3 General Solution to the Governing Equation
The governing equation for both the stress and displacement formulations of the torsion
problem can be written as

Aty + 2buyy + cuyy, = d (11.4.19)

where the constants a, b, and ¢ are related to appropriate elastic moduli, and d is either zero
or —2, depending on the formulation. Of course, for the nonhomogeneous case, the general
solution is the sum of the particular plus homogeneous solutions.

To investigate the general solution to (11.4.19) for the homogeneous case, consider
solutions of the form u(x,y) =f(x+ Ay), where A is a parameter. Using this form in
(11.4.19) gives

(a+2bA+ )" =0

Since f” cannot be zero, the term in parentheses must vanish, giving the characteristic
equation

AP +2A+a=0 (11.4.20)
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Solving the quadratic characteristic equation gives roots

., —bEtvbh —ac

M.a (11.4.21)

¢
Using these roots, the original differential equation (11.4.19) can be written in operator form as

DDy u(x,y) =0

where Dy = Bgy — lk% (11.4.22)

It is apparent that the characteristic equation (11.4.20) has complex conjugate roots
whenever b> < ac. As per our discussion in Section 11.3, elastic moduli for materials possess-
ing a strain energy function must satisfy relations C44Css > szts and S44855 > Sﬁs, and this
implies that all roots to (11.4.20) will be complex conjugate pairs of the form 4; = 4 and
Jo = 2. The general solution to (11.4.22) then becomes

u(x,y) = fi(x + Ay) + f(x + 2y) (11.4.23)

where fi and f, are arbitrary functions to be determined.
Because u(x,y) must be real, f; and f>, must be complex conjugates of each other, and so
(11.4.23) can be written in the simplified form

u(x,y) = 2Re[fi(x + y)] (11.4.24)

Because 4 is a complex number, we can introduce the complex variable z* = x 4+ 1y, and the
previous solution form can be written as

u(x,y) = 2Re[ f(z¥)] (11.4.25)

This formulation then allows the method of complex variables to be applied to the solution of the
torsion problem. As discussed in the previous chapter, this method is very powerful and can
solve many problems, which are intractable by other schemes. We will not, however, pursue the
formal use of this method for our limited discussion of the anisotropic torsion problem.

These results then provide the general solution for the homogeneous case. To complete our
discussion we need the particular solution to (11.4.19). Using the structure of the equation, a
simple particular solution is given by

d(?® +y?)

2@+ 0 (11.4.26)

Mp(x’y) =

EXAMPLE 11-2: Torsion of an Elliptical Orthotropic Bar

Consider the torsion of a bar with elliptical cross-section as shown in Figure 9-7. Recall
that this problem was previously solved for the isotropic case in Example 9-1. Here, we
wish to solve the problem for the case of an orthotropic material. For convenience, the
coordinate system is taken to coincide with the material symmetry axes, and this will yield
the reduced stiffness matrix given in relation (11.2.9). Note that for this case

Continued
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EXAMPLE 11-2: Torsion of an Elliptical Orthotropic Bar-Cont’d

C45 = S45 = 0. Because of the simple section geometry and the expected correspondence
with the isotropic case, the solution method will not employ the general scheme previously
discussed. Rather, we will use the boundary equation method presented in Section 9.4.
Consider first the solution using the stress function formulation. Using the scheme
for the isotropic case, we choose a stress function form that will vanish on the boundary

of the elliptical cross-section
2y
V=K (7 Th 1)

where the constant K is to be determined. Substituting this form into the governing
equation (11.4.9) determines the value of K and gives the final solution

@b — D22 — aPy?

= 11.4.27
4 Sssa? + Syub? ( )

The stresses then follow from relations (11.4.8)

_ 204’y
Tz = Sssa® + Sab?
B 2ub’x
T = Sssa? + Syub?

(11.4.28)

which reduce to equations (9.4.8) for the isotropic case with S44 = Ss5 = 1/p. The load-
carrying torque may be determined from result (11.4.12)

313
oma’b
=" " 11.4.29
Sssa? + Syub? ( )
The warping displacement again follows from integrating relations (11.4.15), 3, giving
the result

b2C55 - 02C44

_— 11.4.30
a*Cys + b*Css v ( )

w(x,y) =

which again reduces appropriately to the isotropic case given by (9.4.11). With the
warping displacement determined, the twisting moment can also be calculated from
relation (11.4.18).

11.5 Plane Deformation Problems

We now wish to investigate the solution of two-dimensional problems of an anisotropic elastic
solid. The material is chosen to have a plane of material symmetry that coincides with the plane
of reference for the deformation field. Plane problems were first discussed in Chapter 7, and this
leads to the formulation of two theories: plane strain and plane stress. The assumed displace-
ment field for plane strain was given in Section 7.1, and the corresponding assumptions on
the stress field for plane stress were specified in Section 7.2. These general assumptions still
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apply for this case with a plane of material symmetry, and each theory produces similar
governing equations for anisotropic materials. Ultimately, a complex variable formulation
similar to that of Chapter 10 will be established. Further details on this formulation can be
found in Milne-Thomson (1960), Lekhnitskii (1981), and Sendeckyj (1975). We begin with the
case of plane stress in the x,y-plane. For this case, the elasticity stiffness matrix is given by
relation (11.2.7) and a similar form would exist for the compliance matrix. Under the usual
plane stress (or generalized plane stress) assumptions ¢, = 1. = 1,. = 0, and Hooke’s law
would then read

ex = Sllo_x + S12Uy + Sl()Txy
ey = So + SzzO'y + sttxy (11.5.1)

zexy = S160x + S260—y + Sﬁéfxy

For plane strain, the usual assumptions give e; = e, = e,. = 0, and Hooke’s law in terms of
the stiffness matrix would read

ey = B0, + Blzo-y +Bl6Txy
ey = B0, —Q—BzzO'y —I-Bzél'xy (11.5.2)

zexy = Bisox + 3266}' + B66Txy
where the constants B;; may be expressed in terms of the compliances S;; by the relations

_ SuSs — 51 512833 — 813523

Bll 533 13 5 Bl2 = 533

By =525 =50 g 1683 =SS (11.5.3)
SSS o Szg

Beg = S66S3S333_ 53 By — 5265335;523536

Comparing stress-strain relations (11.5.1) and (11.5.2), it is observed that they are of the same
form, and a simple interchange of the elastic moduli S;; with the corresponding B;; will
transform the plane stress relations into those of plane strain. This is a similar result as
found earlier for the isotropic case. Because of this transformation property, we proceed
only with the plane stress case, realizing that any of the subsequent developments can be
easily converted to plane strain results.

The Airy stress function ¢(x,y) can again be introduced, and for the case with zero body
forces, we have the usual relations

¢ ¢ ¢
B = T e ™ oy (11.5.4)

This stress field automatically satisfies the equilibrium equations, and using this form in
(11.5.1) yields the corresponding strain field in terms of the stress function. As before, the
only remaining nonzero compatibility relation is

2 2 2
0%ey 0% B 0%eyy

Oy2  Oxr T 0xOy

(11.5.5)

Anisotropic Elasticity 313



and substituting the strain field into this relation gives the governing equation for the
stress function

o o) o & 9
522% - 2S26m + (2812 + Ses) a0y 2816 OxDy +Su o

=0 (11.5.6)

The case with nonzero body forces has been given by Sendeckyj (1975).

The general solution to equation (11.5.6) can be found using methods of characteristics as
discussed previously in the torsion problem formulation; see result (11.4.23). The process
starts by looking for solutions of the form ¢ = ¢(x + wy), where u is a parameter. Using this in
(11.5.6) gives the characteristic equation

Syt — 281608 + (2812 + Se6)i* — 28261 + S22 = 0 (11.5.7)

The four roots of this equation are related to the elastic compliances by the relations

I Hatsty = S22/S11

oy + Hafaty + Hataby + Halti o = 2826/S11

Ity + Halts + Haly + apty + Hips + [ty = (2812 + Se6)/S11
My + iy + py = 2816/S11

(11.5.8)

Using this formulation, the governing equation (11.5.6) can be written in operator form

DD,D3D4¢p = 0

11.5.9
where Dy :a—y—uk% ¢ )

It can be shown (Lekhnitskii 1981) that the roots of the characteristic equation (11.5.7) must
be complex. Because complex roots always occur in conjugate pairs, this leads to two
particular cases:

Case 1: py =on +ify, py =0 +ify p3 =Ry iy =y

. - (11.5.10)
Case 2: py =y =o+if, p3 = py = Iy
With the equality condition, the second case rarely occurs, and it can be shown that it will
reduce to an isotropic formulation. We therefore do not consider this case further. Note for the
orthotropic case, Si6 = Sa = 0, and the roots of the characteristic equation become purely
complex, that is, «; = 0 (see Exercise 11-14).
For the unequal complex conjugate root case, (11.5.9) can be separated into four equations
and integrated in a similar fashion as done to get result (11.4.23). This then leads to the general
solution

P, y) = Fi(x + wyy) + Fo(x + ppy) + F3(x + p3y) + Falx + p4y)
=Fi(x+ 1yy) + Folx + poy) + F3(x + yy) + Fa(x + [py)
= 2Re[F(x + wy) + Fa(x + ()]
= 2Re[F1(z1) + F2(22)], z1 = x+ Wy, 22 = x + [y

(11.5.11)
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where we have used similar arguments as in the development of the torsion solution (11.4.24)
and (11.4.25). Thus, we have now established that the general solution to the anisotropic plane
problem is given in terms of two arbitrary functions of the complex variables z; and z,.

We now wish to express the remaining elasticity equations in terms of these two complex
potential functions. It is generally more convenient to introduce two new complex potentials
that are simply the derivatives of the original pair; that is,

dF dF
®1(zl):d71‘, <1>2(zz):d722 (11.5.12)

In terms of these potentials, the in-plane stresses can be written as

7 = 2Re[1{ P} (21) + 155(22)]
oy = 2Re[D)(z1) + Py(22)] (11.5.13)
Ty = —2Re[1 @ (21) + (1, P5(22)]

where primes indicate derivatives with respect to argument. Using Hooke’s law, the strains

may be determined, and the displacements follow from integration of the strain-displacement
relations, giving the result

u(x,y) = 2Re[p1P(z1) + p2P2(22)]

(11.5.14)
v(x,y) = 2Re[q1P1(z1) + q2P2(22)]
where we have dropped the rigid-body motion terms and
pi =St — Sistt; + Sz (11.5.15)
qi = Siapy; — Sa6 + (S22 /1) o
In polar coordinates, the stresses and displacements take the form
o, = 2Re[(sin 0 — u; cos 0)* @ (z1) + (sin O — u, cos 0)* ) (2,)]
0o = 2Re[(cos 0 + p, sin 0)° @' (z1) + (cos 0 + p, sin 0)* @ (z3)] (11.5.16)
T, = 2Re[(sin 0 — u; cos 0)(cos 0 + p; sin 0)@](z1) o
+ (sin 6 — p, cos O)(cos O + w, sin )P, (22)]
u, = 2Re[(p1 cos 0 + gy sin 0)D(z1) + (p2 cos 0 + g5 sin ) Dy(25)] (11.5.17)

ug = 2Re[(g cos 0 — py sin )P (z1) + (g2 cos 0 — p2 sin 0)P;(z2)]

Next we wish to establish the usual boundary conditions in terms of the complex potentials.
Results developed in the previous chapter, equation (10.2.13), are also valid here, and thus the
traction vector can be written as

T! = oy + Toyny = % (%)

d (0
T) =ty + oy = — ( a_f>

(11.5.18)
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Integrating this result over the boundary gives the boundary forces

0
JT}st +C = 99 _ 2Re[py D1(21) + 1y P2(22)] = pa(s)

dy
$ 96 (11.5.19)
[ 725+ = = 5 = ~2retare) + dateal =
S

where p.(s) and p,(s) are the prescribed boundary tractions and C; and C, are arbitrary constants
of integration that do not affect the stresses, and thus can be chosen as any convenient value.
The displacement boundary conditions follow directly from equations (11.5.14):

u(s) = 2Re[p1@1(z1) + p2Pa(22)] (11.5.20)
v(s) = 2Re[q1P1(z1) + q2P2(22)]
where u(s) and v(s) are the prescribed boundary displacements.

Therefore, we have now formulated the plane anisotropic problem in terms of two arbitrary
functions of the complex variables z; and z,. In regard to the general structure of these complex
potentials, many of the conclusions from the isotropic case covered previously in Section 10.4
would still hold for the anisotropic formulation. We now investigate the use of this formulation
for the solution to several problems of engineering interest.

EXAMPLE 11-3: Uniform Tension of an Anisotropic Sheet

Consider first the simple problem shown in Figure 11-6 of an anisotropic plane under
uniform tension 7 acting at an angle o measured from the horizontal. For this problem,
we already know the solution, namely a uniform stress field given by

oy = T cos® o
oy = Tsinza (1]521)

Ty = T'sinocos o

Complex potential functions corresponding to such a constant stress field would take the
form @(z;) = A2y, P2(z2) = Arzp, where A; and A, are constants that may be com-
plex. Using this form in relations (11.5.13) gives

0. = 2Re[1jA1 + 13As]
0y = 2Re[A; + A;] (11.5.22)
Txy = *2R€[,U1A1 + ﬂ2A2]

Equating (11.5.21) with (11.5.22) gives

Tcos® o = 2Re[u%A1 + ,LL%AQ]
T'sin? o = 2Re[A; + A,] (11.5.23)
Tsinocoso = —2Re[11 A1 + 1A2]
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EXAMPLE 11-3: Cont’d
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FIGURE 11-6  Uniform tension of an anisotropic plane.

Because the complex constants A; and A, each have real and imaginary parts, the previous
three relations cannot completely determine these four values. Another condition is needed,
and it is commonly chosen as A; = A;. Using this constraint, (11.5.23) can now be solved
to yield

T(cos o+ p, sina)(cos o + i, sin o)

A =
: (uy — 1)y — 1) + (g — By — 1)

_ T(cosa+p sina)(cos o + Jip sino) — (uy — @)y — fp)Aq (11.5.24)

A — —
(1 — p)(p — fi)

EXAMPLE 11-4: Concentrated Force System in an Infinite Plane

Consider next the problem of an infinite anisotropic plane containing a concentrated
force system at the origin, as shown in Figure 11-7. The problem is similar to Example
10-4, which investigated the isotropic case.
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FIGURE 11-7 Concentrated force system in an infinite plane.

Continued

Anisotropic Elasticity 317



EXAMPLE 11-4: Concentrated Force System in an Infinite
Plane-Cont'd

Guided by our previous isotropic analysis, we choose the logarithmic form for the
complex potentials

Di(z1) = A logz

(11.5.25)
@y(z2) = Az log zp
The stresses from these potentials are
A A
o, = 2Re {,u% =L + ,u% 72]
] %)
A A
oy = 2Re {—‘+—2} (11.5.26)
VA z

A A
Txy = —2Re |::ul _1 + My _2:|
1 2

Consider the boundary loading on a circle C enclosing the origin. Using the general
result (11.5.19), the resultant loadings are given by

X = #T;'ds = DReljy®1(21) + o Br(z2)e

c (11.5.27)
Y= j)T;’ds = —2Re[D(z)) + D2(22)]c
C

where we have dropped the arbitrary constants. Substituting in the complex potentials,
and using the cyclic properties of logarithmic functions (see (10.4.5)), the preceding
relations become

—X:4nRe[ﬂ1Al.i+ﬂzf42i] (115.28)
—Y = —4nRe[A i + Aji]

This system is not sufficient to determine completely the complex constants A; and
A, and additional relations can be found by invoking the condition of single-valued
displacements. If the displacements are to be single-valued, then the cyclic function
(defined in Section 10.4) of relations (11.5.14) must be zero

Re[p1®1(z1) + p2P2(22)]c =0

(11.5.29)
Re[q191(z1) + ¢2P2(22)]c = 0
and for this case gives the result
Re[piA1i 4 p2Asi] =0
[P1A1i + prAai] (11.5.30)

Re[q1A1i 4+ ¢2A2i] =0

Relations (11.5.28) and (11.5.30) now provide sufficient relations to complete the problem.
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EXAMPLE 11-5: Concentrated Force System on the Surface
of a Half Plane

We now develop the solution to the problem of an anisotropic half plane carrying a
general force system at a point on the free surface. The problem shown in Figure 11-8 was
originally solved for the isotropic case in the previous chapter in Example 10-5.
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____________ s
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FIGURE 11-8 Concentrated force system on a half plane.

Again guided by our previous isotropic solution, the potential functions are chosen as
Di(z;) =A;logz
@) = Ay log2y (11.5.31)
Dy(22) = Az logzp

The stresses from these potentials are then given by

A A
0y =2Re [uf Ly H% —2}
Z V43
A A
o, = 2Re [—#—1 (11.5.32)
° Z V)
A A
Tay = —2Re |::u1 - + _2:|
Z1 %)

Following the procedures from Example 10-5, we consider the boundary loading on a
semicircle C lying in the half-space domain and enclosing the origin. Using the general
result (11.5.19), the resultant loadings are given by

X= fﬁrgds — el ®1(z1) + 11 Ba(z)]e
(11.5.33)

C
—-Y = {)T;d? = —2R€[¢1(21) + ¢2(22)]C
C

Substituting in the complex potentials, and again using the cyclic properties of the
logarithmic function, we find
—X = 2nRe[p A1l 4+ prAsi
Lot 150 Hat 21l (11.5.34)
—Y = —2nRe[A i + Asi]

Continued
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EXAMPLE 11-5: Concentrated Force System on the Surface
of a Half Plane-Cont’'d

As before this system is not sufficient to determine completely the complex constants
A1 and A,. Additional relations can be found by invoking the stress-free boundary
condition on surface y = 0, giving the result
A Az]

ay(x, 0) = 2Re {— +
1 Vo)

=0 (11.5.35)

A A
Tyy(x, 0) = —2Re [ul 711 + it Z—j

y=0
Solving relations (11.5.34) and (11.5.35), the constants are found to be

- X+ wY)
2in(py — )

L= X +wmY)
2in(py — )

(11.5.36)

With the constants determined, the stresses can easily be calculated using (11.5.32).
Using polar coordinates, we can show the surprising result that o9 = 1,9 = 0, and thus
the stress state will be only radial. This result matches our findings for the correspond-
ing isotropic case given by relations (8.4.34) and/or (10.6.8). Exercise 11-16 computes
and compares o, stress components for orthotropic and isotropic cases, and significant
differences between the two cases are found.

EXAMPLE 11-6: Infinite Plate with an Elliptical Hole

Let us now investigate the solution to a class of problems involving an elliptical hole in an
infinite anisotropic plate, as shown in Figure 11-9. Although we develop solutions only to
a couple of cases in this example, Savin (1961) provides many additional solutions to
problems of this type. We first construct the general solution for arbitrary loading on the
hole surface for the case where the loading produces no net force or moment. Finally, a
specific case of a pressure loading is investigated in detail.

Using the usual conformal mapping concept, consider the mapping function that
transforms the exterior of the ellipse to the exterior of a unit circle

a+b a—>b
= = 11.5.
z=w({) 5 {+ 20 (11.5.37)
The complex variables z; and z, can be expressed in terms of the z and Z as
1 i . 1 ) . _
21 =x+wy =50 —ig)x+iy) + 51 +ip)x —iy) = y1z+ 012
2 2

| 1 (11.5.38)

=X+ Yy = 5(1 —i)(x +1y) + 5(1 + i) (x — iy) = p,2 + 022
Continued
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- X

\

FIGURE 11-9 Elliptical hole in an infinite anisotropic plane.

where y; = (1 —iw;)/2, 6; = (i + 1;)/2. Relations (11.5.38) lead to the concept of
induced mappings whereby the transformation (11.5.37) induces mappings in the
variables z; and z,

7 = yw) + w0 = wi(())
23 = 1,w(0) + 52w() = wa((p)

Using the specified transformation (11.5.37) in (11.5.38), the mapped variables {;,{,
can be determined as

(11.5.39)

7 —a? — uih?

& a—iub
(11.5.40)
2+ /73 — a® — i3b?
b= -
a—iub

Note that on the boundary of the hole, {; = {, = €.

Using the general results (11.5.19), we assume these boundary loadings can be
expanded in a complex Fourier series on the elliptic boundary

Puls) =Y (Ape™ +Aue™™)
m=1

~ (11.5.41)
py($) =) (Bue™ +Bue ")

m=1
where A,, and B,, are complex constants to be determined by the specific boundary
loading. Following our experience from the previous chapter for the isotropic case, we
expect our solution to be given by potential functions of the series form

D1(z) =Y anli"
" (11.5.42)

Dr(z2) = Y buly"
m=1
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where a,, and b,, are complex constants and {; and {, are given by relations (11.5.40).
Substituting these potential forms into the boundary loading relations (11.5.19) and
combining with (11.5.41) allows the determination of the constants a,, and b,, in terms
of boundary loading. This then provides the final general solution form

oo

Em + ,uzxm —
Di(z) =)y ———"
mz::l Ky — Ha :

(11.5.43)

- Em +u Xm -m
Datery = — 3Bt 10l
m=1 Hy —

11.5.1 Uniform Pressure Loading Case
Consider now the specific case of a pressure p acting uniformly on the entire elliptical cavity.
For this case, the boundary tractions are given by

T = —pny. Ty = —pny

where 7, and n, are the usual normal vector components. The boundary loading functions are
then determined from relations (11.5.19), giving the result

pa(s) = —J pdy + Cy = —pbsin0 + C,

G0 (11.5.44)

Dy(s) = J pdx + Cy = pacosl — pa + C,
0

The arbitrary constants can now be chosen for convenience as C; = 0 and C, = pa. Using
these results in boundary relation (11.5.41) determines the Fourier coefficients as

A, =ipb/2, B, = pa/2

(11.5.45)
Ap=B,=0, m=2,3,4,--

This then determines the complex potentials, and the stresses and displacements can be
calculated from previous relations (11.5.13) and (11.5.14).

The maximum stresses are most important for applications, and these occur as tangential
stresses on the boundary of the elliptical hole. It can be shown that this tangential stress on the
elliptical cavity is given by

p R 16718
agp = e
' 2sin?0 + b%cos2 0 (asin® — p;bcos O)(asin O — p,b cos )
(g oa — iy b — iuyb)a® sin® 0 + i(uy p, — 2)a*b* sin® 0 cos 0 (11.5.46)

+ Quy ity — Da*b? sin0 cos 0 + (uya + pra — ib)b® cos® 0]}

For the circular case (a = b), this result becomes

1'6710
70 —pRe{(siHQ — pycosB)(sin O — p, cos 6)

g o — ipty — ipy) sin® 0 + i(uy gy, — 2) sin? 0 cos 0 (11.5.47)

+ Quiy, — 1) sin 0 cos® 0 + (1 +pp — i) cos’ 9]}

322 ADVANCED APPLICATIONS



We can extract the isotropic limit by choosing the case u; = p, =i, and result (11.5.47)
becomes simply ¢y = p, which is the correct value for a pressurized circular hole in an
isotropic sheet (see Section 8.4.1). It should be noted that this scheme of developing the
isotropic limit must be done on the final relations for the stresses and displacements. For
example, if the expression p; = u, = i had been substituted into, say, relation (11.5.43) for the
potential functions, a meaningless result would occur. Exercise 11-17 explores ¢y numerical
results for the orthotropic case and demonstrates that at particular field points, anisotropy will
increase this hoop stress component compared to the isotropic value.

EXAMPLE 11-7: Stressed Infinite Plate with an Elliptical Hole

Consider next an infinite anisotropic plate with a stress-free elliptical hole. The plate is
loaded in the x direction as shown in Figure 11-10. Recall that the isotropic case was
previously solved in Example 10-7.

s /£ A B S
-« | A —»
. —
S W
qk—“\ —>
<« |'\ /’l—b

FIGURE 11-10 Infinite anisotropic plate with an elliptical hole.

The potentials for this problem can be determined by our previously developed
conformal mapping procedures. The details for this and other cases are given in Savin
(1961), and the final result may be written as

iSh a—iub
Di(z1) =A1z1 — 5 /112 s
2 — 1) zy + /73 — (@ + p3b?) (11.5.48)
iSb a—iub e

Dy(z2) = Arzy +

2y — 1) 2o + /25 — (a® + 13b?)

The first term in each expression corresponds to the uniform tension case discussed in
Example 11-3. For tension in the x direction, the constants become

S
Ar= RS 2 _ o2
2[(or — o)™+ (B5 — BD] (115.49)
A2 _ —S +l (CX] — (XQ)S
2 —on) + (B — BDI - 2Bl — o) + (B3 — B
Continued
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Hole-Cont'd

with parameters o; and f3; defined by equation (11.5.10);.
The stresses for this case follow from (11.5.13)

iShy? “
0x =S+ Re C( — m)a+i b)[ @
W — 1 W 77 — (@ + uib*)
iShu3
(1 — ) a+ipb) "\ /23 — (a* + 15b2)
iSh
Oy = Re|— i [ 2 2 N
(11— 1)@+ i) /7= (@ + i) (11.5.50)
. iSh [ - )
(= mo)(a +ipyb) /22 — (a® + 113b%)
iSh z
(= o)la + i b) " /21 — (@ + pib?)
le,llz — -
(1 — m)a + i) " \/z5 — (a® + u3b?)

Consider now the special case of an orthotropic material with u; = if;. For this case, the
stress g, along the y-axis (x = 0) is given by

Sb B By
(0, y) =S+ — -1
ox(0.5) By — B2 (a—Bb) /a2+ﬁ%(y2—b2) ]
(11.5.51)
ﬁ% Bay

+ —1
(a— ﬁzb)[ [a? + ﬁ%(yz —b) ]

Investigating the value of this stress at the edge of the ellipse (y = b), we get

0.(0,b) = S[l + B+ B2) g] (11.5.52)

The isotropic limit of this result is found by setting f; = f, = 1, which gives

0,(0,b) =S [1 + ZZ] (11.5.53)
and this matches with the isotropic case given previously in equation (10.7.15). For
many materials, §, + ff, > 2 (see Exercise 11-14), and thus the stress concentration for
the anisotropic case commonly is greater than the corresponding isotropic material.
Exercise 11-18 explores g, numerical results and demonstrates that this stress compon-
ent for the orthotropic case will be larger than the corresponding isotropic value.
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11.6 Applications to Fracture Mechanics

The elastic stress and displacement distribution around cracks in anisotropic media has
important applications in the fracture behavior of composite materials. Similar to our previous
study in Sections 10.8 and 10.9, we now wish to develop solutions to some basic plane
problems of anisotropic materials containing cracks. As discussed before, a crack can be
regarded as the limiting case of an elliptical cavity as one axis is reduced to zero. Thus,
in some cases the solution to the crack problem can be determined from a correspond-
ing elliptical cavity problem. There exists, however, more direct methods for solving
crack problems in anisotropic materials. Original work on this topic was developed by
Sih, Paris, and Irwin (1965), and further information may be found in Sih and Liebowitz
(1968).

The first problem we wish to investigate is that of a pressurized crack in an infinite medium.
The solution to this problem can be conveniently determined from our solution of the
pressurized elliptical cavity problem in Example 11-6. The crack case follows by simply
letting the semiminor axis b — 0. From (11.5.45) we find A; = 0, and relations (11.5.43) then
give the potential functions

2 —1
. _
@1(2,):%[21+ /—Z%,az] :ﬁ[ Z%,azle}
1 "2

(172

| (11.6.1)
5 _
_ pa iy 2 2 _ Pl 2 2
@(z)ff—{z +4/z fa] f—[\/z —a*—z
Ty [PV 2 — ) [V ’
The stresses follow from relations (11.5.13)
. = —pRe H%#z [ Z1 - ulu% [ 2 _1
! =My /22 —a? M= My (/25— a?
15 7 I 22
gy, = —pRe [ —1] - [ —1] (11.6.2)
! [lh—ﬂz V2 —a? M= My /73— a?
My 21 22
Ty = pRe - ]
’ Llﬂz Via—-a \E-a }
Evaluating these stresses on the x-axis (z; = zp = x) gives
oy = —pRe ﬂl,uz[L - 1])
N )
X (11.6.3)
o, = pRe (— -1
Y Ny
Ty =0

For the case |x1| > a, the stresses can be written as
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X

0y = —pl—=—=— 1IRe{ }
P o ity
X
e — 1 (11.6.4)
y pl o ]
Ty =0

The stresses depend on the material properties only through the term Re{u;u, }. Note that for
the isotropic case y; = u, = i, and thus

X

ool

Notice that both the anisotropic and isotropic stresses are singular at x = £a, which corres-
ponds to each crack tip. In the neighborhood of the crack tip x = a, we can use the usual
approximations x + a ~ a,x — a =~ r (see Figure 10-20), and for this case equations (11.6.4)
and (11.6.5) indicate that the crack-tip stress field has the 1/4/r singularity for both the
anisotropic and isotropic cases.

Next let us investigate the restricted problem of determining the stress and displacement
solution in the vicinity of a crack tip in an infinite medium, as shown in Figure 11-11. We
assume that the problem has uniform far-field loading in the y direction normal to the crack.

1},% =0 (11.6.5)

s

FIGURE 11-11  Crack in an infinite anisotropic plane.

Considering only the solution in the neighborhood of the crack tip (i.e., small |z|), it can be
shown that the potential functions can be reduced to the following form:

P(z1) = Arz; 2, Bh(z2) = Ayzy (11.6.6)

where A; and A, are arbitrary constants. Using this result in equations (11.5.13) and (11.5.14)
gives the following stress and displacement fields:
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K| wn
o, = —Re 172
V2r \/COSH Uy Sin 0 \/COSO U; sin@
o Ki R
=——=Re
Vo \/c050 Uy sin 0 \/0050 1y sin0
S S u1u2 (11.6.7)
YV \/COSH 1y sin0 \/COSH W, sin @
u= le/i;Re[ (,ulpz c0s 0 — iy sin 0 — pyp14/cos 0 — p sin 0) ]
M=
1
v = KlﬁRe[ (,ulqz cos 0 — p, sin 0 — pyg1+/cos 0 — py sinB) ]
Hy— Hy
where for convenience we have chosen
H K,
2
f(l;z M) (11.6.8)
1 K

Ay —— "1
2T 2V — )

Similar to the isotropic case, the parameter K is referred to as the stress intensity factor. It
is important to note from stress relations in (11.6.7) that the crack-tip stress singularity is of
order 1/+/r, which is identical to the isotropic case. This result holds for all plane problems
with a plane of material symmetry (sometimes referred to as rectilinear anisotropy). However,
it has been shown that the nature of this singularity does change for materials with more
complex anisotropy. It can also be observed from (11.6.7) that unlike the isotropic case,

variation of the local stress and displacement field depends upon material properties through
the roots ;. Finally, similar to the isotropic case, the stress and displacement field near the

crack tip depends on remote boundary conditions only through the stress intensity factor

Next let us consider a more specific fracture mechanics problem of a crack of length 24 lying

along the x-axis in an infinite medium with far-field stress ¢°

TT?T?TTTS

¢¢¢¢¢¢¢¢s

FIGURE 11-12 Central crack in an infinite anisotropic plane.

°¢ = §, asillustrated in Figure 11-12.
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For this problem, the complex potentials are given by Sih et al. (1965) as

Sa? !
Di(z1) = Az T [21 + 7 — az}
2(1y — o)
2

Sa !
Dr(22) = Arzp — ﬁ [Zz + 4/ Z% - a21|
1~ M

where A; and A, are again constants. Substituting this form into relations (11.5.13) gives the
following stress field in the vicinity of the crack tip:

_Sya Myl ) My
oy = Re — — :
V2r Hy =ty \\/cosO — p,sinf  /cosO — p; sin0 |

sva. [ 1 ]
o, = VA b M fa (11.6.10)
V2r [t =2 \\/cosO — ppsin@  \/cosO — iy sin0 ) |

_SVa | i, 1 1
T,y = ——Re —
TV 2r i =ty \ \/cos0 — p;sin0  /cosO — p, sin0 |

(11.6.9)

Note the similarity of this result with the relations developed in (11.6.7). For this case, the
stress intensity factor is then given by K; = Sy/a.

The previous two examples include only opening mode deformation of the crack tip. Other
loading cases can produce a shearing deformation mode, and these cases introduce a new stress
field with a different stress intensity factor, commonly denoted by K. Sih et al. (1965) provide
additional information on these examples. The analytically simpler crack problem for aniso-
tropic antiplane strain deformation is given in Exercise 11-21 and the results are comparable to
the isotropic problem developed in Exercise §-32.

11.7 Curvilinear Anisotropic Problems

As mentioned earlier, many materials have an anisotropic microstructure that would require a
curvilinear anisotropic model. Biological examples of such cases would include wood coming
from trees that grow in approximately cylindrical fashion and various tissue and bone material.
There are also many cases of synthetic composite materials with such curvilinear microstruc-
ture. As done previously for rectilinear anisotropy in Section 11.2, we would expect that
curvilinear anisotropy would also occur with some symmetries in material structure. This
would lead to a convenient modeling scheme for incorporating Hooke’s law within an
orthogonal curvilinear coordinate system using, for example, cylindrical or spherical coordin-
ates. Lekhnitskii (1981), Galmudi and Dvorkin (1995), Horgan and Baxter (1996), and others
have developed solutions to these types of problems.

Our discussion here will only briefly explore these problems, and we shall follow the work
of Galmudi and Dvorkin (1995) and Horgan and Baxter (1996), limiting the presentation to the
two-dimensional case using a polar coordinate system model. Therefore, consider the curvi-
linear microstucture shown in Figure 11-13. We assume that the material has a uniform fibrous
or cellular microstucture such that properties have orthogonal symmetry with respect to the
r and 6 directions as shown. Under this assumption, the material would be classified as being
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FIGURE 11-13 Material with an idealized orthogonal curvilinear microstructure leading to polar
orthotropy.

polar-orthotropic and, following the basic form of relation (11.2.10), we could write Hooke’s
law for the plane stress case as

E, Ey
o, = —— (e, — vprep), 09 = —————(eg — Vrpe,) (11.7.1)
1 — vy v 1 — vy, Vg

We also assume axisymmetry so that stresses will only depend on the radial coordinate and
7,9 = 0. Note that from the discussion in Section 11.2.2,

Vor — Vro

—_—=— 11.7.2
E, " E, ( )
Using the strain-displacement relations, the stresses can be expressed as
E, du u Ey u du
= — (== =), 0p=———— [ — 19— 11.7.3
’ 1 — vy v (dr Yo r) 70 1 — vy, v (r vro dr) ( )
In polar coordinates with no body forces, the equilibrium equation is
d r r
Ir I (11.7.4)
dr r
Using relations (11.7.3) and (11.7.2), this equation can be written as
d? 1d
Sy £ By (11.7.5)

drr  rdr 2

where n? = E¢/E, = vp,/v,. The parameter n provides a measure of the amount of material
anisotropy, and with n > 1 = E, > E,, the material may be classified as circumferentially
orthotropic; while with n < 1 = E, > Ey, the material is classified as radially orthotropic
(Horgan and Baxter 1996). The isotropic case is found by setting n = 1. Equation (11.7.5) is a
Cauchy-Euler differential equation and is similar to the isotropic result given previously in
(8.3.10). The equation can be easily solved giving the result for the radial displacement

u=Ar"+Br" (11.7.6)
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where A and B are arbitrary constants. This solution allows the stresses to be expressed by the
general form

o, =C" 7 4+ Cor™ 6g = Ci ! = Conr ! (11.7.7)

E, E, .
where C; =A( ——n+ vy | and C, =B| ——n+ 1y, | are new appropri-
1 — vy v 1 — vy v

ately defined arbitrary constants.

Consider now the specific problem of the thick-walled cylindrical domain problem with
internal and external pressure loadings, as shown previously in Figure 8-8. For this case we
redefine the annular domain with @ < r < b and consider pressure loading equal to p only on
the outer boundary » = b. Under these boundary conditions, the arbitrary constants C; and C,
can be easily determined and the stresses become

ian
G, = 7b212 — (rnfl _ a2n’,7nfl)
e (11.7.8)
0=~ (rmtarh

It can be shown that both of these normal stresses will be compressive in the region a < r < b,
and that for n > 1, |og|>|a,].

Dimensionless distribution plots of radial and hoop stresses are shown in Figure 11-14 for
cases of n = 0.5, 1.0, and 1.5 with b/a = 5. It is seen that for n > 1, the magnitude of the radial
stress will be less than the isotropic value; Galmudi and Dvorkin (1995) refer to this as
stress shielding. The opposite behavior occurs for the case 7 < 1, where the radial stress magnitude
is greater than the isotropic value, thereby leading to stress amplification. Both of these effects can
be viewed as being related to the decay of boundary conditions, and therefore could have
importance to the applicability of Saint-Venant’s principle for anisotropic problems. Notice also
that the hoop-stress magnitude at the inner boundary (r = @) decreases with increasing values of
the anisotropic parameter n. In general, the stresses are significantly affected by the curvilinear
anisotropy.

Going back to the isotropic case (n = 1), relations (11.7.8) reduce to

pb? a’
M 1772

11.7.9
o - (11.7.9)
w="p_a\ltz
For this case, taking the limit as » — oo and letting p = —T, the result is
2 2
a,A=T<1—a—2>, 09=T<1+“—2> (11.7.10)
r r

which matches with our previous result (8.4.9) and corresponds to a stress-free hole in an
infinite medium under equal far-field biaxial tensile loading 7. Note the isotropic problem then
generates a stress concentration factor of 2.
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FIGURE 11-14  Stress distributions in a polar orthotropic annular domain (a < r < b) with external
pressure with bla = 5.

As was first pointed out by Galmudi and Dvorkin (1995), attempting to do the same
limiting analysis for the anisotropic case (n # 1) will not produce a converged solution. This
surprising result is related to the fact that for n < 1, the stresses will become unbounded as
b — oo. A similar result for isotropic inhomogeneous materials will be shown in Chapter 14.
Although we cannot analytically evaluate the limiting case b — oo, we can still explore
this situation by evaluating relations (11.7.8) for the case with large but finite b/a ratios.
Figure 11-15 illustrates the dimensionless hoop stress for the case with b/a = 50 for several
values of n < 1. Values shown at r = a actually illustrate the stress concentration factors for
a small stress-free hole in a large sheet under equal far-field biaxial loading. It can be seen
that the stress concentration significantly increases as the anisotropy parameter 7 is reduced
from the isotropic value of unity. Note for this case Ey < E,, and n decreasing from 1.0, would
correspond to a material where the hoop modulus becomes increasingly smaller than the
radial modulus. A similar plot of the hoop stress, for cases with n > 1, would show a further
decrease in the local stress concentration but would now predict an increasing stress field with
radial distance from the hole (see Figure 11-14 with n = 1.5).

Additional features of this and other similar problems with polar and spherical curvilinear
anisotropy are discussed by Galmudi and Dvorkin (1995) and Horgan and Baxter (1996).
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FIGURE 11-15 Dimensionless hoop stresses in annular region b/a = 50 simulating a small hole in
a large sheet with n < 1.
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Exercises

11-1.

11-2.

11-3

11-4.

11-5.

11-6.

11-7.

0o i Jdo ki
8€k1 n 8e,-j'
that these results imply that C;; = Cj;, therefore justifying that only 21
independent elastic moduli are needed to characterize the most general anisotropic
material.

From strain energy arguments in Section 6.1, it was found that Show

Using material symmetry through 180° rotations about each of the three coordinate
axes, explicitly show the reduction of the elastic stiffness matrix to nine
independent components for orthotropic materials. Also demonstrate that after two
rotations, the third transformation is actually already satisfied.

A transversely isotropic material with an xs-axis of symmetry was specified by the
elasticity matrix given in equation (11.2.12). Under an arbitrary 0-rotation about the
X3-axis given by relation (11.2.11), all components of this elasticity matrix should remain
the same. Explicitly show this property for the 55 and 22 components of the C matrix.
Use the translation relation (11.1.6) and the given structure of the C matrix such as
Ci6 = Ci112 = 0, Cyq = Cs5- - -

Verify the inequality restrictions on the elastic moduli for orthotropic, transversely
isotropic, and isotropic materials given by relations (11.3.3), (11.3.4), and (11.3.5).

For the orthotropic case, show that by using arguments of a positive definite strain
energy function, Vl~2j < (E;/E;). Next, using typical values for E; and E, from Table 11-1,
justify that this theory could allow the unexpected result that v, > 1.

For the torsion of cylinders discussed in Section 11.4, show that with
oy = 0y, = 0. = Ty, = 0, the compatibility equations yield

0 0
- a (S44ryz + S4STXZ) + 8_y(SS4ryz + SSSsz) =C

where C is a constant.

In terms of the stress function i, the torsion problem was governed by equation
(11.4.9)

SaaW . — 28450y + Sssip,, = =2
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Show that the homogeneous counterpart of this equation may be written as

RN Y (A WA
ay HMax)\ay F2ax )V T

where u; , are the roots of the characteristic equation

Sssp> — 2Sasp + Saa =0

11-8. Explicitly justify relationships (11.5.3) between the compliances of the plane stress
and plane strain theories.

11-9. Investigate case 2 (1; = {i,) in equation (11.5.10), and determine the general form
of the Airy stress function. Show that this case is actually an isotropic formulation.

11-10. Determine the roots of the characteristic equation (11.5.7) for S-Glass/Epoxy material
with properties given in Table 11-1. Justify that they are purely imaginary.

11-11. Recall that for the plane anisotropic problem, the Airy stress function was found to be
¢ =Fi(z1)) + Fi(z1) + Fa(22) + Fa(22)

where z; = x + p,y and z; = x + u,y. Explicitly show that the in-plane stresses are
given by
0 = 2Re[iF | (z1) + 15F5(22)]
ay = 2Re[F\(2)) + Fy(22)]
Ty = —2Re[Fy (1) + 1pFy(22)]
11-12.  For the plane stress case, in terms of the two complex potentials @; and ®,, compute
the two in-plane displacements u and v and thus justify relations (11.5.14).

11-13. Determine the polar coordinate stresses and displacements in terms of the complex
potentials @; and @&,, as given by equations (11.5.16) and (11.5.17).

11-14*. For the plane problem with an orthotropic material, show that the characteristic
equation (11.5.7) reduces to the quadratic equation in y?

St + (2812 + See)p* +S» =0

Explicitly solve this equation for the roots ;, and show that they are purely complex
and thus can be written as u; , = if8; ,, where

1
Bi,= G {—(2512 + Ses) £ \/(2512 + Se6)* — 4511522}

Justify the isotropic case where f8; , = 1. Finally, determine f3, , for each of the four
composite materials given in Table 11-1.

11-15. Consider an anisotropic monoclinic material symmetric about the x-y-plane
(see Figure 11-2) and subject to an antiplane deformation specified by u = v = 0,
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11-16*.

11-17*.

11-18*.

11-19.

11-20.

w = w(x, y). Show that in the absence of body forces, the out-of-plane displacement
must satisfy the Navier equation

Pw Pw O*w
+2C45 57+ Cu

Css a2 axdy T 4o

=0

Next looking for solutions that are of the form w = F(x + py), show that this problem
is solved by

w = 2Re{F(z")}
Ty = 2Re{(uCss + Css)F'(")}
Ty = 2Re{(uCus + C45)F'(z) }

where z° = x + wy and p are the roots of the equation C44,u2 + 2C4s5p0 + Cs5 = 0.
Note that for this case, positive definite strain energy implies that Cy4Css > C452;
therefore the roots will occur in complex conjugate pairs.

For Example 11-5, consider the case of only a normal boundary load (X = 0), and
assume that the material is orthotropic with u; = if; (see Exercise 11-14). Show that
the resulting stress field is given by

. YB1By(By + Bp)sin0
nr(cos? 0 + /3? sin® 0)( cos? 0 + /3% sin® 0)

gy = , 00 =T = 0

Next compare the stress component ¢, with the corresponding isotropic value by
plotting the stress contours o, /Y = constant for each case. Use orthotropic material
values for the Carbon/Epoxy composite given in Table 11-1, and compare with the
corresponding isotropic case.

Consider the case of the pressurized circular hole in an anisotropic sheet. Using
orthotropic material properties given in Table 11-1 for Carbon/Epoxy, compute and
plot the boundary hoop stress gy as a function of 0. Compare with the isotropic case.

Investigate the case of a circular hole of radius @ in Example 11-7. Use orthotropic
material properties given in Table 11-1 for Carbon/Epoxy with the 1-axis along the
direction of loading. Compute and plot the stress ¢,(0,y) for y > a. Also compare
with the corresponding isotropic case.

Consider the elliptical hole problem in Example 11-7. By letting @ — 0, determine the
stress field for the case where the hole reduces to a line crack of length 2b. Demonstrate
the nature of the singularity for this case.

The potentials

Sa? -
By(z1) = Ay + o F2 |:Zl +4/7 - az}
2 = o)
502#1 { B
Do(z0) =Arzy — ———— |25 + /25 — @2
TRy [PV
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were proposed to solve the plane extension of an anisotropic panel containing a crack of
length 2a (see Figure 11-12). Recall that the constants A; and A, correspond to the
uniform tension case, and for stress S in the y direction

s (03 + p3)S
L= VRY YY)
2[(or2 — 1) + (B3 — D]

G Bi-2mm)S | ln(d = ) - m(s — IS
2y — ) + (B2 — D] 2Bal(n — an)® + (B2 — BD)]

a. Determine the general stress field, and verify the far-field behavior.
b. Show that the stress field is singular at each crack tip.

c. Using the limiting procedures as related to Figure 10-20, verify that the crack-tip
stress field is given by (11.6.10).

11-21. Consider the case of a crack problem in an anisotropic monoclinic material under anti-
plane deformation as described in Exercise 11-15. Following relation (11.6.6), choose the
complex potential form as F(z*) = Av/z*, where A = —v/2K31/(Css + tCys) and K5 is a
real constant. Using this form, show that the nonzero displacement and stresses in the
vicinity of the crack tip (see Figure 11-11) are given by

0 in0
e K3@Re{—mﬂsnl

Cys5 + 1Cay
Ty = fﬁRe{é}
- V2r | \/cosO + usin0
Ty, = ﬁRe{%}
V2r | W/cosO+ usin0

Note that the parameter K3 will be related to the stress intensity factor for this case.
Verify that shear stress 7,, vanishes on each side of the crack face, 0 = +mn. These
results can be compared to the corresponding solution for the isotropic case given in
Exercise 8-32.

<
s

11-22. Explicitly develop the governing Navier equation (11.7.5) for the polar orthotropic
problem. Verify that its solution is given by (11.7.6) and show how this leads to the
stress solution (11.7.7). Finally, confirm that the problem with only external pressure
loading is given by (11.7.8).
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12  Thermoelasticity

Many important stress analysis problems involve structures that are subjected to both mechan-
ical and thermal loadings. Thermal effects within an elastic solid produce heat transfer by
conduction, and this flow of thermal energy establishes a temperature field within the material.
Most solids exhibit a volumetric change with temperature variation, and thus the presence of a
temperature distribution generally induces stresses created from boundary or internal con-
straints. If the temperature variation is sufficiently high, these stresses can reach levels that
may lead to structural failure, especially for brittle materials. Thus, for many problems
involving high temperature variation, the knowledge of thermal stress analysis can be very
important.

The purpose of this chapter is to provide an introduction to thermoelasticity; that is, elasticity
with thermal effects. We develop the basic governing equations for isotropic materials and
investigate several solutions to problems of engineering interest. We have already briefly
discussed the form of Hooke’s law for this case in Section 4.4. More detailed information may
be found in several texts devoted entirely to the subject such as Boley and Weiner (1960),
Nowacki (1962), Parkus (1976), Kovalenko (1969), Nowinski (1978), and Burgreen (1971).
We start our study with some developments of heat conduction in solids and the energy equation.

12.1 Heat Conduction and the Energy Equation

As mentioned, the flow of heat in solids is associated with temperature differences within the
material. This process is governed by the Fourier law of heat conduction, which is the
constitutive relation between the heat flux vector ¢ and the temperature gradient VT. This
theory formulates a linear relationship that is given by

where k;; is the thermal conductivity tensor. It can be shown that this tensor is symmetric, that
is, k;j = kj;. For the isotropic case k;; = kd;;, and thus

qi = —kT; (12.1.2)
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where k is a material constant called the thermal conductivity. Note the flow of heat moves
against the temperature gradient, that is, flows from hot to cold regions.

In order to properly establish thermoelasticity theory, particular thermal variables such
as temperature and heat flux must be included, and this requires incorporation of the
energy equation. Previous to this point, our purely mechanical theory did not require this
field relation. The energy equation represents the principle of conservation of energy, and this
concept is to be applied for the special case of an elastic solid continuum. Details of the
equation derivation will not be presented here, and the interested reader is referred to Boley
and Weiner (1960) or Fung (1965) for a more complete discussion on the thermodynamic
development of this equation. We consider an elastic solid that is stress free at a uniform
temperature T, when all external forces are zero. This stress-free state is referred to as the
reference state, and T, is called the reference temperature. For this case, the energy equation
can be written as

pé:mjvi,j—q,-,,-—kph (1213)
where p is the mass density, ¢ is the internal energy, v; is the velocity field, and % is any
prescribed energy source term. From thermodynamic theory, the internal energy rate may be
simplified to

¢=cT (12.1.4)
where c is the specific heat capacity at constant volume.
Recall that the stress follows from the Duhamel-Neumann constitutive relation given
previously in (4.4.5) as
i = Cien + By(T —T,) (12.1.5)

and for the isotropic case this reduces to

gjj = /Iekkéij + 2ﬂelj - (3;v + Zﬂ)OC(T - T())éij

+v v (12.1.6)
€ij = —5—0ij — g oudj + T —To)d;
where o is the coefficient of thermal expansion.
Using results (12.1.4) and (12.1.6) in the energy equation and linearizing yields
KT ;i = pcT + (32 + 2w)aT,é; — ph (12.1.7)

Note that the expression (34 + 2u) « T,¢;; involves both thermal and mechanical variables, and
consequently this is referred to as the coupling term in the energy equation. It has been shown
(see, for example, Boley and Weiner 1960) that for most materials under static or quasi-static
loading conditions, this coupling term is small and can be neglected. For this case, we establish
the so-called uncoupled conduction equation

KT ;i = pcT — ph (12.1.8)
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For our applications, we consider only uncoupled theory and normally with no sources (7 = 0).
Another simplification is to consider only steady state conditions, and for this case the
conduction equation reduces to the Laplace equation

PT T 0T
. 2 e — —_— —_—
T;=VT B + 72 + o2 0 (12.1.9)

It should be noted that for the uncoupled, no-source case the energy equation reduces to a
single parabolic partial differential equation (12.1.8), while for the steady state case the
reduction leads to an elliptic equation (12.1.9) for the temperature distribution. For either
case, with appropriate thermal boundary conditions, the temperature field can be determined
independent of the stress-field calculations. Once the temperature is obtained, elastic stress
analysis procedures can then be employed to complete the problem solution.

12.2 General Uncoupled Formulation

Let us now formulate the general uncoupled thermoelastic problem. Many of our previous
equations are still valid and remain unchanged, including the strain-displacement relations

ej = %(ui,j + u;;) (12.2.1)
the strain-compatibility equations
eij. i+ e, ij — ik ji — ejrik =0 (12.2.2)
and the equilibrium equations
g, +Fi=0 (12.2.3)

These are to be used with the new form of Hooke’s law
0jj = Leoij + 2ue; — 34+ 2p)uT — T,)d; (12.2.4)
and the energy equation
pcT = kT (12.2.5)

The 16 equations (12.2.1) and (12.2.3) through (12.2.5) constitute the fundamental set of field
equations for uncoupled thermoelasticity for the 16 unknowns u;, e;;, o;;, and T. As before, it
proves to be very helpful for problem solution to further reduce this set to a displacement and/
or stress formulation as previously done for the isothermal case. Recall that the compatibility
equations are used for the stress formulation. These further reductions are not carried out at this
point, but will be developed in the next section for the two-dimensional formulation. Boundary
conditions for the mechanical problem are identical as before, while thermal boundary condi-
tions normally take the form of specifying the temperatures or heat fluxes on boundary
surfaces.
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12.3 Two-Dimensional Formulation

The basic two-dimensional thermoelasticity formulation follows in similar fashion as done
previously for the isothermal case in Chapter 7, leading to the usual plane strain and plane
stress problems. Each of these formulations is now briefly developed. Some parts of
the ensuing presentation are identical to the isothermal formulation, while other results create
new terms or equations. It is important to pay special attention to these new contributions and
to be able to recognize them in the field equations and boundary conditions.

12.3.1 Plane Strain
The basic assumption for plane strain in the x,y-plane was given by the displacement field

u=uxy), v=vixy), w=0 (12.3.1)

Recall that this field is areasonable approximation for cylindrical bodies with a large z dimension,
as shown previously in Figure 7-1. This leads to the following strain and stress fields:

BT A VT
TToxT 7 T oy YT 2\ 9y ox (12.3.2)
e;=¢e;=¢e,;,=0
Ou Ov Ou
=AM =+ = 2u—— (3L +2u)T — T,
Ox (8x+ay) Hogs — oHBA+2u) 0)
oy =4 @ + @ Z,u@ —aBA+2u)(T —T,)
Ox 0Oy oy
ou ., o (12.3.3)
Ty = Y| =— + =
v = MGy T ax
o, =v(oy+0,) — EuT —T,)
T =Ty, =0
In the absence of body forces, the equilibrium equations become
* o (12.3.4)
0y 0o,
ox Oy
and in terms of displacements these equations reduce to
0 (0u Ov or
UV U+ G (4 S) — Ba+ 2pa e =0
ox\0Ox Oy Ox
9 /ou 9 o7 (12.3.5)
D4t e (45 — Ght 2ma e =0
w7+ ( +u)ay 8x+8y B2+ “)“ay
2 2
where V2 = 2 + e Comparing this result with the equivalent isothermal equations (7.1.5), it
X Y

is noted that thermoelasticity theory creates additional thermal terms in Navier’s relations
(12.3.5).
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The only nonzero compatibility equation for plane strain is given by

e, e, ey
w2'5f:2w£ (12:36)

Using Hooke’s law in this result gives
E
V(o + 0y) + 1—“va =0 (12.3.7)
— UV

Again note the additional thermal term in this relation when compared to the isothermal result
given by (7.1.7). The additional terms in both (12.3.5) and (12.3.7) can be thought of as
thermal body forces that contribute to the generation of the stress, strain, and displacement
fields. Relations (12.3.5) would be used for the displacement formulation, while (12.3.4) and
(12.3.7) would be incorporated in the stress formulation.

The boundary conditions for the plane strain problem are normally specified for either the
stresses

T)): = Oyl + Tyhty = (T:T)s

. . (12.3.8)
Ty = Tyl + Oyhy, = (Ty )s
or the displacements
u=us(x.) (12.3.9)
v = vs(x,y)

where (T7);, (T;’)s, us, and vy are the specified boundary tractions and displacements on the
lateral surfaces. Note that these specified values must be independent of z and the temperature
field must also depend only on the in-plane coordinates; that is, T = T(x,y). It should be
recognized that using Hooke’s law (12.3.3) in the traction boundary conditions (12.3.8) will
develop relations that include the temperature field.

12.3.2 Plane Stress
The fundamental starting point for plane stress (and/or generalized plane stress) in the x,y-
plane is an assumed stress field of the form

Oy = 0x(X,Y), Oy = 0y(X,Y), Txy = TxylX,

; (6¥), 0y = 0,(X,y), Ty = Ty, y) (12.3.10)
0, =T;=71,,=0

As per our previous discussion in Section 7.2 this field is an appropriate approximation for

bodies thin in the z direction (see Figure 7-3). The thermoelastic strains corresponding to this

stress field come from Hooke’s law:
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1
ey = E(O'x —voy,) +auT —T,)

1
ey =— (o, —voy) +ouT —T,)

E
1+v (12.3.11)
ey = Trxy
v
€; = — E(O-x + O-y) +o(T —T,)
e:=e, =0

The equilibrium and strain compatibility equations for this case are identical to the plane
strain model; that is, equations (12.3.4) and (12.3.6). However, because of the differences in
the form of Hooke’s law, plane stress theory gives slightly different forms for the displacement
equilibrium equations and stress compatibility relations. However, as we discovered previ-
ously for the isothermal case, differences between plane stress and plane strain occur only in
particular coefficients involving the elastic constants, and by simple interchange of elastic
moduli one theory can be transformed into the other (see Table 7-1). This result also holds for
the thermoelastic case, and the specific transformation rules are given in Table 12-1.

TABLE 12-1 Elastic Moduli Transformation Relations for Conversion Between
Plane Stress and Plane Strain Thermoelastic Problems

E v o
Plane stress to plane strain E v (1 +v)
1—12 1-v
Plane strain to plane stress E(1 4+ 2v) v 1+v
— o
(1 +v)? 1+v 1+2v

Using these transformation results, the displacement equilibrium equations for plane stress
follow from (12.3.5)

Vi L0 (o on E O,
K 2(1 —v)Ox \Ox Oy l—v ox (123.12)
vzl/_i_ig @_A'_@ — E (Xg—o o
K 2(1 —v)dy \Ox 9Oy 1—v 9y
and the plane stress compatibility relation becomes
V(o + ay) + EaV*T = 0 (12.3.13)

The boundary conditions for plane stress are similar in form to those of plane strain specified
by relations (12.3.8) and (12.3.9), and these would apply on the lateral edges of the domain.
Reviewing plane strain theory, it is observed that the temperature effect is equivalent to

ar
adding an additional body force —(34 + 2,u)cxa— to Navier’s equations of equilibrium and
X

adding a traction term (34 + 2u)a(T — T,)n; to the applied boundary tractions. A similar
statement could be made about the plane stress theory, and in fact this concept can be
generalized to three-dimensional theory.

342

ADVANCED APPLICATIONS



12.4 Displacement Potential Solution

We now present a general scheme for the solution to the thermoelastic displacement problem.
Although this scheme can be employed for the three-dimensional case (see Timoshenko and
Goodier 1970), only the plane problem will be considered here. We introduce a displacement
potential ¥, such that the displacement vector is given by

u=Vvy (12.4.1)

Further details on potential methods are discussed in Chapter 13. Using this representation in
Navier’s equations for plane stress (12.3.12) with no body forces gives the result

3 82_l[/+82_l}’ — (1 + ) Q
Ox\ox2 oyt ) Y% ox
5 5 (12.4.2)
o (P P\ _ T
Oy \ox2  oyr) Oy
These equations can be integrated to give
T N
W+8_y2_ (1 + v)aT (12.4.3)

where the constant of integration has been dropped and T denotes the temperature change from
the stress-free reference value. Note for the plane strain case, the coefficient on the temperature
term would become a(1 + v)/(1 — v).

The general solution to (12.4.3) can be written as the sum of a particular integral plus the
solution to the homogeneous equation

Y=y ph (12.4.4)
with
vy = (12.4.5)

The particular integral of the Poisson equation (12.4.3) is given by standard methods of
potential theory (see, for example, Kellogg 1953)

p®) :i(l +u)a”T(é,n)10grd5dn (12.4.6)
R

where r = [(x — > + (v — 11)2]1/ 2 and R is the two-dimensional domain of interest.
The displacement field corresponding to these two solutions may be expressed as

w = u® + u® (12.4.7)

It is noted that the homogeneous solution field satisfies the Navier equation
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E
(h) ) _
wt gy + 20— u, ;=0 (12.4.8)

which corresponds to an isothermal problem. The boundary conditions for the solution ul(»h) are
determined from the original conditions by subtracting the contributions of the particular
integral solution u?’) . Thus, with the particular integral known, the general problem is then
reduced to solving an isothermal case.

12.5 Stress Function Formulation

Let us now continue the plane problem formulation and pursue the usual stress function
method of solution. As before, we can introduce the Airy stress function defined by

9% 9*¢ 9*¢
S = O T g T ay (12.5.1)

Recall that this representation satisfies the equilibrium equations identically. Using this form in
the compatibility equation (12.3.13) for the plane stress case gives

Vi + ExV?T =0

or

' op ¢ <82T azr) (1252

8—x4+2—8x28y2+8—y4+Ea

The corresponding equation for plane strain follows by using the transformation relations in
Table 12-1.

The general solution to (12.5.2) can be written in the form ¢ = ¢© + ¢, where ¢
satisfies the homogeneous equation

v =0 (12.5.3)

and for plane stress d)(”) is a particular solution of the equation
V2P + EoaT =0 (12.5.4)
A similar result can be obtained for the plane strain case. Note that for the steady state problem,

the temperature field is harmonic, and thus (12.5.2) reduces to the homogeneous equation.
The general traction boundary conditions are expressible as

n __ p—
T = ong + tyny =

Pody | P dr_d (06
Oy2ds  OxOyds ds \ Oy
Ppdy Ppdx  d (@)

 Oxdyds Ox*ds  ds\Ox

(12.5.5)

T;’ = Tyl + 041y =

which are identical to the isothermal relations (10.2.13). Integrating these results over a
particular portion of the boundary C gives
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JT"d +C = —d)
2 Oy
96 (12.5.6)
JT ds+Cy = ——
 ox
C
where C; and C, are arbitrary constants of integration. ) o
Combining this result with the total differential definition d¢p = —dx + —dy and inte-
. . Ox Ay
grating over C from 0 to s gives
S S S
P(s) = fo T;’ds +yJ Tyds + J (xT;,l —yT7)ds (12.5.7)
0 0 0

where we have dropped constants of integration because they will not contribute to the stress
field. Likewise, using the directional derivative definition d¢p/dn = V¢ - n gives the result

@ de

dn ds

dy
T"ds f—J T'ds = —t - F (12.5.8)
ds 0 M

where £ is the unit tangent vector to the boundary curve and F is the resultant boundary force.
For many applications, the boundary conditions are simply expressed in terms of specific stress
components, and for the Cartesian case we can use the defining relations (12.5.1) to develop
appropriate conditions necessary to solve the problem.

Note that for the case of zero surface tractions T} = T| = 0, these boundary conditions
imply that '

d¢
¢ = e 0, on the boundary (12.5.9)

For this case under steady state conditions, the solution to the homogeneous form of (12.5.2) is the
trivial solution ¢p = 0. Thus, we can conclude the rather surprising result: For simply connected
regions, a steady temperature distribution with zero boundary tractions will not affect the in-
plane stress field. Note, however, for multiply connected bodies, we must add additional
equations ensuring the single-valuedness of the displacement field. When including these
additional relations, a steady temperature field normally gives rise to in-plane stresses. Additional
information on analysis of multiply connected regions can be found in Kovalenko (1969).

EXAMPLE 12-1: Thermal Stresses in an Elastic Strip

Consider the thermoelastic problem in a rectangular domain as shown in Figure 12-1. We
assume that the vertical dimension of the domain is much larger than the horizontal width
(2a), and thus the region may be described as an infinite strip of material. For this problem,
assume that the temperature is independent of x and given by T = T, sin §y, where T, and f§
are constants. Note that by using Fourier methods and superposition we could generate a
more general temperature field.

Considering the plane stress case, the governing stress function equation becomes

V*¢ = EaT, B sin fy (12.5.10)

Continued
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EXAMPLE 12-1: Thermal Stresses in an Elastic Strip—Cont’'d

>
<

1N}

)
A

|

FIGURE 12-1 Thermoelastic rectangular strip.

The particular solution to this equation is easily found to be

EoT,
P = Zzosinﬂy (12.5.11)

For the homogeneous solution we try the separation of variables approach and choose
qﬁ(h) = f(x)sin fy. Using this form in the homogeneous biharmonic equation gives an
auxiliary equation for the function f(x)

f//// _ Zﬁzfﬁ + ﬁ4f -0
The general solution to this differential equation is
f = Cy sinh fx + C, cosh fix + Czx sinh fix 4+ Cyx cosh fix (12.5.12)

Now since the temperature field was symmetric in x, we expect the stresses to also
exhibit the same symmetry. Thus, the stress function must also be symmetric in x and so
Cy = C4 =0. Combining the particular and homogeneous solutions, the resulting
stresses become

0, = —B*[C; cosh fx 4 Cixsinh fx] sin fy — EoT, sin fiy

2
oy = i [Cz cosh fix + Cz(xsinh fix + BCOSh ﬁx)} sin fy

1
Ty = —p? |:C2 sinh fix + C3(x cosh fix + Esinh ﬁx)} cos fy

(12.5.13)

These stress results can then be further specified by employing boundary conditions on
the lateral sides of the strip at x = £a. For example, we could specify stress-free
conditions 0,(£a,y) = 1,(+xa,y) =0, and this would determine the constants C,
and Cj (see Exercise 12-6).
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12.6 Polar Coordinate Formulation

We now wish to list the basic plane thermoelastic equations in polar coordinates. Recall that
the isothermal results were previously given in Section 7.6. Following the same notational

scheme as before, the strain-displacement relations are given by

Oy -y =t 1010
o T T 0

_ L (10u  Ouy uy
€0 = 2\r 00  or r

For the case of plane stress, Hooke’s law becomes

e =

E
0, =——le, +veg — (1 + )T —T,)]
1 — 12
E
op = 17 [eg + ve, — (1 + )T —T,)]
- E
Tr) = 1+ Ver()

In the absence of body forces, the equilibrium equations reduce to

do, 1014 o, —0yp

or +r 00 ro 0
aT,~9 1 60’9 2‘E,~g
il -0
or +r 00 + r
The Airy stress function definition now becomes

_19¢ 159
= rer T 90?

oy L0

T o2

o _9 (10
0= "o\ 00

(12.6.1)

(12.6.2)

(12.6.3)

(12.6.4)

which again satisfies (12.6.3) identically. The governing stress function equation given previ-
ously by (12.5.2), still holds with the Laplacian and biharmonic operators specified by

* 10 1
o 1o 10
Vi= or? +r 8}‘+r2 90*
P 10 1FN\(d 10 1
4_ 2o _ 1o 1 o 1
Vi=ViVe= (81‘2+1*8r+r2892> (81‘2+1‘81‘+r2602

(12.6.5)
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12.7 Radially Symmetric Problems

We now investigate some particular thermoelastic solutions to plane stress problems with
radially symmetric fields. For this case we assume that all field quantities depend only on the
radial coordinate; that is, o, = a,(r), g9 = g¢(r), 1,0 = 1,0(r), T = T(r). Similarly, the stress
function also has this reduced dependency, and thus the stresses are specified by

_1d¢
or = rdr
a*¢ d (12.7.1)
0y = W = E(}m)
Tro = 0

The governing equation in terms of the stress function simplifies to

1d d de¢ 1d [ drT
E — =0 12.7.2
rdr {rdr [rd) < d))]}+ “rdr ( dr) (12.7.2
This relation can be recast in terms of the radial stress by using (12.7.1);, giving the result
1d d[1d 1d [ dr
4 Y= —Ea 12.7.
rdr{ dr[rdr( 0)}} Id}( dr) (12.7.3)

which can be directly integrated to give

_c Eo
o, 3+C2+—(210gr—1)——JTrd) (12.7.4)

The constants of integration C; are normally determined from the boundary conditions, and the
temperature appearing in the integral is again the temperature difference from the reference
state. Note that C; and C3 must be set to zero for domains that include the origin. Combining
this result with (12.7.1), gives the hoop stress, and thus the two nonzero stress components are
determined.

Considering the displacement formulation for the radially symmetric case, u, = u(r) and
up = 0. Going back to the equilibrium equations (12.6.3), it is observed that the second
equation vanishes identically. Using Hooke’s law and strain-displacement relations in the
first equilibrium equation gives

d1d ar
- {;E(ru)] =1+ y)ocg (12.7.5)

This equation can be directly integrated, giving the displacement solution

u=Ar +— MJT;‘W (12.7.6)
r

where A; are constants of integration determined from the boundary conditions, and as before T
is the temperature difference from the reference state. The general displacement solution
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(12.7.6) can then be used to determine the strains from relations (12.6.1) and stresses from
Hooke’s law (12.6.2). As found in Section 8.3 for the isothermal case, the stresses developed
from the displacement solution do not contain the logarithmic term found in relation (12.7.4).
Thus, the logarithmic term is inconsistent with single-valued displacements, and further
discussion on this point is given in Section 8.3. We commonly drop this term for most problem
solutions, but an exception to this is given in Exercise 12-11.

EXAMPLE 12-2: Circular Plate Problems

Let us investigate the thermal stress problem in an annular circular plate shown in

Figure 12-2. The solid plate solution is determined as a special case as r; — 0. The

problem is to be radially symmetric, and we choose stress-free inner and outer boundaries.
After dropping the log term, the general stress solution (12.7.4) gives

_G

Oy
72

E
+C -2 [Trdr (12.7.7)
r o

Using the boundary conditions a,(r;) = g,(r,) = 0 determines the two constants C, and
Cs. Incorporating these results, the stresses become

Eo (12 —r2 (™ . " ;
0= {ﬁj T - | T(cf)édg}
SO (12.7.8)
Eo (12 +7rF 7 ! ; 2
g = 2\ 22 T(OELdEH+ | T(OEAE —Tr
0 i Jri i
and the corresponding displacement solution is given by
x L A=+ A +uvy? [
u=? {(1 R G TO@Ey (1279
Ti o i ri
rO
FIGURE 12-2  Annular plate geometry.
Continued
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EXAMPLE 12-2: Circular Plate Problems-Cont'd

In order to explicitly determine the stress and displacement fields, the temperature
distribution must be determined. As mentioned, this is calculated from the energy or
conduction equation. Assuming steady state conditions, the conduction equation was
given by (12.1.9), and for the radially symmetric case this reduces to

ld [ dT
~= (, E) -0 (12.7.10)

This equation is easily integrated directly, giving the solution
T =Alogr+ A, (12.7.11)

Choosing thermal boundary conditions 7(r;) = T;, T(r,) = 0, the constants A; and A,
can be determined, and the temperature solution is obtained as

T; i T; 0
T=—"" _log ('—> —— " _log (r—) (12.7.12)
ri Iy o r
log <—) log <—)
Fo i
For the case T; > 0, this distribution is shown schematically in Figure 12-3.
Substituting this temperature distribution into the stress solution (12.7.8) gives

EoT; ) (ro) ri2 | rs ) Ty
o, =——{ —log(2) — — 2 log| =2
2log (r,/ri) & r rz— rl-2 r? & ri
EoT; To r? r2 o
— s = log (M) = T (142 ) log
2log (r,/ri) { 08 r rz — ”1‘2 + r2 o8 Ti

Note for this solution when T; > 0, g, < 0, and the hoop stress gy takes on maximum
values at the inner and outer boundaries of the plate. For the specific case r,/r; = 3, the
stress distribution through the plate is illustrated in Figure 12-4. For steel material
(E =200GPa, oo = 13x 10*6/°C) with T; = 100°C, the maximum hoop stress on the
inner boundary is about —174 MPa.

(12.7.13)

)

T)

T

fi To

FIGURE 12-3  Temperature distribution in an annular plate.
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0.4

0.2

Dimensionless Stress
|
o
N

0.4
06 // — o,/EaT;

1 15 2 25 3
Dimensionless Radial Distance, r/r;

FIGURE 12-4  Stress distribution in an annular plate (r,/r; = 3).

For the case of a thin ring plate where r, & r;, we can write r,/r; = 1 + ¢, where ¢ is a
small parameter. The logarithmic term can be simplified using

To &2 &
log| — ) ~log(1 NEe——+——---
%Q) og(l+e)~e > 1t3

and this yields the following approximation:

EoT; e EoT;
o)~ = (1) =
(12.7.14)
EoT; EoT;
Go(ry) ~ i (1 — £y m 220

3 2

Finally, by allowing the inner radius r; to reduce to zero, we obtain the solution for a solid
circular plate. For this case, the constant C5 in solution (12.7.7) must be set to zero for finite
stresses at the origin. The resulting stress field for zero boundary loading becomes

1 (" 1 ("
o, = Eoc{—ZJ Trdr — —ZJ Trdr}
To™ Jo = Jo

| L (12.7.15)
o9 = Ea —J Trdr—l——J Trdr — T
ro? 0 r? 0

Continued
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EXAMPLE 12-2: Circular Plate Problems-Cont'd

("
Casual inspection of the integral term —ZJ Trdr indicates the possibility of unbounded
™ Jo

behavior at the origin. This term can be investigated using 1’Hospital’s rule, and it can
be shown that

. 1( 1
}1_1% <’—2 Jo Trdr) =5 T(0)

Because we expect the temperature at the origin to be finite, this limit then implies that the
stresses will also be finite at » = 0. Using a temperature boundary condition 7(r,) = T,,
the general solution (12.7.11) predicts a uniform temperature T = T, throughout the
entire plate. For this case, relations (12.7.15) give g, = g9 = 0, and thus the plate is
stress free. This particular result verifies the general discussion in Section 12.5 that a
steady temperature distribution in a simply connected region with zero boundary tractions
gives rise to zero stress. The previous results for plane stress can be easily converted to
plane strain by using the appropriate conversion of elastic constants.

The general thermoelastic plane problem (without axial symmetry) can be developed using
methods of Fourier analysis; see, for example, Boley and Weiner (1960). The results lead to a
similar solution pattern as developed in Section 8.3. Instead of pursuing this development, we
look at the use of complex variable methods for the general plane problem.

12.8 Complex Variable Methods for Plane Problems

We now wish to develop a complex variable technique for the solution to plane problems in

thermoelasticity. As demonstrated in Chapter 10, the complex variable method is a very

powerful tool for solution of two-dimensional problems. This method may be extended to handle

problems involving thermal stress; see Bogdanoff (1954) and Timoshenko and Goodier (1970).
For the steady state case, the scheme starts by defining a complex temperature

T*(z) =T +iT; (12.8.1)

where the actual temperature 7 is the real part of 7* and 7; is the conjugate of T. As before,
these temperatures actually represent the change with respect to the stress-free reference state.
Further define the integrated temperature function

r*(z) = J T (2)dz = tg + iy (12.8.2)

Using the Cauchy-Riemann equations,

81‘R . 8l1 8tR . at[

el Bt Qo 12.8.3
Ox Qdy Oy Oox ( )
Note that these results imply that the temperature can be expressed as
8tR 811
=—=— 12.84
ox Oy ( )
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Next decompose the two-dimensional displacement field as

u=u + Ptg

12.8.5
v=iv+py ( )

where f§ is a constant to be determined. Substituting these displacements into Hooke’s law
(12.3.3) for plain strain yields the following stress field:

N o )
oy = A(l+l> 20 2 L 2B ) — a3+ 21T

ox = Oy Ox
ol o A A
oy = (S5 + S 4 20 S 2B+ 1) — o3+ 21T (12.8.6)
ox Oy oy

(L
fo = H dy Ox

By choosing

§— { (14+v)a,  plane strain (12.8.7)

o, plane stress

the temperature terms in (12.8.6) are eliminated and thus the problem reduces to the isothermal
case in terms of the displacements u’, v'. This reduction indicates that the general thermo-
elastic plane problem can be formulated in terms of complex variable theory by the relations

o+ 0y =2(y'(2) +7(2))
oy — 0y + 2ity = 2(2)"(2) + ¥/ (2))
2u(u + iv) = ky(z) — 27/ (2) — Y(2) + 2upr(z) (12.8.8)

@) + 27 + §(2))

T Ty = =i~ (
where we have used many of the relations originally developed in Section 10.2. The material
parameter k was given by (10.2.10) and f is specified in (12.8.7). Thus, the problem is solved
by superposition of an isothermal state with appropriate boundary conditions and a displace-
ment field given by u + iv = ft*(z). For the nonsteady case, the temperature is no longer

harmonic, and we would have to represent the complex temperature in the more general
scheme T* = T*(z, 2).

EXAMPLE 12-3: Annular Plate Problem

Consider again the annular plate problem shown in Figure 12-2. Assume a complex
temperature potential of the form

T#(z) = fcg (12.8.9)

Continued
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where C is a real constant. The actual temperature field follows as

1 C
T=-C Re(—> = ——cosf (12.8.10)
z r
and it is easily verified that this temperature is a harmonic function, thus indicating a
steady state field. Note that the boundary temperatures on the inner and outer surfaces
for this case become

() = 7CCOSQ’ () = 7Cc0s0
I To

and this would have to match with the assumed temperature boundary conditions. Of
course, we could use Fourier superposition methods to handle a more general boundary
distribution. Using relation (12.8.5), it is found that this temperature field produces a
logarithmic term in the displacement distribution, and this leads to a discontinuity when
evaluating the cyclic behavior. This displacement discontinuity must be removed by
adding an additional field with the opposite cyclic behavior. Based on our previous
experience from Chapter 10, we therefore choose an additional field with the following
potentials

1(z) =Alogz +7y,(2)

(12.8.11)
Y(z) = Blogz + y,(2)
where y,(z) and ¥,(z) are single-valued and analytic in the domain (r; < r <r,). For
single-valued displacements in the region, we can use equations (12.8.8); to evaluate
and set the cyclic displacement to zero, thus giving

KA + B = 2ufiC (12.8.12)
where we have taken A and B to be real.

Again, choosing stress-free boundaries at r; and r, and using results from (10.2.11)
and (10.2.12), we can write

@ = i00)—rr, = (V@ +7@ = D" @ +Y D)), , =0 (12.8.13)
and this is satisfied by potentials with the following properties:
A=B
0= A"
Vol = T T (12.8.14)
2.2
Yo(s) = —A— 1

22(r2 4+ r2)

Thus, the final form of the potentials becomes
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@ 2upC ) 72
y(z) ==—"—"—(logz — ——
Y 1+x & 12+ 2

_ 2upC rlzrg
l//(Z)—1+K(10gZ_ (,+73)>

(12.8.15)

The stresses follow from (12.8.8), and the radial stress at 6 = 0 is given by

4upC r? r?
oo = 00, 0) = —— (1 L) (1-2)«x 12.8.16
7o =0 <1+x)<r,-2+r3>< AN (12810

EXAMPLE 12-4: Circular Hole in an Infinite Plane
Under Uniform Heat Flow

We now investigate the localized thermal stresses around a traction-free circular cavity
in a plane of infinite extent. The thermal loading is taken to be a uniform heat flow ¢ in
the vertical direction, and the circular hole is to be insulated from heat transfer. The
plane stress problem shown in Figure 12-5 was originally solved by Florence and
Goodier (1959). Such problems have applications to stress concentration and thermal
fracture in structures carrying high thermal gradients.

If the plane had no hole, the temperature distribution for uniform heat flow in the
negative y direction would be T = gy/k. The presence of the insulated hole locally
disturbs this linear distribution. This arises from the thermal boundary condition on
r = a given by the Fourier conduction law (12.1.2)

qn(a,0) = —k%(a, =0 (12.8.17)

where we have introduced the usual polar coordinates. The form of the complex tempera-
ture follows from theory discussed in Chapter 10. A far-field behavior term is added to a

vavvvvvvvvi

A

= —_——
SN m = —-—

-
\

- ——m——————— e -

FIGURE 12-5 Flow of heat around a circular hole in an infinite plane.

Continued
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Under Uniform Heat Flow-Cont‘d

series form, which is analytic in the region exterior to the circular hole to form the

expression
9z~
T*(z) = — 1= W 12.8.18
@ =-""+ ;a z ( )
Applying boundary condition (12.8.17) determines the coefficients a, and gives the
final form
iq a?
T*(z) = —— (z — —) (12.8.19)
k z
which yields the actual temperature field
a( @
T@,0)= X (r + —) sin 0 (12.8.20)
-

This solution can also be determined using separation of variables and Fourier methods
on the heat conduction equation (12.1.9) in polar coordinates; see Exercise 12-16.
Using (12.8.8)3, the displacements resulting from this temperature distribution are

; 2
U+ iv) = ﬂJT*(z)dz - f% <%fa2 logz) (12.8.21)
Evaluating the cyclic function of this complex displacement around a contour C
enclosing the hole, we find

: 2 2 2

[t ile = — N2 _ Plogs| = 27 (12.8.22)

k|2 c k
Thus, this temperature field creates a displacement discontinuity, and this must be
annulled by superimposing an isothermal dislocation solution that satisfies zero trac-
tions on r = a, with stresses that vanish at infinity. It can be shown that these conditions
are satisfied by potentials of the following form:

7(z) =Alogz

2 12.8.23
W) = —A(:—2+1ogz+ 1) ( )

2inga’a
(1 + )k
Using our previous polar coordinate stress combinations (10.2.12), we find

with A =

Eoga® |
o, +09=— kqa sin 0
"
12.8.24
. Eocqa4 . Eoga (a a (12.8.24)
09 — 6y + 2iT,p = —————sin0 + i ——— ] cosl
ki3 k roord
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and the individual stresses then become

o _ _1Eoqa ﬂ_i sin 0

o2k \r
1Eaga (a a*\ .

ag:fi X (7+r—3) sin 0 (12.8.25)
1Eaga (a a°

=5 (773 cos 0

The largest stress is given by the hoop stress on the boundary of the hole

Omax = 0¢9(a,0) = — 19 sin 0 (12.8.26)
Notice that this expression takes on maximum values of FEaqga/k at 0 = £n/2 and
predicts a maximum compressive stress on the hot side of the hole § = /2 and
maximum tensile stress on the cold side 0 = —n/2. For the case of a steel plate with
properties E = 200GPa and o = 13 x 107%/°C), and with ga/k = 100°C, the max-
imum stress is 260 MPa.

EXAMPLE 12-5: Elliptical Hole in an Infinite Plane
Under Uniform Heat Flow

Similar to the previous example, we now investigate the localized thermal stresses
around a traction-free elliptical hole (with semiaxes a and b) in a plane of infinite extent
as shown in Figure 12-6. The thermal loading is again taken to be a uniform heat flow ¢
in the vertical direction, and the hole is to be insulated from heat transfer. The plane

q

1
1

Y.
\y

FIGURE 12-6 Flow of heat around an elliptical hole in an infinite plane.

Continued

Thermoelasticity 357



EXAMPLE 12-5: Elliptical Hole in an Infinite Plane
Under Uniform Heat Flow-Cont'd

stress solution to this problem again comes from the work of Florence and Goodier
(1960) who solved the more general case of an ovaloid hole with heat flow at an
arbitrary angle. This problem is solved by complex variable methods employing
conformal transformation (see Section 10.7).

As discussed in Chapter 10, conformal mapping provides a very useful tool for this
type of problem, and the appropriate mapping function

2= w(l) =R<C+%) (12.8.27)

transforms the region exterior to the unit circle in the {-plane onto the region exterior to
the ellipse in the z-plane. The ellipse major and minor axes are related to the mapping
parameters by 2Rm = a — b and 2R = a + b. As before, in the transformed plane,
C =p eiO.

From our previous example, the temperature distribution for heat flow around an
insulated circular hole of unit radius in the {-plane may be written as

1
T:%R(er;) sin 0 (12.8.28)

The complex temperature corresponding to this result is
, q. 1
T*©) = _EIR {— 7 (12.8.29)

Again, this temperature field creates a dislocation in the displacement. Following
similar steps as in equations (12.8.21) and (12.8.22), the cyclic function of the complex
temperature displacement is given by

2
[ + iv)]e = {aJT*(z)dz} - —2"“: R4+ m) (12.8.30)
C

where C is the counterclockwise contour around the unit circle enclosing the origin.
Employing conformal transformation, relations (10.7.5) through (10.7.7) can be used
to determine the stresses, displacements, and tractions in the {-plane. As in the previous
example, we now wish to superimpose an isothermal state having equal but opposite
dislocation behavior as (12.8.30), with zero tractions on the hole boundary and vanishing
stresses at infinity. The appropriate potentials that satisfy these conditions are given by

7(0) = Alog(

_ 1 +m?
Y(z) = Alog{ — A Z _m (12.8.31)
. EogR?i
hA=— 1
wit e 1+m

Using relations (10.7.5), the stresses in the {-plane become
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E
% = =g P et =9+ )£ T sind
Eaga

2kh(9)

p(p> +m){[p* + p*(1 + m)*> + m*1sin 6 — 2p*msin30}  (12.8.32)

gg) = —

T = ok p(p? — m)lp* — pP(1 + m?) + m*Tcos 0

2kh(9)

where h(0) = [p* — 2p*mcos 20 + m?]%. It can be shown that the circular hole case is
found by setting m = 0, and the stresses will reduce to those given in the previous
example in equations (12.8.25). Another interesting special case is given by m =1,
which corresponds to the elliptical hole reducing to a line crack of length 2a along the
x-axis. For this case the heat flow is perpendicular to the crack, and the stresses become

Eoga

_ 2 4 52 .

oy = 2kh(9)p(p + D[p* —2p° + 1]sin 0

gp = — 2kh(9) p(p? + D{[p* + 4p> + 1]sin 6 — 2p* sin 36} (12.8.33)
2 — J—

Tpo = 2kh(9)p( Dip* —2p* + 1]cos 0

with h(0) = [p* — 2p* cos 20 + 1]%. On the surface of the crack (p = 1), the hoop stress
becomes

Eoga3sin —sin30  Eoga

1.0)= — - _
o0(1,0) 2k (1 —cos26)? 2k sin 0

(12.8.34)

and as expected this stress becomes unbounded at the ends of the crack at 0 = 0, 7.
Another interesting result for this case occurs with the shear stress behavior along the
positive x-axis (0 = 0)

Eaga p
2k p?—1

T,0(p,0) = (12.8.35)

We again observe that this stress component becomes infinite at the crack tip when
p = 1. As mentioned, Florence and Goodier (1960) solved the more general problem of
an ovaloid hole for which the elliptical cavity is a special case. Deresiewicz (1961)
solved the general thermal stress problem of a plate with an insulated hole of arbitrary
shape and worked out solution details for a triangular hole under uniform heat flow. For
the anisotropic case, Sadd and Miskioglu (1978) and Miskioglu (1978) have investi-
gated the problem of an insulated elliptical hole in an anisotropic plane under unidirec-
tional heat flow. Sih (1962) has investigated the singular nature of the thermal stresses at
crack tips. He showed that the usual 1/./r singularity also exists for this case and that
the stress intensity factors (see Equation (10.8.7)) are proportional to the temperature
gradient.
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Exercises

12-1. Using the assumption for isotropic materials that a temperature change produces
isotropic thermal strains of the form a(T" — T,)d;;, develop relations (12.1.6).

12-2. For the general three-dimensional thermoelastic problem with no body forces,
explicitly develop the Beltrami-Michell compatibility equations

Ea 14+v
Ok, ij + m(T,zj +—00T ) =0

1
(I+v) 1—v

Oij,kk +
12-3. If an isotropic solid is heated nonuniformly to a temperature distribution 7(x, y, z) and
the material has unrestricted thermal expansion, the resulting strains will be e;; = oT'd;;.
Show that this case can only occur if the temperature is a linear function of the
coordinates; that is,

T=ax+by+cz+d

12-4. Express the traction boundary condition (12.3.8) in terms of displacement and
temperature for the plane stress problem.

12-5. Develop the compatibility equations for plane strain (12.3.7) and plane stress (12.3.13).

12-6". Explicitly develop the stress field equations (12.5.13) in Example 12-1 and determine
the constants C, and Cj3 for the case of stress-free edge conditions. Plot the value of o,
through the thickness (versus coordinate x) for both high-temperature (sin iy = 1) and
low-temperature (sin fy = —1) cases.
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12-7.

12-8.

12-9.

12-10.

12-11.

12-12.

For the radially symmetric case, verify that the governing stress function equation can
be expressed as (12.7.2). Integrate this equation and verify the general solution
(12.7.4).

Verify the equilibrium equation in terms of displacement (12.7.5) for the radially
symmetric case and then develop its general solution (12.7.6).

Consider the axisymmetric plane strain problem of a solid circular bar of radius a with
a constant internal heat generation specified by h,. The steady state conduction
equation thus becomes

T 10T
5 +-%+h,=0

o2 ror °

Using boundary condition 7'(a) = T,, determine the temperature distribution, and then
calculate the resulting thermal stresses for the case with zero boundary stress. Such
solutions are useful to determine the thermal stresses in rods made of radioactive
materials.

Using the general displacement solution, solve the thermoelastic problem of a solid
circular elastic plate with a restrained boundary edge at r = a. For the case of a
uniform temperature distribution, show that the displacement and stress fields are zero.

Consider the thermal stress problem in a circular ring as shown in the figure. Assuming
the temperature and stress fields depend only on the radial coordinate r, the general
solution is given by (12.7.4). If the surfaces » = a and r = b are to be stress free, show
that the solution can be written as

r— "5
72

2A; Eu J"
g

A r
+=3Qlog=+ 1)+ — — | Trdr
a a a %),
for appropriate constants A;. Note for this type of problem the logarithmic term is
retained as long as the ring is only a segment and not a full ring. For this case the
displacements at each end section need not be continuous.

Consider the thermoelastic problem in spherical coordinates (R, ¢, 0); see Figure 1-6.
For the case of spherical symmetry where all field quantities depend only on the radial
coordinate R, develop the general solution
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14+v 1 (R &)
uR:l_VocﬁJ T§2d§+C1R+ﬁ
20E 1 (R, EC, 2EC, 1
IR 1—1/R3J A T T T TR
oE 1 (R, EC,  ECy 1  oET
% = %0 1—1/R3J et Tt TR 1w

Note that any convenient lower limit may be placed on the integral terms to aid in
problem solution.

12-13. Use the general solution of Exercise 12-12 to solve the thermal stress problem of a
hollow thick-walled spherical shell (¢ < R < b) with stress-free boundary conditions.
Assume that the problem is steady state with temperature conditions 7(a) = T;,

T(b) = 0, and show that the solution becomes

T — T,»a é*l
b—al\R

oET; ab 1, 5 a*b?

"R:mm[““"fe(b Fabt )+
oFET; ab ., s a*b?
G(”:J{):l—um{(H—b_ﬁ(b Tt "o

For the case of a thin spherical shell, let » = a(1 + ¢), where ¢ is a small parameter.
Show that using this formulation, the hoop stresses at the inner and outer surfaces

become
OCET,* 1 2
Op =09 = ——— ——c
=T\ T 73

and if we neglect the € term, these values match those of the cylindrical shell given by
relations (12.7.14).

12-14. Explicitly develop relations (12.8.6) and verify that by using the value of § given in
(12.8.7) the temperature terms will drop out of these relations.

12-15. For Example 12-3, verify that the potentials y,(z), ,(z) given by relations (12.8.14)
satisfy the stress-free boundary conditions on the problem.

12-16. Using separation of variables and Fourier methods, solve the conduction equation and
verify that the temperature distribution (12.8.20) in Example 12-4 does indeed satisfy
insulated conditions on the circular hole and properly matches conditions at infinity.

12-17. For Example 12-4, explicitly develop the stresses (12.8.25) from the complex
potentials given by equation (12.8.23).

12-18". Plot the isotherms (contours of constant temperature) for Examples 12-4 and 12-5.

12-19. For the elliptical hole problem in Example 12-5, show that by letting m = 0, the stress
results will reduce to those of the circular hole problem given in Example 12-4.
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12-20". In Example 12-5, show that the dimensionless hoop stress around the boundary of the
hole is given by

_ o9 (1 +m)[(1 + m + m?*) sin O — msin 30]
Op = = —
0 Eoqa/k (1 — 2mcos 20 + m2)*

For the cases m = 0, & 1/2, =+1, plot and compare the behavior of Gy versus 0
(0 <0 <2n).

12-21. Show that for the plane anisotropic problem, the heat-conduction equation for
uncoupled steady state conditions is given by

O*T T O*T
+ 2k, + ky, 57~

kx‘ Yy .9,
: > Ox0y

X W 0

Looking for solutions that are of the form T = F (x + ly), show that this leads to the
quadratic characteristic equation

kyy A%+ 2kyyd + ke = 0
Using the fact that k,.k,, > k,,, demonstrate that the two roots to this equation will be
complex conjugate pairs; therefore, since the temperature must be real, the final form
of the solution will be
T = 2Re{F(z"))

where z* = x + y. This problem is mathematically similar to Exercise 11-15.

Thermoelasticity 363



13

Displacement Potentials
and Stress Functions

13.1

We now wish to investigate the method of potentials to generate solutions to elasticity problems.
Several different potential techniques have been developed in order to solve problems within
both displacement and stress formulations. Methods related to the displacement formulation
include the scalar and vector potentials from the Helmholtz decomposition, Galerkin vector, and
Papkovich-Neuber functions. These schemes provide general solution forms for Navier’s equa-
tions. Potentials used in the stress formulation are those related to the Maxwell and Morera stress
functions, and these lead to Airy and other common stress functions that we have already used for
the solution of particular elasticity problems. As previously observed, these stress functions
normally satisfy the equilibrium equations identically and when combined with the compatibil-
ity relations they yield a simpler and more tractable system of equations.

For either displacement or stress formulations, these solution schemes bring up the ques-
tion—are all solutions of elasticity expressible by the particular potential representation? This
issue is normally referred to as the completeness of the representations, and over the past
several decades these theoretical questions have generally been answered in the affirmative.
For many cases these approaches are useful to solve particular three-dimensional elasticity
problems, and we will investigate several such solutions. Some potential methods are also
particularly useful in formulating and solving dynamic elasticity problems involving wave
propagation (see Fung 1965 or Graff 1991).

Helmholtz Displacement Vector Representation

A useful relation called the Helmholtz theorem states that any sufficiently continuous vector
field can be represented as the sum of the gradient of a scalar potential plus the curl of a vector
potential. Using this representation for the displacement field, we can write

u=Vo+Vxe (13.1.1)

where ¢ is the scalar potential and ¢ is the vector potential. The gradient term in the decom-
position has a zero curl and is referred to as the lamellar or irrotational part, while the curl
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term in (13.1.1) has no divergence and is called solenoidal. Note that this representation
specifies three displacement components in terms of four potential components, and further-
more the divergence of ¢ is arbitrary. In order to address these problems, it is common to
choose ¢ with zero divergence; that is,

V.o=0 (13.1.2)

It can be easily shown that the volume dilatation 3 and the rotation vector w are related to these
potentials by

1
I=ew = g wi = =5 Pikk (13.1.3)

General solutions of these relations can be determined (see Fung 1965), and thus the scalar and
vector potentials can be expressed in terms of the displacement field.

Using representation (13.1.1) in the general three-dimensional Navier equations (5.4.4),
we find

A+ 2wW)V(V*P) + uV x (V@) +F =0 (13.1.4)

Notice that if the divergence and curl are taken of the previous equation with zero body forces,
the following relations are generated

V2V2¢:V4d):0, VV% = Vi =0 (13.1.5)

and thus we find that both potential functions are biharmonic functions. Further reduction of
(13.1.4) will now be made for specific applications.

13.2 Lame’s Strain Potential

It is noted that for the case of zero body forces, special solutions of (13.1.4) occur with
V2¢ = constant and V¢ = constant. We consider the special case with

V2¢ = constant, ¢ =0 (13.2.1)
Because our goal is to determine simply a particular solution, we can choose the constant to be
zero, and thus the potential ¢ will be a harmonic function. For this case, the displacement
representation is commonly written as

2t = (13.2.2)

and the function ¢ is called Lamé’s strain potential. Using this form, the strains and stresses
are given by the simple relations

1
ej =5-¢

IR (13.2.3)
Tjj ¢,ij
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In Cartesian coordinates, these expressions would give

_ 1o 106 109
M_ZMBX’ T 2udy’ T 2u0z
1 8¢ 1 &¢
“=5ia O g (13.2.4)
A >’¢

O-X_W7 Gy—a—yz, ‘L'xy:ax—ay,

Thus, for this case any harmonic function can be used for Lamé’s potential. Typical forms of
harmonic functions are easily determined, and some examples include

1
P yz, xy, r'"cosn0, logr, R log (R +2)

(13.2.5)
withr:\/m, H:tan’lx, R=\x2+y2+22
x

13.3 Galerkin Vector Representation

In the previous sections, the displacement vector was represented in terms of first derivatives
of the potential functions ¢ and ¢. Galerkin (1930) showed that it is also useful to represent the
displacement in terms of second derivatives of a single vector function. The proposed repre-
sentation is given by

2uu = 2(1 — )V2V = V(V - V) (13.3.1)

where the potential function V is called the Galerkin vector. Substituting this form into
Navier’s equation gives the result

F

ViV = —
1—v

(13.3.2)

Note that for the case of zero body forces, the Galerkin vector is biharmonic. Thus, we have
reduced Navier’s equation to a simpler fourth-order vector equation.

By comparing the representations given by (13.1.1) with that of (13.3.1), the Helmholtz
potentials can be related to the Galerkin vector by

1-2v 1—v
b=V =~
1

(VxV) (13.3.3)

Notice that if V is taken to be harmonic, then the curl of ¢ will vanish and the scalar potential
¢ will also be harmonic. This case then reduces to Lamé’s strain potential presented in the
previous section. With zero body forces, the stresses corresponding to the Galerkin representa-
tion are given by
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ax—2(1—1/)—V2V + (V2 = V.-V
sz

0. =2(1 — u)—v2v.

(
NI ERY I AN
(

__)v v
(13.3.4)

d e
txy—(lfu)( V2V, S V2V, )fﬁv 14

7, = (1 —v) v2v+av2 fa—zv-v
= Qy 0y0z

T =00-1) v2v+av2 —62v.v
> “ 0z 0z0x

As previously mentioned, for no body forces the Galerkin vector must be biharmonic. In
Cartesian coordinates, the general biharmonic vector equation would decouple, and thus each
component of the Galerkin vector would satisfy the scalar biharmonic equation. However, in
curvilinear coordinate systems (such as cylindrical or spherical), the unit vectors are functions
of the coordinates, and this will not in general allow such a simple decoupling. Equation
(1.9.18) provides the general form for the Laplacian of a vector, and the expression for polar
coordinates is given in Example 1-5 by relation (1.9.21),. Therefore, in curvilinear coordinates
the individual components of the Galerkin vector do not necessarily satisfy the biharmonic
equation. For cylindrical coordinates, only the z component of the Galerkin vector satisfies the
biharmonic equation, while the other components satisfy a more complicated fourth-order
partial differential equation; see Exercise 13-8 for details.

Before moving on to specific applications, we investigate a few useful relationships dealing
with harmonic and biharmonic functions. Consider the following identity:

V2(xf) = xV2f + 2@
ox

Taking the Laplacian of this expression gives
4 2 2 9 o
VHf) = V2 (x V%) +25(V f)

and thus if fis harmonic, the product xf is biharmonic. Obviously, for this result the coordinate x
could be replaced by y or z. Likewise we can also show by standard differentiation that the
product R%f will be biharmonic if f is harmonic, where R? = x*> + y? 4 z2. Using these results,
we can write the following generalized representation for a biharmonic function g as

1
g=f+xfi+yh+zf +§R2 ) (13.3.5)

where f; are arbitrary harmonic functions. It should be pointed out that not all of the last four
terms of (13.3.5) are independent.

Consider now the special Galerkin vector representation where only the z component of V is
nonvanishing; that is, V = V.e.. For this case, the displacements are given by
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oV,
2uu = 2(1 — V)V?V.e, — V< 3 > (13.3.6)
Z
With zero body forces, V. will be biharmonic, and this case is commonly referred to as Love’s
strain potential. A special case of this form was introduced by Love (1944) in studying solids
of revolution under axisymmetric loading.
For this case the displacements and stresses in Cartesian coordinates become

82‘/; 8ZVZ 2 32‘/:
2uu = ~ s 2uy = —m, 2pw =2(1 =)V, — 02
B , & OV,
O, = 2 (VV - @) Vo Ty = 7@
) ! 5 2 (13.3.7)
5 2
ay:E(z/V —a—yz>vz, T}‘z:a_))((l_y)v _ﬁ>vz
B a 2 82 _ 8 2 82
GZ—E((z—V)V _@)Vz, sz_a((l_y)v _@ VZ
The corresponding relations in cylindrical coordinates are given by
V. 1PV, A
2uu, = —@, 2uug = —;M, 2pu; =2(1 —)V7V, — 922
o( _, & > (V-
a,-—§<uv _W)Vz, Tm—-m(r) 1338
G_ﬁ 2_12_1‘92 V.. 1 19 (1—)V2—8—2V e
"Zo\"" Tror 2or) " T r o0 022) "
0 0

We now consider some example applications for axisymmetric problems where the field
variables are independent of 0.

EXAMPLE 13-1: Kelvin's Problem: Concentrated Force
Acting in the Interior of an Infinite Solid

Consider the problem (commonly referred to as Kelvin's problem) of a single concen-
trated force acting at a point in the interior of an unbounded elastic solid. For conveni-
ence we choose a coordinate system such that the force is applied at the origin and acts
in the z direction (see Figure 13-1). The general boundary conditions on this problem
would require that the stress field vanish at infinity, be singular at the origin, and give
the resultant force system Pe. on any surface enclosing the origin.

The symmetry of the problem suggests that we can choose the Love/Galerkin
potential as an axisymmetric form V,(r, z). In the absence of body forces, this function
is biharmonic, and using the last term in representation (13.3.5) with f4 = 1/R gives the
trial potential

Continued
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EXAMPLE 13-1: Kelvin’s Problem: Concentrated Force
Acting in the Interior of an Infinite Solid-Cont’'d

V.,=AR=AVr*+2? (13.3.9)

where A is an arbitrary constant to be determined. We shall now show that this potential
produces the correct stress field for the concentrated force problem under study.

/’/ 2 | N
’ | \
7/ 1 N\
g 1 \\
/’ 1 'Y
/ 1 \
/
4 (® \\
} \
I \
! |
1 1
! |
\

\ Paiaiminte >~ L= ,’
\ - !
‘\ X /’/ y //
\ Ve 4
A ’

X ’

A ’

\\ 7

~ 4
S | 4 Resultant Boundary
AN L Condition Evaluation
\

FIGURE 13-1 Kelvin’s problem: concentrated force in an infinite medium.

The displacement and stress fields corresponding to the proposed potential follow
from relations (13.3.8)

Arz 20-2v) 1 2

ity = T+ 24ty =0, 2””~":A<T+7e+ﬁ

1-2 32
Gr:A<(R43V)Z_%)’ TI‘OZO

0 —2) (13.3.10)

— ZlV)Z
op=A———= 15, =0

R3

(1-2v)z 37 (1 =2v)r 31
GZZ_A<T+F > T = A TR R

Clearly, these stresses (and displacements) are singular at the origin and vanish at
infinity. To analyze the resultant force condition, consider an arbitrary cylindrical
surface enclosing the origin as shown in Figure 13-1. For convenience, we choose the
cylinder to be bounded at z = da and will let the radius tend to infinity. Invoking
vertical equilibrium, we can write

o0 {o¢] a
[ 2nro,(r,a)dr — J 2nro,(r,—a)dr + J 2nrt,,(r,z)dz+ P =0 (13.3.11)
Jo 0

—a

The first two terms in (13.3.11) can be combined, and in the limit as r — oo the third
integral is found to vanish, thus giving
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EXAMPLE 13-1: Cont'd

jo0)
P= —2J 2nRao.(r,a)dR

a

* RdR * RdR 13.3.12
:47TA |:(1 721/)a‘[a F+3(l3 Ja F:| ( )

=8n(l —v)A
The constant is now determined and the problem is solved. Of course, the stress field is

linearly related to the applied loading, and typically for such three-dimensional prob-
lems the field also depends on Poisson’s ratio.

EXAMPLE 13-2: Boussinesq’s Problem: Concentrated Force
Acting Normal to the Free Surface of a Semi-Infinite Solid

Several other related concentrated force problems can be solved by displacement
potential methods. For example, consider Boussinesq’s problem of a concentrated
force acting normal to the free surface of a semi-infinite solid, as shown in Figure 13-2.
Recall that the corresponding two-dimensional problem was solved in Section 8.4.7
(Flamant’s problem) and later using complex variables in Example 10-5.

This problem can be solved by combining a Galerkin vector and Lamé’s strain
potential of the forms

V.=V, =0, V. = AR

(13.3.13)
¢ =Blog(R +z)

Using similar methods as in the previous example, it is found that the arbitrary constants
become
P (1-20)P

13.3.14
2n 21 (13.3.14)

The displacements and stresses are easily calculated using (13.2.4) and (13.3.7); see
Exercise 13-9.

FIGURE 13-2 Boussinesq’s problem: normal force on the surface of a half space.
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EXAMPLE 13-3: Cerruti’'s Problem: Concentrated Force Acting
Parallel to the Free Surface of a Semi-Infinite Solid

Another related example is Cerruti’s problem of a concentrated force acting parallel to
the free surface of an elastic half space (see Figure 13-3). For convenience, the force is
chosen to be directed along the x-axis as shown. Although this problem is not axisym-
metric, it can be solved by combining a particular Galerkin vector and Lamé’s strain
potential of the following forms:

Vi=AR, V, =0, V. =Bxlog(R +2)
Cx (13.3.15)
¢ = R+z

Again, using methods from the previous examples, the constants are found to be

P ~(-2»P . (1-2)P
T An(l —v)’ _4n(1—u)’c_ 27 (13.3.16)

A

The displacements and stresses follow from relations (13.2.4) and (13.3.7); see
Exercise 13-10.

FIGURE 13-3  Cerruti’s problem: tangential force on the surface of a half space.

13.4 Papkovich-Neuber Representation

Using scalar and vector potential functions, another general solution to Navier’s equations was
developed by Papkovich (1932) and later independently by Neuber (1934). The completeness
of this representation was shown by Eubanks and Sternberg (1956), and thus all elasticity
solutions are representable by this scheme. We outline the development of this solution by first
writing Navier’s equation in the form

1
1-2v

Vu + V(V-u= _F (13.4.1)
u
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Using the Helmholtz representation (13.1.1) and relation (13.1.3), this previous equation can
be written as

Vz[u—kﬁVd)] = —g (13.4.2)
Define the vector term in the brackets as
h—ut— v (13.4.3)
a1 -2v)
We note that
Vh=—F/u, V-h= 21(1__2? V3¢ (13.4.4)

Using the identity VZ(R - h) = R - V?h + 2(V - h), it can be shown that
1 R-F
V-h =§(v2(R-h)+—> (13.4.5)
U

Combining results (13.4.5) with (13.4.4) gives

2(1 —v) 1 R-F
2
——R-h|l = 13.4.
V{I—ZVQ’) 2 h} 2u (13.4.6)
Defining the term in brackets by scalar /4, we get
R-F
Vih=—— (13.4.7)
2p

Using the definition of 4, we can eliminate ¢ from relation (13.4.3) and obtain an expression
for the displacement vector.
Redefining new scalar and vector potentials in terms of /4 and k, we can write

A-R
2Quu=A—-V|B+—— 13.4.8
uu { +4(1_V)} ( )
where
R-F
A = -2F, V’B = 13.4.
\Y , V T ( 9)

This general displacement representation is the Papkovich-Neuber solution of Navier’s equa-
tions. For the case with zero body forces, the two potential functions A and B are harmonic.
The four individual functions A, Ay, A., and B, however, are not all independent, and it can
be shown that for arbitrary three-dimensional convex regions, only three of these functions are
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independent. Note that a convex region is one in which any two points in the domain may be
connected by a line that remains totally within the region.

Comparing the Galerkin vector representation (13.3.1) with the Papkovich solution
(13.4.8), it is expected that a relationship between the two solution types should exist, and it
can be easily shown that

A-R

A=21-v)V?V,B=V.V - ——
1 - vV, 14 T

(13.4.10)

As with the Galerkin vector solution, it is convenient to consider the special case of axisym-
metry where

A =Ag=0, A, =A.(r,z), B=B(r,z2)

13.4.11
with V2B =0 and V24, =0 ( )

For this axisymmetric case, B and A, are commonly called the Boussinesq potentials, and as
before with zero body forces they are harmonic functions.

EXAMPLE 13-4: Boussinesq’'s Problem Revisited

We consider again the problem shown previously in Figure 13-2 of a concentrated
force acting normal to the stress-free surface of a semi-infinite solid. Because the
problem is axisymmetric, we use the Boussinesq potentials defined by (13.4.11).
These potentials must be harmonic functions of r and z, and using (13.2.5), we try the
forms

Ci

A==
R

, B=Cylog(R+2) (13.4.12)
where C; and C, are constants to be determined.

The boundary conditions on the free surface require that ¢, = 7,, = 0 everywhere
except at the origin, and that the summation of the total vertical force be equal to P.

Calculation of these stresses follows using the displacements from (13.4.8) in Hooke’s
law, and the result is

3C123
O, = —————=
: 4(1 — V)RS
r (1-=2v) 3C, 22

(13.4.13)
o :F< TR T fz/)Rz)

Note that the expression for ¢, vanishes on z = 0, but is indeterminate at the origin, and
thus this relation will not directly provide a means to determine the constant C;. Rather
than trying to evaluate this singularity at the origin, we pursue the integrated condition
on any typical plane z = constant
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EXAMPLE 13-4: Cont'd

P = —J o,(r,z) 2nrdr (13.4.14)
0

Invoking these boundary conditions determines the two constants

=0y o (=)

C) =
! T 2n

P (13.4.15)

The results for the displacements and stresses are given by

P rz (1 —=2v)r
P R
P 2 4.
T PP (13.4.16)
4R R?
uyg = 0
P 32z (1 -2v)R
o, = S
2nR? R3 R+z
(1-20P[z R
_ zZ_ 13.4.17
70T TR [R R+ z] ( )
_ 3Pz _ 3Prz2
% T TR T T RS

Many additional problems can be solved using the Papkovich method, and some of these
are given in the exercises. This technique also is used in Chapter 15 to generate solutions for
many singular stress states employed in micromechanics modeling.

An interesting connection can be made for the two-dimensional case between the Papko-
vich-Neuber scheme and the complex variable method discussed in Chapter 10. For the case of
plane deformation in the x, y-plane, we choose

Ay = Ay, y), Ay = Ay(x,y), A: =0, B=B(x,y) (13.4.18)

Using the general representation (13.4.8), it can be shown (see Exercise 13-16) that for the
plane strain case

2+ iv) = 3 — dwyy) — 27 — Y @) (13.4.19)

with appropriate selection of y(z) and Y(z) in terms of A, A,, and B. It is noted that this form
is identical to (10.2.9) found using the complex variable formulation.
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Displacement Formulation: Navier’s Equation
W+ A+ WV -u)+ F=0

!

Helmholtz Representation: ¢, @ Galerkin Vector: V Papkovich-Neuber: 4, B
=Vp+ VX =21 -V V-v(V-V A-R
u2V¢ v 2(P u=21-v) vV-¥) S = A-V|B +
(¢+2)VV?9+ UV X V2 +F =0 =V =0 4l -v)
=Vi=0,V*@=0 =V24=0,V’B=0
' , !
Lamé’s Strain Potential: ¢ Love’s Strain Function: V, | | Boussinesq’s Potentials: 4,,B
V29=0, =0 V="Ve. Axisymmetric Problem
u=A¢ V4V, =0 A:Azz(r,z)ez, B 2: B (r,2)
u=2(1-1)V?Ve. —v[aa’f:] =>V'4.=0,V'B. =0

FIGURE 13-4 Displacement potential solutions.

A convenient summary flow chart of the various displacement functions discussed in this
chapter is shown in Figure 13-4. The governing equations in terms of the particular potential
functions are for the zero body force case. Chou and Pagano (1967) provide additional tables
for displacement potentials and stress functions.

13.5 Spherical Coordinate Formulations

The previous solution examples employing displacement potentials simply used preselected
forms of harmonic and biharmonic potentials. We now investigate a more general scheme to
determine appropriate potentials for axisymmetric problems described in spherical coordin-
ates. Referring to Figures 1-5 and 1-6, cylindrical coordinates (r, 0, z) are related to spherical
coordinates (R, ¢, 0) through relations

R=+r*+22, sinqb:;—;, cos :I% (13.5.1)

Restricting attention to axisymmetric problems, all quantities are independent of 0, and thus
we choose the axisymmetric Galerkin vector representation. Recall that this leads to Love’s
strain potential V,, and the displacements and stresses were given by relations (13.3.6) to

(13.3.8). Because this potential function was biharmonic, consider first solutions to Laplace’s
equation. In spherical coordinates the Laplacian operator becomes

’ 290 1 g 1 &

Vi ozt cot¢%+ﬁ87)2 (13.5.2)

We first look for separable solutions of the form R"®,(¢), and substituting this into Laplace’s
equation gives
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1 d (.  do, .
sin(ﬁ% <s1n¢—> +nn+1)®,=0 (13.5.3)

Next, making the change of variable x = cos ¢, relation (13.5.3) becomes

d2o, do,
—2x +nn+ 1P, =0 (13.5.4)

1_ 2
(1=x) dx? dx

and this is the well-known Legendre differential equation. The two fundamental solutions are the
Legendre functions P,(x) and Q,(x) of the first and second kinds. However, only P,(x) is
continuous for |x| < 1, (0 < ¢ < m), and so we drop the solution Q,(x). Considering only the
case of integer values of parameter n, the solution reduces to the Legendre polynomials given by

1 d'(x*>—-1)
P = —_— 13.5.5
() 2"nl  dx" ( )
where Po =1, Py =x, P, = %(3)(2 — 1), - - -. Putting these results together gives the follow-
ing harmonic solution set:
n 2 1o 5 3 3 5
{R"®,} =<1, z, z —g(r +z9), z —gz(r +z%), - (13.5.6)

These terms are commonly referred to as spherical harmonics.

Our goal, however, is to determine the elasticity solution that requires biharmonic functions
for the Love/Galerkin potential. In order to construct a set of biharmonic functions, we employ the
lastterm inrelation (13.3.5) and thus argue that if R" @, are harmonic, R"*2¢,, will be biharmonic.
Thus, a representation for the Love strain potential may be written as the linear combination

V. = Bo(r® 4+ 22) + B1z(r? + 2%) + B2(22% — 1) + %)
A (13.5.7)
+Ag+A1z+ Az —5(1‘ +z)]+---

It can be shown that this solution form is useful for general problems with finite domains.
However, for the case involving infinite regions, this form will result in unbounded displace-
ments and stresses at infinity. Therefore, (13.5.7) must be modified for use in regions that
extend to infinity. This modification is easily developed by noting that the coefficient n(n + 1)
in governing equation (13.5.3) will be the same if we were to replace n by ( —n — 1). This
then implies that solution forms R™"~'®_,_; = R™""'®, will also be harmonic functions.
Following our previous construction scheme, another set of biharmonic functions for the
potential function can be expressed as

V.= Bo(? + )"+ Biz(? + 2 4

(13.5.8)

+A0(},2 +ZZ)—1/2 JrA]Z(rz +22)—3/2 + L.
and this form will be useful for infinite domain problems. For example, the solution to the
Kelvin problem in Example 13-1 can be found by choosing only the first term in relation
(13.5.8). This scheme can also be employed to construct a set of harmonic functions for the
Papkovich potentials; see Little (1973).
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EXAMPLE 13-5: Spherical Cavity in an Infinite Medium
Subjected to Uniform Far-Field Tension

Consider the problem of a stress-free spherical cavity in an infinite elastic solid that is
subjected to a uniform tensile stress at infinity. The problem is shown in Figure 13-5,
and for convenience we have oriented the z-axes along the direction of the uniform far-
field stress S.

We first investigate the nature of the stress distribution on the spherical cavity caused
solely by the far-field stress. For the axisymmetric problem, the spherical stresses are
related to the cylindrical components (see Appendix B) by the equations

or = 0, sin’ ¢+ o, cos? ¢ + 21,,sin ¢ cos ¢
0y = 0; sin? ¢ + ¢, cos> ¢ — 21, sin P cos ¢ (13.5.9)
Ty = (0, — 0.)sin ¢ cos ¢ — T,( sin’ ¢ — cos? b)

Therefore, the far-field stress ¢2° =S produces normal and shearing stresses on the
spherical cavity of the form

or = Scos® ¢, Try = —Ssin ¢ cos ¢ (13.5.10)

Using particular forms from our general solution (13.5.8), we wish to superimpose
additional stress fields that will eliminate these stresses and vanish at infinity.

It is found that the superposition of the following three fields satisfies the problem
requirements:

1. Force doublet in z direction: This state corresponds to a pair of equal and opposite
forces in the z direction acting at the origin. The solution is formally determined from
the combination of two equal but opposite Kelvin solutions from Example 13-1. The
two forces are separated by a distance d, and the limit is taken as d — 0. This
summation and limiting process yields a state that is actually the derivative (0/0z) of

<
~

FIGURE 13-5 Spherical cavity in an infinite medium under tension.
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EXAMPLE 13-5: Cont'd

the original Kelvin field with a new coefficient of —Ad (see Exercise 13-18). This
field’s coefficient is denoted as K.

2. Center of dilatation: This field is the result of three mutually orthogonal double-
force pairs from the previous state (1) (see Exercise 13-19). The coefficient of this
state is denoted by Kj.

3. Particular biharmonic term: A state corresponding to the A; term from equation
(13.5.8).

Combining these three terms with the uniform far-field stress and using the condition of
zero stress on the spherical cavity provide sufficient equations to determine the three
unknown constants. Details of this process can be found in Timoshenko and Goodier
(1970), and the results determine the coefficients of the three superimposed fields

58a®
Ki=——F7——
2(7 - 5v)
_ 3
, =31 = Sva (13.5.11)
(7 —5v)
5
g ST
2(7 - 5v)
Using these constants, the stress and displacement fields can be determined.
The normal stress on the x,y-plane (z = 0) is given by
-5 & 9 a
,(r,0) =81 — — 13.5.12
7:(1,0) ( 2T s 2= r5> ( )
At r = a, this result produces the maximum stress
27 — 15v
a,0) = (0)mux = 7=——=—=9S 13.5.13
7:(:0) = (@oax = 555> ( )

Typically, for many metals, v = 0.3, and this would give a stress concentration factor of

(0 )max _ 45
T—ﬁ—2.04 (13.5.14)
It should be noted that in three dimensions the stress concentration factor is generally a
function of Poisson’s ratio. A plot of this general behavior given by equation (13.5.13)
is shown in Figure 13-6. It can be observed that the value of Poisson’s ratio produces
only small variation on the stress concentration. It is also interesting to note that if the
plot were continued for negative values of Poisson’s ratio, further decrease in the stress
concentration would be found. Exercise 13-25 explores this behavior in more detail.
Note that the corresponding two-dimensional case was previously developed in
Example 8-7 and produced a stress concentration factor of 3. Plots of the corresponding
two- and three-dimensional stress distributions are shown in Figure 13-7. For each case
the normal stress component in the direction of loading is plotted versus radial distance
away from the hole. It is seen that the three-dimensional stresses are always less than
Continued
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EXAMPLE 13-5: Spherical Cavity in an Infinite Medium
Subjected to Uniform Far-Field Tension-Cont’'d

2.2 7
2.15 A
2.1 4

2.05 A

Stress Concentration Factor

1.95 A

1.9 T T T
0 0.1 0.2 0.3 0.4 0.5
Poisson Ratio

FIGURE 13-6 Stress concentration factor behavior for the spherical cavity problem.

3.5 1

3 1

2.5 1

Two-Dimensional Case: oy(r,7/2)/S
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Dimensionless Distance, rla
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FIGURE 13-7 Comparison of two- and three-dimensional stress concentrations
around cavities.

two-dimensional predictions. This is to be expected because the three-dimensional field
has an additional dimension to decrease the concentration caused by the cavity. Both
stress concentrations rapidly decay away from the hole and essentially vanish at » > 5a.
Additional information on this problem is given by Timoshenko and Goodier (1970).
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13.6 Stress Functions

In the absence of body forces, the stress formulation of elasticity theory includes the equilib-
rium and Beltrami-Michell equations:

ikt Gy = 0 (13.6.2)
0ij, kk ]+I/O—kk’lj - .0.

In order to develop a general solution to this system, stress functions are commonly used. Of
course, we have already seen the use of several special stress functions earlier in the text,
including Airy’s form for the plane problem and Prandtl’s function for the torsion example.
Here, we investigate the general three-dimensional case and later specialize these results to
some of the particular cases just mentioned. The concept of developing a stress function
involves the search for a representation of the form

o = Fij{®} (13.6.3)

where F;; is some differential operator and @ is a tensor-valued variable. Normally, the search
looks for forms that automatically satisfy the equilibrium equations (13.6.1), and these are
called self-equilibrated forms.

It is apparent that the equilibrium equations will be satisfied if 6;; is expressed as the curl of
some vector function, because the divergence of a curl vanishes identically. It can be shown that
under certain conditions one such equilibrated form that provides a complete solution to the
elasticity problem is given by

Oij = 5imp5jkl@mk,pl (13.6.4)

where @ is a symmetric second-order tensor. Relation (13.6.4) is sometimes referred to as the
Beltrami representation, and @ is called the Beltrami stress function. It has been shown that all
elasticity solutions admit this representation; see, for example, Carlson (1966). It is easily
demonstrated that (13.6.4) is an equilibrated form, since

Ojj,j = (gimpgjkl¢mk,pl),j = 5in1p€jk1@n1k,p[j =0

because of the product of symmetric and antisymmetric forms in indices jI.
Property (1.3.5) allows expansion of the alternating symbol product, and thus relation
(13.6.4) can be expressed as

0ij = 0ijPuic,u — 0ijPut, i — Pij, b + Pui, iy + Pyj, 11 — Pr, i (13.6.5)
or

011 = P33,20 + DP2,33 — 2Pp3,23
022 = P11,33 + P33,11 — 2P31,31
033 = Pop, 11 + Pi11,22 — 2P12, 12
012 = —P12,33 — P33,120 + Po3 13 + P31,23
023 = —Po3.11 — P11,23 + P31,21 + P12,31
031 = —P31,00 — P31 + P12 32 + Pz, 12

(13.6.6)
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The first invariant of the stress tensor then becomes

Onn = EnmpEnkl djmk, pl
= (GmkOp1 — OmiOpi) Pk, pi (13.6.7)

= Dye.it — Pig, ik

and thus the compatibility equations (13.6.2) can be expressed in terms of the general stress
function as

1
EimpEiktPmk, pt), nn + m@kk,/z = @yn),;; =0 (13.6.8)

Not all of the six components of @; are independent. Two alternate ways of generating
complete solutions to the stress formulation problem are developed through the use of reduced
forms that include the Maxwell and Morera stress function formulations.

13.6.1 Maxwell Stress Function Representation
The Maxwell stress function representation considers the reduced form whereby all off-
diagonal elements of @;; are set to zero; that is,

d, 0 0
dij=| 0 &y O (13.6.9)
0 0 &

which yields a representation

o1 = P33, + D2, 33
00 = P11,33+ P33 11

033 = P 11 + Pi1,22

(13.6.10)
o2 = —P33,12
023 = —Dy,23
031 = =P, 31

Notice that the Airy stress function that is used for two-dimensional problems is a special case
of this scheme with @ = &5 = 0 and P33 = P(x1,x2).

13.6.2 Morera Stress Function Representation
The Morera stress function method uses the general form with diagonal terms set to zero;

that is,
0 @ D3
Dy=|dp 0 by (13.6.11)
P53 Pz 0

This approach yields the representation
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011 = —2®23 23
0 = —2®31,31
033 = 2P, 12
012 = —P12,33 + Pz, 13 + P13,23
023 = — D311 + P13,21 + P12,31
031 = —D31,20 + P12,30 + P23, 12

(13.6.12)

It can be observed that for the torsion problem, the Prandtl stress function (here denoted by ¢)
is a special case of this representation with @5 = @13 =0 and @23 1 = @(x1,X2).
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Exercises

13-1. Using the Helmholtz representation, determine the displacement field that corresponds
to the potentials ¢ = x> + 4y, ¢ = R?e;. Next show that this displacement field
satisfies Navier’s equation with no body forces.

13-2. Explicitly show that the dilatation and rotation are related to the Helmholtz potentials
through relations (13.1.3).

13-3. For the case of zero body forces, show that by using the vector identity (1.8.5)¢ Navier’s
equation can be written as

G+2Vu+ QA+ mVxVxu=0

Using repeated differential operations on this result, show that the displacement vector is
biharmonic. Furthermore, because the stress and strain are linear combinations of first
derivatives of the displacement, they too will be biharmonic.

13-4. For the case of Lamé’s potential, show that strains and stresses are given by (13.2.3).
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13-5.
13-6.

13-7.
13-8.

13-9.

13-10.

Justify that the Galerkin vector satisfies the governing equation (13.3.2).

Show that the Helmholtz potentials are related to the Galerkin vector by relations
(13.3.3).

Justify relations (13.3.4) for the stress components in terms of the Galerkin vector.

For the case of zero body forces, the Galerkin vector is biharmonic. However, it was
pointed out that in curvilinear coordinate systems, the individual Galerkin vector
components might not necessarily be biharmonic. Consider the cylindrical coordinate
case where V = V,e, + Vyey + V.e.. Using the results of Section 1.9, first show that
the Laplacian operator on each term will give rise to the following relations:

V, 2 0V,
Vz(vl‘er') = (Vzvr - ﬁ) e + rj%eﬁ

V{)) 2 0Vy
— oo — S e
’

2 _(v2y. _
V(Voey) = (V Vo 2790

V2(Vzez) = VszeZ

Using these results, show that the biharmonic components are given by

1\?2 4 8%V, 4 1\ oV,
272 _ VZ _ _ ! 2 I
Y, (Vrer) - |:( rz) Vl' r4 802 € + |:r2 (v l’2> 80:|e0

4 1\ oV, , 1\ 49,
(V _ﬁ) Vﬁ_r_‘lW €y

22 _ 2
A\VaAv4 (V(-)EQ) = |:—r—2 (V — r—2> W:| e, +
and thus only the component V. will satisfy the scalar biharmonic equation.

V2VA(V.e.) = V>V .e.

Explicitly show that Boussinesq’s problem as illustrated in Figure 13-2 is solved by the
superposition of a Galerkin vector and Lamé’s potential given by relation (13.3.13).
Verify that the Cartesian displacements and stresses are given by

Px z 1-2v Py z 1-2v P 2
w=— (= — v = - cw=— (201 = 1) + =
4TuR \R?> R +:z 4nuR \R*> R +:z 4muR R?

N R LA - S50)
7 27R? | R3 R R+z RR+2)?
2 2
Gy:_2P2[3y_3Z_(1_2V)<£— K +y(2R+Zz))}
R2 | R R R+z RR+2)
_ 3pz3 _ P |3xyz (1 -2v)2R + z)xy
7T TR T“‘y*_W[F_ RR + 2)? }
- 3Pyz? _ 3Pxz?
DT T RS T T RS

Show that Cerruti’s problem of Figure 13-3 is solved by the Galerkin vector and
Lamé’s potential specified in relations (13.3.15). Develop the expressions for the
Cartesian displacements and stresses
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1+ +(1 2)(R —L)}
4%# \R+z R+

1 1-2v Px z +1—21/
- W= f, 1T
47r,u R2 (R + 2)? druR \R* * R +:

7 x> (1—21/) R 2_2Ry2
ox 2nR3 (R +2)? Y TRy
(1 —2v) 5 2Rx?
3R? —x* —
= 2nR3{ AT )2( Y TR+
3Pxz? 3Pxyz 3Px%z
O0; = 75 55 Yy = —RF 550 Yz = T A /5
2nR> 2nR> 2nR>
P 2 (1-=2 2Rx?
Ty = — 3 v) R 2y
) 2R3 | R?  (R+2)? R+:

13-11. Explicitly justify that the Papkovich functions A and B satisfy relations (13.4.9).

13-12. For the axisymmetric case, the Papkovich functions reduced to the Boussinesq
potentials B and A, defined by relations (13.5.11). Show that the general forms for the
displacements and stresses in cylindrical coordinates are given by

_ L0, Az —0w= (a2 (py A=
T e ad—wp) T T | T 41— v)
v ’ Az v 0A. O? Az

= — i T
e Al (4(17u))+172u o: o \"Ta1—v
v ) Az v %_12 Az
=15, (4(1—u))+1—2u o ror\BTaa—y
v ’ A.z v 5‘i aiiai A.z
i e A (4(17V))+172V82+8z a2 \B T aa -

e =0 O (A
Tz = 2[€r; = 2 Or oroz 4(1 - V)

13-13. Using the results of Exercise 13-12, verify that the displacement and stress fields for
the Boussinesq problem of Example 13-4 are given by (13.4.16) and (13.4.17). Note
the interesting behavior of the radial displacement, that «, > 0 only for points where
z/R > (1 — 2v)R/(R + z). Show that points satisfying this inequality lie inside a cone
¢ < ¢,, with ¢, determined by the relation cos? ¢, + cos p, — (1 —2v) =0

13-14". The displacement field for the Boussinesq problem was given by (13.4.16). For this
case, construct a displacement vector distribution plot, similar to the two-dimensional
case shown in Figure 8-22. For convenience, choose the coefficient P/4mu = 1 and
take v = 0.3. Compare the two-and three-dimensional results.

13-15. Consider an elastic half space with g, = 0 on the surface z = 0. For the axisymmetric
problem, show that the Boussinesq potentials must satisfy the relation A, = 2 0B/0z
within the half space.
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13-16. Consider the Papkovich representation for the two-dimensional plane strain case
where A = A;(x,y)e; + Az(x,y)e; and B = B(x,y). Show that this representation will
lead to the complex variable formulation

2u(u + iv) = K9(2) — 2'(2) — Y (2)
with appropriate definitions of y(z) and (z2).

13-17. Show that Kelvin’s problem of Figure 13-1 may be solved using the axisymmetric
Papkovich functions (Boussinesq potentials)

P
B=0, A, =—
° 2mR

Verity that the displacements match those given in equations (13.3.10).

13-18. A force doublet is commonly defined as two equal but opposite forces acting in an
infinite medium as shown in the following figure. Develop the stress field for this
problem by superimposing the solution from Example 13-1 onto that of another single
force of —P acting at the point z = —d. In particular, consider the case as d — 0 such
that the product Pd — D where D is a constant. This summation and limiting process
yield a solution that is simply the derivative of the original Kelvin state. For example,
the superposition of the radial stress component gives

da,
0z

[(1 — 27/)2(’”2 + 22)73/2 — 31”22(1‘2 + 22)*5/2}

‘liirr(l)[o,(r, 7)— o (r, z+d)] =—d
___b 3
811 —v)0z

The other stress components follow in an analogous manner. Using relations (13.5.9),
show that the stress components in spherical coordinates can be expressed as

(1+wv)D ) 22-v)y ,
OR = ——— | — SIn + —cos
R 4n(1 — V)R? ¢ 1+v ¢
a+v)D .
T = —— X = S1Nn @ COS
R = " 4n(1 — )R3 $oos ¢
///"’ iz ‘\\\\\
Vs | N
[ ] \\
/ | \
II \\
/ P \
[} \
[} \
1 |
i )
\\\ TR " /II
\\ b //,’ : d y//
\ V'S ! /
\ /
\\\ //
~N //
- //
\\ P //
- w
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13-19.

13-20.

13-21.

13-22.

Using the results of Exercise 13-18, continue the superposition process by combining
three force doublets in each of the coordinate directions. This results in a center of
dilatation at the origin as shown in the figure. Using spherical coordinate components,
show that the stress field for this problem is given by

(1-20D C 0
op=———— = — T =
R "o —)R3  R3’ R

where C is another arbitrary constant, and thus the stresses will be symmetrical with
respect to the origin.

Using the basic field equations for spherical coordinates given in Appendix A,
formulate the elasticity problem for the spherically symmetric case, where ug = u(R),
uy = ug = 0. In particular show that the governing equilibrium equation with zero
body forces becomes

@+2du 2
dR*> RdR R

Next solve this equation and show that the general solution can be expressed as

2K2 KZ
ot =o=K+p

C,
M:C1R+ﬁ, or = K| — o8

where Cy, C,, K1, and K are arbitrary constants.

Using the results of Exercise 13-20, solve the problem of a stress-free spherical cavity
in an infinite elastic medium under uniform far-field stress o7” = 0,° = ¢2° = §.
Explicitly show that the stress concentration factor for this case is K = 1.5, and
compare this value with the corresponding two-dimensional case. Explain why we
would expect such a difference between these two concentration factors.

Using the results of Exercise 13-20, solve the problem of a thick-walled spherical shell
with inner radius R; loaded with uniform pressure p;, and with outer radius R, loaded
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with uniform pressure p,. For the special case with p; = p and p, = 0, show that the

stresses are given by
R3 R3
OR = 3[7 1 3<1——§>
R; — Ry R

PR} R
= = 1
TN TR\ T w

13-23". Using the general solution forms of Exercise 13-20, solve the problem of a rigid spherical
inclusion of radius a perfectly bonded to the interior of an infinite body subjected to
uniform stress at infinity of 6 = S. Explicitly show that the stress field is given by

1—-2v ra\3 1—-2v ra\3
—s|142 (7) oy —0p=S|1— (,)
R {“L 1+v \R } 7¢ =00 { 1 +v \R

Determine the nature of the stress field for the incompressible case with v = 1/2.

Finally, explore the stresses on the boundary of the inclusion (R = a), and plot them
as a function of Poisson’s ratio.

13-24. Consider the three-dimensional stress concentration problem given in Example 13-5.
Recall that the maximum stresses occur on the boundary of the spherical cavity (r = a).

With respect to the problem geometry shown in Figure 13-5, the maximum stress
component was found to be

27 — 15v

O'Z((l, ZZO) :m

Other stress components can also be determined from the solution method outlined in
the problem, and two particular components on the cavity boundary are

34+15 150 -3
2V e = n/2) =

7@ ¢=0=—37"25, 2(7 = 50)

Using these results, along with the superposition principle, show that maximum
stresses for the following cases are given by:

(a) Uniform uniaxial tension loadings of S along x and z directions

21 —30v
2(7 - 5v)

Omax =

(b) Tension loading S along z and compression along x directions

15
Omax — 7_ 50

(c) Tension loadings of S along each Cartesian direction

3

Omax = E S
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Note that part (b) corresponds to far-field pure shear and part (c) coincides with the
results found in Exercise 13-21.

13-25". Generate plots of the stress concentration factor vs. Poisson’s ratio (similar to Figure
13-6) for each case in Exercise 13.23. Compare the results.

13-26". There has been some interesting research dealing with materials that have negative
values of Poisson’s ratio; recall from fundamental theory —1 < v < 1/2. Beginning
studies of this concept were done by Lakes (1987) and commonly these types of
materials have specialized internal microstructures (e.g., foams and cellular solids)
that produce such anomalous behavior. Several interesting consequences occur with
v < 0, and one such behavior results in decreasing the stress concentration around
holes in three-dimensional solids. This can be directly explored by expanding the plot
shown in Figure 13-6 to include the full range of Poisson’s ratio. Redevelop Figure 13-6

for the range —1 < v < 1/2 and determine the maximum decrease in the stress
concentration factor.

13-27. Using the Morera stress function formulation, define

1 1 v
b3 = —§Z¢,1, b3 = —5245,2, P22 = —§V2¢

where ¢ is independent of z. Show that this represents plane strain conditions with ¢
equal to the usual Airy stress function.
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14

Nonhomogeneous Elasticity

It has been observed that many materials have a spatially varying microstructure that leads to
spatial variation in elastic properties and thus requires a nonhomogeneous model. For example,
in geomechanics studies rock and soil material will commonly have depth-dependent proper-
ties resulting from the overburden of material lying above a given point. Gradations in
microstructure are also commonly found in biological cellular materials such as wood and
bone, where biological adaptation has distributed the strongest microstructure in regions that
experience the highest stress.

Recently, there has been considerable interest in the development of graded materials that
have spatial property variations deliberately created to improve mechanical performance
(Suresh, 2001). Such graded properties can be traced back to surface heat treatments for
swords, knives, and gear teeth. Various composite materials have been constructed using
graded transitions in composition to reduce stress concentrations at interfaces. In the 1990s,
interest in graded materials focused on controlling thermal stresses in structures exposed to
high-temperature applications and to surface contact damage. This work has led to a new class
of engineered materials called functionally graded materials (FGMs) that are developed with
spatially varying properties to suit particular applications. The graded composition of such
materials is commonly established and controlled using advanced manufacturing techniques,
including powder metallurgy, chemical vapor deposition, centrifugal casting, and other
schemes.

Our previous developments have been connected to the formulation and solution of
isotropic and anisotropic elasticity problems. We now wish to go back and investigate the
inhomogeneous isotropic case and explore solutions for a few problems that exist in the
literature. We will focus attention on formulation issues that allow the development of
tractable boundary value problems and will examine the effect of inhomogeneity on the
resulting stress and displacement solution fields. By exploring closed-form solutions to a series
of example problems, we will see that in some cases inhomogeneity produces little effect,
while in others significant and fundamentally different stress and displacement distributions
will occur.
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14.1

Basic Concepts

For the inhomogeneous model, elastic moduli C;;; or C;; will now be functions of the spatial
coordinates x,, describing the problem; thus, Hooke’s law would read
0jj = Ciju(xmen (14.1.1)
Other than this modification, the structural form of Hooke’s law is the same as used
previously. Similar to the anisotropic case presented in Chapter 11, the other basic field
equations of strain displacement, strain compatibility, and equilibrium will also remain the
same. However, it should be recognized that by combining the new form (14.1.1) with these
other field equations (e.g., in developing stress or displacement formulations), entirely new and
more complicated field equations will be generated. This will create a more complex problem
formulation and analytical solutions will of course be more difficult to obtain.
For example, considering the general case with no body forces, the displacement formula-
tion would now yield equilibrium equations in terms of displacement as

0 0
i = 0= —[Ciulu )] =0=—[Ciuur, /1 =0 14.1.2
gij,j o, [Ciju(ur,1 + uz, )] 8xj[ kiU, 1] ( )
where we have used the symmetry C;j;; = Cjj. Expanding relation (14.1.2) gives
Cijuug,ij + Cijua, jur,1 = 0 (14.1.3)

The first term in relation (14.1.3) corresponds to the homogeneous case and for isotropic
materials would simply lead to the homogeneous form of Navier’s equations (5.4.3) developed
in Chapter 5. The second term in (14.1.3) accounts for spatial variation in elastic moduli and
includes first-order derivatives of both the elastic moduli and displacements.

Depending on the nature of the material’s anisotropy and inhomogeneity, equation (14.1.3)
could become very complex and thereby limit solution by analytical methods. Only limited
studies have included both anisotropy and inhomogeneity (e.g., Lekhnitskii (1981), Horgan
and Miller (1994), Fraldi and Cowin (2004), Stampouloglou and Theotokoglou (2005) ), and
thus most nonhomogeneous analyses have been made under the simplification of material
isotropy. For example, using the isotropic assumption, relation (14.1.3) for a two-dimensional
plane strain model would reduce to

0 (Ou v OA (Ou  Ov Oudu Ou (Ou Ov
2 o (ou OV oA fou oV opou  opfou  Ovy
w u+()“+'u)8x <8x+8y) +8x (8x+8y> +28x8x+ Oy (8y+8x> 0
0 (Ou Ov 0A (Ou  Ov oudv Ou (Ou Ov
2 ;L. - | = - — | = - 2 = — | = - =
HV +'u)6y(8x+8y)+8y(8x+6y>+ 8y8y+6x(8y+6x> 0

(14.1.4)

which clearly simplifies to the homogeneous form (7.1.5) if the elastic moduli 4 and p are
constants.

Next, consider the stress formulation for the inhomogeneous but isotropic plane problem
with no body forces. Introducing the usual Airy stress function ¢ defined by (8.1.3), the
equilibrium equations are again identically satisfied. As before, we look to generate compati-
bility relations in terms of stress and then incorporate the Airy stress function to develop a
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single governing field equation. Because the elastic moduli are now functions of spatial
coordinates, results for the nonhomogeneous case will differ significantly from our develop-
ments in Section 7.5 that lead to a simple biharmonic equation. For the two-dimensional plane
strain case, using Hooke’s law in the only nonzero compatibility relation (7.1.6) gives the new
form for nonhomogeneous materials in terms of the Airy stress function:

07 <1 —120% v(l+v) 82(f>>

2 E 2 E 2
ox Ox Oy (14.1.5)
P (-rP WAnPH) & (1Hv PN
0y? E 0y? E  0Ox? oxdy\ E 0xdy)
The corresponding relation for the case of plane stress is given by
2 2 2 2 2 2 2 2
P (1P _vPe\ P (1026 vPe\ L F (v FS\ o e
OxX2 \E Ox* E 0y* Oy \E 0y* E Ox? Ox0y \ E 0Ox0Oy

Note that results (14.1.5) and (14.1.6) reduce to the biharmonic equation for the case of
constant elastic moduli. It should be evident that a biharmonic function will not, in general,
satisfy either of these governing equations for nonhomogeneous materials.

In order to formulate tractable problems, the variation in elastic properties is normally taken
to be of simple continuous form. For example, in an unbounded domain, the elastic moduli
might be chosen to vary in a single direction, as shown schematically in Figure 14-1, with
shading drawn to indicate gradation.

Particular functional forms used to prescribe such nonhomogeneity have commonly used
linear, exponential, and power-law variation in elastic moduli of the form

C,:/’(X) = Cg(l + ax)
Cij(x) = Cire™ (14.1.7)
Cij(x) = C”

where C7; and a are prescribed constants. Because experience has indicated that variation in
Poisson’s ratio normally does not play a significant role in determining magnitudes of stresses
and displacements, v is commonly taken to be constant in many inhomogeneous formulations.
Exercises 14-2 and 14-3 explore formulation results for some particular elastic moduli variation.

Early work on developing elasticity solutions for inhomogeneous problems began to appear in
the literature a half a century ago; see, for example, Du (1961), Ter-Mkrtich’ian (1961), Rostovtsev
(1964), and Plevako (1971, 1972). Numerous works followed on refining formulations and

FIGURE 14-1 Continuously graded material in a single direction.
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developing solutions to problems of engineering interest; see, for example, the beam studies by
Sankar (2001). Much of this work was fueled by interest in developing models of functionally
graded materials. We now wish to explore specific solutions to some of these problems and
compare the results with previously generated homogeneous solutions to find particular differences
resulting from the inhomogeneity. We first start with a simple example.

EXAMPLE 14-1: Uniaxial Tension of a Graded Sheet

Consider a two-dimensional, plane stress problem of a rectangular inhomogeneous sheet
under uniform uniaxial tension T as shown in Figure 14-2. We will assume that the modulus
of elasticity is uniaxially graded such that £ = E(x), while Poisson’s ratio will be taken to be
constant. Recall that this problem was solved for the homogeneous case in Example 8-1.

y
E = E(x)
— —
X
T «—|——aaul T
«— —
/ )

FIGURE 14-2 Uniaxial tension of an inhomogeneous sheet.

Based on the boundary conditions, we might guess the same stress field solution as
found in the homogeneous case, that is, 6, =T, o, = 7,,, = 0, and this field would result
from the Airy stress function ¢ = Ty*/2. Note that this stress function is biharmonic but,
as previously mentioned, it will not identically satisfy the governing equation (14.1.6).
Using this stress function along with the prescribed uniaxial gradation E = E(x), the
governing relation (14.1.6) would imply that (see Exercise 14-1)

1
Ax+ B

da* (1 1
— = :0:>E:Ax+BorE=

14.1.8
dx> \E ( )

where A and B are arbitrary constants. Thus we find a restriction on the allowable form of
the material grading in order to preserve the simplified uniform stress field found in the
homogeneous case. It will be more convenient to rewrite relation (14.1.8) in the form

— Eo
T 14+ Kx

(14.1.9)

where E,, is the modulus at x = 0 and K is another arbitrary constant related to the level
of gradation. Note that K = 0 corresponds to the homogeneous case with E = E,,.

Next we wish to determine the displacement field associated with this stress distri-
bution. This is accomplished by the standard procedure using Hooke’s law and the
strain displacement relations
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EXAMPLE 14-1: Cont'd
Ou

= =—(0y — Vay) =
g’v‘ 'f (14.1.10)

T
8_y =e, :E(O'y —v0y) = Vg

o~

These results are then integrated to get

T T T x?
=|=dx=— |4 Kx)dx =— K—
u JE x EUJ( + Kx)dx E, (x—i— 2)

Ty T L1 4 kv (14.1.11)
V= — — = —yY—VyV = —U— X 1.
v E y I/Ey Z/EO y

where we have adjusted the rigid body motion terms to have u(0,y) = v(x,0) = 0 with no
rotation.

The gradation in Young’s modulus is shown in Figure 14-3 for three different
gradation cases with K= —0.5, 0, 5. These particular parameters give increasing,
constant and decreasing gradation with axial distance x.

The axial displacement behavior for these three gradation cases is shown in
Figure 14-4. As expected, a sheet with material having increasing stiffness (positive
gradation, K = —0.5) would yield smaller displacements than a corresponding homoge-
neous sample. The opposite behavior is observed for a sheet with decreasing stiffness
(K=)Y9).

1.4+ 7

K =0 (Homogeneous Case)

Dimensionless Modulus of Elasticity, E/E,,

0.8 E
06 |
4t 4
0 K=5
0.2+ e
0 1 L 1 L 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Distance, x

FIGURE 14-3 Modulus of elasticity gradation.

Continued
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EXAMPLE 14-1: Uniaxial Tension of a Graded Sheet—Cont’d
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FIGURE 14-4 Axial displacement behavior for several gradation cases.

Comparison results from this simple example are somewhat limited since the
solution scheme started with the assumption that the inhomogeneous stress field coin-
cided with the corresponding homogeneous solution. Thus, differences between the
material models only developed in the strain and displacement fields. As we shall see in
the coming problems, using a more general problem formulation and solution will
produce completely different inhomogeneous stress, strain, and displacement fields.

14.2 Plane Problem of a Hollow Cylindrical Domain
under Uniform Pressure

We start our study by re-examining Example 8-6, a plane axisymmetric problem of a hollow
cylindrical domain under uniform internal and external pressure loadings, as shown in
Figure 14-5. Following the work of Horgan and Chan (1999a), we choose plane stress
conditions and initially allow the modulus of elasticity and Poisson’s ratio to be functions of
the radial coordinate; that is, E(r) and v(r). In polar coordinates, the two nonzero normal
stresses can then be expressed in terms of the radial displacement u(r) by

5, = E(r) [@ + v(r) ?:|

1 — v2(r) |dr (14.2.1)
) u du -
e [#”(’)ﬂ
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/

FIGURE 14-5 Hollow cylindrical domain under uniform pressure.

Note that the corresponding plane strain relations can be determined by simple transformation
of elastic moduli as given in Table 7-1.

Because it has been shown that variation in Poisson’s ratio is of much less significance than
in Young’s modulus, we will now assume that v(r) is a constant. Substituting (14.2.1) into the
equations of equilibrium then generates the form of Navier’s equation for this case:

2
Pu ldu w1 dE() {@ u} ~0 (142.2)

a? rar R Ee ar o Ty
This result should be compared to the previously developed relation (8.3.10) for the homoge-
neous case.

In order to develop a solvable equation, choose the specific power-law variation for
Young’s modulus:

£ =E(") (142.3)

where E, and n are constants and a is the inner boundary radius. Note that £, has the same
units as £ and as n — 0; we recover the homogeneous case. In order to gain insight into the
relative magnitude of such a gradation, relation (14.2.3) is plotted in Figure 14-6 for different
values of power-law exponent. Note that the case n =1 corresponds to linear variation in
Young’s modulus. It is observed that values of n greater than 1 produce quite substantial
changes in elastic modulus. These particular parameters of the power-law exponent will be
used in subsequent comparisons of the stress fields.
This particular gradation model reduces the Navier equation (14.2.2) to

d? n+1)du u
u, ( )E’L(””_l)r_zzo (14.2.4)

dr? r

The solution to equation (14.2.4) is given by

u=Ar~th/2 4 gt/ (14.2.5)
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FIGURE 14-6 Gradation in Young’s modulus for different values of the power-law exponent.

where A and B are arbitrary constants and k = v/n? + 4 — 4nv > 0. Substituting result (14.2.5)
into relation (14.2.1) allows determination of the stresses.

Evaluation of the pressure boundary conditions o, (@) = p; and ¢, (b) = p,, allows determin-
ation of the arbitrary constants A and B and produces the following stress field:

_ _a_”/zb_"/z’”(_z_kﬂ)/z _ knj2,240))2 W22 k| QR 22 ok k
o = T [ a b Po+ad" b Dol" +a b"“pi(b r}
a2y 2 2 [0 2 2 g 2202 KD ey — )
bt —a* [ k—n+2v
+ak/2bk/2( _ ab(k+n)/2pi 4 a(k+n)/2bp0)(_ 24k + I’ll/):|
k+n—2v

09 =

(14.2.6)

As with the homogeneous example, we choose the special case with only internal pressure
(o, = 0), which gives the stresses

. _IM [r(—2+k+n)/2 _ bkr(—Z—k+n)/2}
r— k k
b —a (14.2.7)
oo — a2 [ 4 gy — Y (-2tkin)2 n 2 —kv—nv Bl 2kim)2
bk — ak k—n+2v k+n—2v
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The homogeneous solution is found by letting n — 0, which implies that k£ — 2, giving the
result

2 b2
or_L{l__]

“R_2 2
14.2.8
o Piaz b ( )
7= b2 —a? 1+ 2

which matches with the solution shown in Figure 8-9 for b/a = 2.

A plot of the nondimensional stress distributions through the thickness for various gradation
cases is shown in Figures 14-7 and 14-8 for the case of b/a=15 and v =0.25. Figure 14-7
shows the variation in radial stress for different amounts of inhomogeneity reflected by choices
of the power-law exponent n. Comparing the homogeneous case (n=0) with increasing
gradients of radial inhomogeneity illustrates that the radial stress is not significantly affected
by this type of material grading. However, the corresponding results for the tangential stress
shown in Figure 14-8 show much more marked differences. While the homogeneous hoop
stress is always a monotonically decreasing function of the radial coordinate and has its
maximum on the inner boundary (r = a), the inhomogeneous solid behaves quite differently.
The graded material shows behaviors whereby the tangential stress can take a minimum value
within the domain (¢ < r < b) and have a maximum value on the outer boundary (» = b). More
details on these behaviors are given by Horgan and Chan (1999a).

Another interesting special case is that of external pressure loading (p; =0) only. This
solution can be easily developed from the general solution (14.2.6) and is given in the
following relations (14.2.9).

01 T T T T

Dimensionless Stress, o,/p;

-1 1 1 L 1 1 1 1

cn

1 1.5 2 25 3 35 4 45
Distance, r/a

FIGURE 14-7 Nondimensional radial stress distribution through a domain wall.
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FIGURE 14-8 Nondimensional tangential stress distribution through a domain wall.

o, = _pbTTIR [r(72+k+n>/2 _ akr(—27k+n)/2}
r bk — ak
. (14.2.9)
oy — _pob(2+k 22 4+ ky —nv A2tkin)2 n 2 — kv —nv S22
bk —at | k—n+2v k+n—2v
The homogeneous solution is again found by letting » — 0, giving the result
pob2 aZ
e l_r—z (14.2.10)
_ pob? a -
w=p_a|'te

As in Section 8.4.2, the problem of a stress-free hole in an infinite medium under uniform far-
field stress (see Figure 8-11) can be obtained from (14.2.10) by letting p, — —T and b/a — oo,
which gives the result identical to the previous relation (8.4.9)

2 2
o,.:T[lfiz}, a(;:T[1+a—2} (14.2.11)
s I

and thus produces the classic stress concentration factor of K =2. The next logical step in
our investigation would be to pursue the corresponding concentration effect for the inhomo-
geneous case using the same limiting process. However, attempting this on relations
(14.2.9) surprisingly fails to produce satisfactory results because finite stresses for b/a — oo
require that (2 + k — n)/2 = k=k = 2 — n, which is precluded by the original definition
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k = v/n? + 4 — 4nv unless n = 0. Horgan and Chan (1999a) point out that this unexpected result
is similar to findings in analogous problems involving certain curvilinear anisotropic materials
(e.g., Galmudi and Dvorkin (1995) and Horgan and Baxter (1996); see also Section 11.7).

Even with this analytical dilemma, we can still pursue the original stress concentration
problem of interest (Figure 8-11) by simply evaluating the general result (14.2.9) for the case
with large b/a and p, — —T. Figure 14-9 illustrates this case for the tangential stress behavior
with b/a =20, v=0.25, and n = —0.2, 0, 0.2, 0.4, and 0.6. Since the domain includes large
variation in the radial coordinate, we restricted the power-law exponent to cases where n < 1.
It is observed that as n increases, the maximum hoop stress no longer occurs on the inner
boundary r = a, thus reducing the local stress concentration effect. For negative values of the
power-law exponent, the local stress on the hole boundary will be higher than the homoge-
neous case, thus creating an increase in the local stress concentration. Figure 14-10 shows the
behavior of the equivalent stress concentration factor, K = gy(a)/T, as a function of the power-
law exponent over the range —0.4 < n < 0.4. The stress concentration exhibits a decreasing
behavior with the gradation parameter. Similar stress-decreasing effects have also been found
in studies of anisotropic circular tube problems (Galmudi and Dvorkin, 1995; and Horgan and
Baxter, 1996).

Clearly, the results in this section indicate that inhomogeneity can significantly alter the
elastic stress distribution in such cylindrical domain problems. Stress concentration effects are
also changed from corresponding homogeneous values. For this analysis, material inhomo-
geneity was modeled using a simple radial power-law relation for Young’s modulus, and thus
solution results were limited to correlations with the power-law exponent for cases with
increasing or decreasing modulus.

bla=20
v=0.25

Dimensionless stress, /T

ogl— L 1 1 I L L

Distance, r/a

FIGURE 14-9 Nondimensional tangential stress distribution for the external loading case
with a large bla.
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FIGURE 14-10 Equivalent stress concentration factor for a small stress-free hole in a large
domain under uniform biaxial tension.

14.3 Rotating Disk Problem

The next problem we wish to investigate is that of a solid circular disk (or cylinder) of radius a,
rotating with constant angular velocity w, as shown in Figure 14-11. The disk is assumed to
have zero tractions on its outer boundary, r = a. Recall that the solution to the homogeneous
problem was developed in Example 8-11.

We follow the inhomogeneous formulation and solution scheme originally presented by
Horgan and Chan (1999b). As before, we note that this is an axisymmetric plane problem in
which all elastic fields are functions only of the radial coordinate. The rotation produces a
centrifugal loading that can be handled easily by including a radial body force, F, = pw?r,
where p is mass density. The only nonzero equilibrium equation then reduces to

do, + o, — 0y

+ putr =0 (14.3.1)
dr

FIGURE 14-11 Rotating disk problem.
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As in our previous example, we choose plane stress conditions and allow the modulus of
elasticity and Poisson’s ratio to be functions of the radial coordinate: E(r) and v(r). Using
Hooke’s law in polar coordinates, the two nonzero normal stresses can then be expressed in
terms of the radial displacement u(r) by

) du u

Oy 7177V2()’) |:$+V(i’),{|
(14.3.2)

B0 [u, o ds

%=1 20 L + v(r) dr}

As before, the corresponding plane strain relations can be determined by simple transformation
of elastic moduli, as given in Table 7-1.

Again, following similar logic to that in the previous example, variation in Poisson’s ratio is
of much less significance than Young’s modulus, and thus we assume that v(r) = v = constant.
Substituting (14.3.2) into equations (14.3.1) then generates Navier’s equation for this case:

Pu ldu w1 dEG) {@ u] _ P =l (14.3.3)

a? rar TR B ar oty E()

As in our previous pressurized tube example, a power-law distribution for Young’s modu-
lus will help reduce the complexity of Navier’s equation. On this basis, we again choose a
modulus variation of the form (identical to (14.2.3))

E(r) =E, ('5) ’ (14.3.4)

where E, and n are constants and a is the outer boundary radius. As before, E, has the same
units as £ and as n — 0; we recover the homogeneous case. Various moduli distributions from
this form are shown in Figure 14-12 for different values of the power-law exponent, n = —0.5,
0, 0.5, 1, 2. Notice that for cases with n > 0, the gradation increases from O at the disk center to
E, at the outer boundary. For the case with n < 0, the modulus is unbounded at the disk’s
center, and thus we expect a similar singularity in the stress field for this case.

Using this gradation model, relation (14.3.3) reduces to

@ (n+1)du

u p(l _ VZ)w2rlfnan
- B | P o S
dr? roodr + )r2

E,

(14.3.5)

The general solution to equation (14.3.5) follows from standard theory as the sum of
homogeneous plus particular solutions. Note that the solution to the homogeneous equation
was given by (14.2.5). Combining these results gives

.2\, 2 n
pA =z v 5, (14.3.6)

5y = A2 | g ntb/2
wr) =Ar b E,(n—3n+8)

where A and B are arbitrary constants and k = /(n? + 4 — 4nv) > 0. Solution (14.3.6)
requires the following:
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FIGURE 14-12 Gradation in Young’s modulus for the rotating disk problem.

nw—3n+8#£0 or (n+k)/2+#3 (14.3.7)

For the case where (14.3.7) does not hold (i.e., (14.3.7) with equality signs), the particular
solution must be fundamentally modified, giving the result

[)(1 _ VZ)WZQH

) — A* -3 B* 3—n __
u(r) r>+B'r E,

log (r/a) (14.3.8)
Relation (14.3.7) with equality signs yields n = 8/(3 — v), which implies the interesting fact
that for 0 < v < 1/2, the gradation power-law exponent must be in the range
8 16
S -

<n

= 14.3.
3 5 (14.3.9)

We now proceed to determine the displacement and stress fields for particular gradation
cases invoking bounded solutions at the origin (r = 0) and zero tractions (¢, =0) at r = a.

Consider first the case with n > 0 so that the modulus gradation increases monotonically
with radial coordinate. Because now n + k > 0, the boundedness condition at the origin
requires that A = 0, and the third term in solution (14.3.6) implies that n < 3, thus restricting
the power-law exponent to the range 0 < n < 3. To satisfy the traction-free boundary condition,
our solution (14.3.6) must retain the B-term, which means that k — n > 0, and this will happen
only if 1 — nv > 0. Additionally, we must honor the usual range restriction on Poisson’s ratio,
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0 < v < 1/2. Collectively these conditions place coupled restrictions on the gradation
parameter n and Poisson’s ratio v, but these can be satisfied. Therefore, we now move forward
with the solution assuming this is the case.

With A =0 in solution (14.3.6), the radial stress follows from relation (14.3.2),

Ba™'E,
o
1 -2

k22 _ (3 —n+v)puir?

At S) (14.3.10)

|:I/+%(k - n)}

Applying the zero-traction boundary condition easily determines the constant B, giving the
final stress results

_ B —n+vp? [ 3 (ntk)/2, (n+k—2)/2 ,2]
T w—3n+8 L " '
o — pu? B —=n+vIl + /2)k —n)] SH2, k=22
T w —3n+8) v+ (k—n)/2] (14.3.11)

— 13 — v+ 1177

for the case nv —3n+8 #0

Recall that these results were developed under condition (14.3.7). For the case where this
condition is not satisfied, solution form (14.3.8) must be used instead. Similar analysis yields
the stress solutions

—4Hn—-2
o, = puw? =M -2 ) )rz log (r/a)
n

_ pw? 2 2 .

09 =— (817 = 3(n — 4)(n — 2)r* log (r/a)] (14.3.12)
8 16
for th S<n<—
or the case 37117 5

The homogeneous case corresponds to # — 0, which means k — 2, and (14.3.11) would reduce
to our previous solution (8.4.81).

Returning now to consider the case where n < 0 (decreasing radial gradation), we find that
the boundedness condition implies that the solution constant A must again be set to 0.
However, no restriction is needed on the power of r in the third term of solution (14.3.6).
Consideration of the special solution (14.3.8) is no longer needed because nv — 3n + 8 # 0
will always be satisfied. Thus, the solution given by (14.3.11) is also valid for n < 0.

To show details on the stress distribution, we will choose the case ¥ =0 so that no
restriction is placed on the condition that k¥ — n > 0, and additionally plane stress results
coincide with plane strain values. We also take the case 8 — 3n # 0 and thus relations (14.3.11)
are used to determine the stresses. Results for the radial stress distribution are shown in Figure
14-13 for gradation parameter values n = —0.5, 0, 0.5, 1, 2. The results indicate very signifi-
cant differences in behavior from the homogeneous case n = 0, which has its maximum value
at the disk center (r = 0) and decays to O at the outer stress-free boundary. For inhomogeneous
cases with positive gradations (e.g., n =0.5, 1, 2 ), the radial stress actually vanishes at r =0
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FIGURE 14-13 Radlal stress distribution in a rotating disk (v = 0).

and at r = @, and thus takes on a maximum value at an interior point within the interval 0 <r < a.
It can be shown that this maximum occurs at

5\ V-3 1
r:r’":a(M—l) , whereM:E(nJr n2+4) (14.3.13)

Note that for the homogeneous case, asn — 0, M — 1 and r,, — 0, and as n — 8/3, M — 3 and
r» — a. Also note that for positive gradations (n > 0) at fixed r, the radial stress decreases
monotonically with the gradation parameter n.

For negative values of gradation parameter, the radial stress distribution drastically changes
its behavior and is actually unbounded at the origin. The case for n = —0.5 is shown in
Figure 14-13, and it is observed that the stress drops rapidly from its singular value at r =0
to 0 at the outer boundary » = a. As pointed out by Horgan and Chan (1999b), similar singular
behaviors have been found in the analogous problem for homogeneous radially orthotropic
materials (Horgan and Baxter, 1996; see Section 11.7) that are due to an anisotropic focusing
effect at the origin. For the present inhomogeneous case, the singularity corresponds to the
unbounded Young’s modulus as r — 0 with n < 0 (see Figure 14-12).

It is interesting that the location of maximum stress can actually be controlled by appropri-
ate modulus gradation (see, for example, relation (14.3.13) ). We also find this situation in the
torsion problem to be discussed later in the chapter. Also, as discussed by Horgan and Chan
(1999b), a design criterion for a disk of uniform stress proposes that

o, =ag, r € (0, a) (14.3.14)
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which can be accomplished by a gradation of the form

- (14.3.15)

where K is an arbitrary constant.
As shown by Horgan and Chan (1999b), the hoop stress o for the disk problem has similar
behaviors; a detailed plot of this component has been left as an exercise.

14.4 Point Force on the Free Surface of a Half-Space

By far the most studied inhomogeneous elasticity problem is the half-space domain under point
or distributed loadings applied to the free surface. Over the past several decades this problem
has received considerable attention; examples include Holl (1940), Lekhnitskii (1961),
Gibson (1967), Gibson and Sills (1969), Kassir (1972), Awojobi and Gibson (1973), Carrier
and Christian (1973), Calladine and Greenwood (1978), Booker et al. (1985), Oner (1990),
Giannakopoulos and Suresh (1997), and Vrettos (1998). Wang et al. (2003) provide an
excellent literature review of previous work. Early applications of these studies were in
the field of geomechanics, where the depth variation in the elastic response of soils was
investigated.

More current applications involved creating functionally graded materials (FGMs) with
depth-dependent properties to provide high surface hardness/stiffness while allowing for
softer/tougher core material. Solutions to this type of problem have typically been either for
the two-dimensional plane strain/plane stress case or for the three-dimensional axisymmetric
geometry. Inhomogeneity has normally included elastic moduli variation with depth coordin-
ates into the elastic half-space using forms similar to relations (14.1.7). Many problems with
varying degrees of complexity in either the loading or moduli variation have been solved. We
will explore one of the more basic and simple solutions that provide fundamental insight into
the effect of inhomogeneity on the stress and displacement fields.

Following the work of Booker et al. (1985), we first explore the two-dimensional plane
strain solution of an inhomogeneous half-space with depth-dependent elastic modulus carrying
the surface point loadings as shown in Figure 14-14. Of course, this problem is the counterpart
of the Flamant solution given for the homogeneous case in Section 8.4.7. Similar to the

z

FIGURE 14-14 Inhomogeneous half-space with graded modulus E(z).
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previous example, the particular variation in Young’s modulus is prescribed by the power-law
relation

E=E," (14.4.1)

where E, and o are positive constants. Again note that £, has the same units as £ and as o« — 0;
we recover the homogeneous case. The general graded behavior of form (14.4.1) is identical to
that shown in Figure 14-6. As before, stress and displacement fields commonly show little
variation with Poisson’s ratio, and thus v is kept constant in this problem.

The problem is formulated and solved using polar coordinates r and 6, as shown in
Figure 14-14. Reviewing the solution forms from our previous homogeneous case in
Section 8.4.7, we follow a semi-inverse solution scheme by proposing a somewhat similar
form for the nonhomogeneous stress and displacement fields:

SO Se®)  S(0)
o, = 00 =, Ty = —
d ! (14.4.2)
LU U0
r P 5 - P

where S,, Sy, S,9, U,, and U are functions to be determined and « is the power-law exponent
from relation (14.4.1). Using these forms, the equilibrium equations (7.6.3) with no body force
produce

d
a0
" (14.4.3)
0
—+S9=0
a0 + 50
These relations can be easily solved, giving the results
S.9 =Acosf + Bsin0 (14.4.4)

Sy = —Asinf + Bcos

where A and B are arbitrary constants. On the free surface, the stress-free boundary conditions
ag(r, 0) =1,9(r, 0) =0 and ay(r, ©) = 7,4(r, T) = 0 greatly simplify the solution forms. These
conditions imply that A and B vanish and thus S, and Sy are also 0, indicating that o, is the only
nonzero stress. This type of stress field is commonly referred to as a radial stress distribution.
Similar findings were also found in the homogeneous solution.

Combining Hooke’s law (plane strain case) with the strain displacement relations gives

Oou, 1+

S = =11 = V), — vay]

1 Ouy . 1+v

- <ur + %) = [(1 = v)ay — vao,] (14.4.5)
l@u,. %_@72(1+V)

ro0  or r E fro
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Substituting our assumed forms (14.4.2) into (14.4.5) and using the fact that S, = Sy = 0 yields

1= V?
" E,cos*0
dUy 1+ vy
SOy =T
do + E,cos*0
dau,
do

—aU,

r

(14.4.6)

—(1+a0)lUy=0

Relations (14.4.6) represent three linear differential equations for the unknowns S,, U,, and
Uy. The system can be reduced to a single equation in terms of a single unknown and then
solved. This result may then be back-substituted to determine the remaining unknowns. The
final solution results are found to be

S, = —cos* 0 [Cl cos 30 + %Cz sin ﬁ@}

1 -2 1

=1V {cl cos B0+ %, sin [%)} (14.4.7)
E()a ﬁ
1— 2

Uy = Eo: {7$C1 sinﬁ0+Czcos[30}

where C; and C, are arbitrary constants and f is a parameter given by

= +oc)[1 - 1“" ] (14.4.8)

As with the homogeneous case, the constants C; and C, are determined by applying force
equilibrium over the semicircular arc C of radius a, as shown in Figure 14-14. Similar to
relations (8.4.33), we may write the force balance as

/2 /2
Z=— J o.(a,0)acos 0d0 = — J S:(0)cos 0d0 = C, [F,p
—n/2 —n/2
o2 o2 (14.4.9)
X=- J o,(a,0)asin 0dO = — J S:(0)sin0d0 = C»/F,p
—n/2 —n/2
and thus C, = ZF 3 and C, = XF 3, where
(14a) _
Fup = 292 + ) (@ +a+ /DTG + o — p)/2) (14.4.10)

b I'G+a)
and I'(-) is the gamma function defined by I'(z) = j el ar.
0

The solution is now complete, and the homogeneous case can be extracted by letting o« — 0,
which yields =1, F,s =2/m, and the solution reduces to our previous result (8.4.34).

Let us now evaluate the special inhomogeneous case with only normal loading (X = 0) and
explore the nature of the resulting stress and displacement fields. The solution for this case is
given by
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>0
cos ZF 5 cos 0

0, = —
P
(1—17)
=~ ’7F, A4,
u Eoor 5 cos 0 (14.4.11)
1— 2
Uy = ( bl ZF 5 sin f0

B E,oar*(1 4+ o)

Results (14.4.11) are shown in Figures 14-15 through 14-18, with v =0.25 for three
different values of the power-law exponent including the homogeneous case (x =0). Such
results illustrate the effect of inhomogeneity on the resulting elastic fields. Clearly, the degree
of nonhomogeneity has a significant influence on these stress and displacement distributions.
Figures 14-15 and 14-16 illustrate that, at a fixed depth into the half-space, both radial stress
and displacement directly under the surface loading (0 = 0) will increase with higher values of o.
On the other hand, Figure 14-17 indicates that the magnitude of the tangential displacement
will get smaller as the inhomogeneity variation is increased. Radial stress contours are shown
in Figure 14-18 for both the homogeneous (« = 0) and nonhomogeneous (« = 1) cases. For the
inhomogeneous material, the stress contours become elongated and thus are no longer circular,
as demonstrated for the homogeneous case.

The corresponding three-dimensional problem shown in Figure 14-19 has also been de-
veloped by Booker et al. (1985). The formulation was constructed using spherical coordinates
in much the same manner as the previous two-dimensional problem. Following an axisymmetric,

Dimensionless Radial Stress, |o,r/z|

-0.1 | 1 L 1 L 1 . | 1
0 10 20 30 40 50 60 70 80 9C

Angle, 0 (Degrees)

FIGURE 14-15 Radial stress distribution in a nonhomogeneous half-space.
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FIGURE 14-16 Radial displacement distribution in a nonhomogeneous half-space.

semi-inverse solution scheme, we assume that 1y = 0, 149 = 79 = 0 and the nonzero stresses and
displacements are given by

CSk@) Sy S Seg(d)
R= g 90T TR 0T TR TR T TR

_ Ur(9) U, — Up()
T Rl b= Rl+a

(14.4.12)
Ur

where Sg, S4, So, Srg¢» Ur, and Uy are functions to be determined and « is the power-law
exponent from relation (14.4.1). Using these forms, the equilibrium equations in spherical
coordinates (A.6), with no body force, reduce to

ds

d([;)¢ +Sgpcoth —Sy —Sp =0

s (14.4.13)
d—q‘f+(s¢ — Sp)cot + Sgy =0

Furthermore, by considering the equilibrium of a conical volume bounded by Ry < R < R»,
¢ = ¢,, it can be shown that Sk, and S, are related and can be expressed by
Srp = S(¢)sin
Sy = S(¢p)cos ¢

Combining Hooke’s law with the strain displacement relations again gives a system of
relations similar to the previous result (14.4.6) for the two-dimensional case. Unfortunately,

(14.4.14)
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FIGURE 14-17 Tangential displacement distribution in a nonhomogeneous half-space.
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FIGURE 14-18 Radlal stress contour comparisons for the Flamant problem.

the relations for the three-dimensional problem cannot be integrated analytically, and thus final
results were generated by Booker et al. (1985) using numerical methods. The radial stress
results are shown in Figure 14-20, with v =0.25, for several cases of power-law exponent,
and again the homogeneous case (o =0) corresponds to the Boussinesq solution given in
Examples 13-2 and 13-4. Note the similarity of the three-dimensional results with those of the

two-dimensional model shown in Figure 14-15.

Oner (1990) has also provided a solution to the point-force problem shown in Figure 14-19

but for the power-law gradation in terms of the shear modulus
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FIGURE 14-19 Point load on a three-dimensional inhomogeneous half-space.
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FIGURE 14-20 Radlial Stress distribution for the nonhomogeneous point load problem,
with v = 0.25 (from Booker et al., 1985; reprinted with permission of John Wiley & Sons).

1= p,2" (14.4.15)

For this type of inhomogeneity, the resulting Cartesian stress and displacement fields are found
to be

o MCOS("”) ¢ sin® ¢ cos’ 0
2nz2
3)P
oy = ucos(”ﬁ) ¢ sin® ¢ sin® 0
2nz
3)P
G, = %cos("”) ¢
(14.4.16)
3)P
Ty = Mcos("+3> ¢ sin® ¢ sin 0 cos 0
’ 2nz
3)P
T, = %COS(WM) ¢ sin ¢ sin 0
T = MCOS("H) ¢ sin ¢ cos 0
2mz2
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P Xz
= dmp, (32 4+ y2 + Zz)(n+3)/2
P yz
V= 4, (32 + 2 + 22y t3)/2
_ P Xy +22n+2)
", (a2 2 2

(14.4.17)

These results are developed under the power-law exponent restriction n = (1/v) — 2. Note that
the homogeneous case corresponds to n = 0, which implies that v = 1/2 (incompressible case).
Under these conditions, the inhomogeneous results (14.4.16) and (14.4.17) reduce to the
homogeneous solution developed in Exercise 13-9.

The distribution of the normal stress o, is shown in Figure 14-21 for several cases of the
power-law exponent, n = 0, 1/3, 2/3, 1. These results indicate behavior similar to that shown in
Figure 14-20 for a comparable inhomogeneous problem. Directly under the loading (¢ = 0),
the normal stress ¢, increases with increasing inhomogeneity gradient, a result consistent with
the findings shown in Figures 14-15 and 14-20. Oner also presents stress and displacement
results for the horizontal point loading (Cerruti problem) shown in Figure 13-3.

0.7 T T T T T T T T

0.6

o
o

o
~

0.3

Dimensionless Stress, o,R%/P
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0.1

0 1 1 | 1 Il 1 .
0 10 20 30 40 50 60 70 80 90

Angle, ¢ (Degrees)

FIGURE 14-21 Nondimensional normal stress distribution o, for the inhomogeneous
point load problem. (See Oner 1990.)
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14.5

Antiplane Strain Problems

Because of its relatively simple formulation, antiplane strain problems have been investigated for
nonhomogeneous material. Examples of such work include Clements et al. (1978), Dhaliwal
and Singh (1978), Delale (1985), Ang and Clements (1987), Erdogan and Ozturk (1992),
Horgan and Miller (1994), Clements et al. (1997), and Spencer and Selvadurai (1998). Much of
this work has been applied to crack problems related to mode III fracture behaviors. For the
homogeneous case, this crack problem was given as Exercise 8-32. The homogeneous formu-
lation of antiplane strain was given in Section 7.4, and we now develop the corresponding
inhomogeneous formulation for a particular class of material gradation.

Antiplane strain is based on the existence of only out-of-plane deformation, and thus with
respect to a Cartesian coordinate system the assumed displacement field can be written as

u=v=0, w=w,y) (14.5.1)

This yields the following strains:

l(?_w 10w (14.5.2)

w _’ w (14.5.3)

Thus, in the absence of body forces, the equilibrium equations reduce to the single equation

o ( ow o ([ ow

where the shear modulus is assumed to be a function of the in-plane coordinates u = u(x,y).
Following the solution procedure outlined by Dhaliwal and Singh (1978), the transformation

w(x,y) = W(x,y)/v/ ix, y) (14.5.5)

can be used to reduce relation (14.5.4) to

1/1
HVIW 5 (@ (15 + ) = My — uyy) W=0 (14.5.6)

Ou Ou u 0 u

h =, =, w =55 L= =
WHETE He = 0 #y dy # a2 Fw y?

We now assume separable product forms for W and p such that

Wx,y) = XY (), ux,y) = up(0)q(y) (14.5.7)
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where 1, is a constant. Substituting (14.5.7) into (14.5.6) yields a separable relation that can be
written as two equations:

Xeo o+ |n2 5 (P2 (s X=0
XX 4 p 2 p
, (14.5.8)
Voot | =24 (2) -1 (22 [y =0
XX 4 q 2 q

where n? is the separation constant and subscripts indicate partial differentiation as before.
In order to proceed further with an analytical solution, particular choices of the material
gradation functions p and ¢ must be made. In particular, we choose the case where

1d? 1/1dp\*
Ldp L(itapy_
2pdx2 4 \pdx ?

, (14.5.9)
1 d?q 1 (ldg\~ b
2qdy*  4\qdy)
where a, and b, are constants; relations (14.5.8) then reduce to
X +E°X =0
(14.5.10)

Yxx - (ao + b(; +k2)Y =0

where k> = n* — a,,. Combining the previous results, the general bounded solution to governing
equation (14.5.4) for, say, the domain y > 0, can be written in a Fourier integral form
1 (> v/ 2
w(x,y) = 7[ [A(E) cos (x&) + B(&) sin (x&)]e ™V @+ bo =g (14.5.11)
HJo

under the conditions that k> = n> — a, > 0 and a, + b, + k> > 0, and where A(¢) and B(¢) are
arbitrary functions of €.

Again following the work of Dhaliwal and Singh (1978), an application of this solution
method can be applied to an unbounded medium containing a crack located at —1 < x < 1,
y =0 (see Figure 14-22). The crack surfaces are to be loaded under self-equilibrated uniform,
out-of-plane shear stress S. For this problem the boundary conditions can thus be written as

w(x,0) =0, |x| >1
7,:(x,0) =S, |x| < 1 (14.5.12)

Ty:(x,y) — 0 as r — oo

For the particular material inhomogeneity, we choose p(x) = ¢* and ¢(y) = ¢!, and thus

1(x,y) = p, exp(alx| + Bly[) (14.5.13)
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FIGURE 14-22 Antiplane strain crack problem.

where o and [ are constants. For this choice, p(x) and ¢(y) satisfy conditions (14.5.9) with a, =
«?/4 and b, = */4; our bounded solution scheme then gives

. _Joo A(é)e_s(cf)b’l Cos (xé)dé
| (14.5.14)

- —ﬁjo [B/2 + SO cos (xO)dé

where s(¢) = /& + (a2 + %) /4.

The two boundary conditions (14.5.12), , imply that

r@ A(&)cos(xE)dE =0, x>1

o g (14.5.15)
L [B/2 + s(E)A(E) cos (xE)dE = —\/—ﬁ;e%‘/z, 0<x<1

For some function F(¢), we can write an integral representation for A(§) in the form

1

A(d) =J F(OJ,(E)dt (14.5.16)
0

where J, is the zero-order Bessel function of the first kind. By using the result

0, x>t

14.5.17
E-x>" 0<x<t ( )

joo Jo(&1) cos (xE)dE = {
0

it can be shown that relation (14.5.15); will be identically satisfied. The remaining boundary
condition (14.5.15), can be rewritten as

r [E+ G(OIA(E) cos (x&)dE = fie*“‘/% 0<x<1 (14.5.18)
0 Vit

o

where G(&) = 5(8) — &+ /2 = /& + (2 + f7)/4 — £+ B/2.
Using results (14.5.16) and (14.5.17), relation (14.5.18) can be expressed as the following
integral equation:
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1
F(©) +J F)K(x,dx = g(t), 0 <t <1 (14.5.19)
0

with

80 =~

218 J’ e /2
T/l Jo V2 — X2

K(x,n) = IJOO G(J,(End o (xn)d¢
0

tS
dx = ——[L,(at/2) — I,(2t/2)]
ViHo (14.5.20)

and /,(+) is the modified Bessel function of the first kind of zero order and L,(+) is the modified
Struve function of zero order (see Abramowitz and Stegun, 1964).
Combining the previous results, the shear stress on the x-axis can be expressed as

Vo | FQ) bOF(t)
e 0) =T [\/;z—_'fLmd’

1 ! (14.5.21)
- \/u—oem/zj F(t)dtJ G(EW,(ED) cos (RE)dE, x > 1
0 0

As mentioned in Chapters 8 and 10, the stress intensity factor plays an important role in
fracture mechanics theory. For this out-of-plane deformation case, the stress intensity factor is
related to mode III fracture toughness, and its value can be computed by the expression

Kiy = lim (\/2(x— e 0)) — JiLePE(1) (14.5.22)
x—1+ :

To obtain explicit results for the displacement, stress, and stress intensity factor, equation
(14.5.19) must be solved to determine the functional behavior of F(¢) for various values of o
and f. Relation (14.5.19) is a Fredholm integral equation of the second kind and generally
requires numerical integration methods to determine the solution. Dhaliwal and Singh (1978)
conducted such numerical evaluation, and their results for the stress intensity factor are shown
in Figure 14-23. These results generally indicate that the stress intensity factor increases with o
but decreases with increasing values of . Note that for the homogeneous case (¢ = f§ = 0),

Ky = S/t

14.6 Torsion Problem

We now wish to re-examine the torsion of elastic cylinders for the case where the material is
nonhomogeneous. The basic formulation and particular solutions were given in Chapter 9 for the
homogeneous case and in Chapter 11 for the anisotropic case. Although a vast amount of work
has been devoted to these problems, only a few studies have investigated the corresponding
inhomogeneous case. Early work on the torsion of nonhomogeneous cylinders includes
Lekhnitskii (1981); later studies were done by Rooney and Ferrari (1995) and Horgan and
Chan (1999c). As expected, most closed-form analytical solutions for the inhomogeneous case
are limited to cylinders of revolution, normally with circular cross-sections.

Following the work of Horgan and Chan (1999c), we consider the torsion of a right circular
cylinder of radius @ as shown in Figure 14-24. The cylindrical body is assumed to be isotropic,
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FIGURE 14-23 Stress intensity factor as a function of inhomogeneity (from Dhaliwal and Singh,
1978; reprinted with permission from Springer).

FIGURE 14-24 Torsion of a nonhomogeneous circular cylinder.

but with graded shear modulus that is a function only of the radial coordinate x = pu(r). The
usual boundary conditions require zero tractions on the lateral boundary S and a resultant pure
torque loading T over each end section R.

The beginning formulation steps remain the same as previously presented, and thus the
displacements, strains, and stresses are the same as given in Chapter 9:

Nonhomogeneous Elasticity 419



V= oxz (14.6.1)

ow
n Y (14.6.2)

_ fow
e =My —® (14.6.3)

It again becomes useful to introduce the Prandtl stress function, ¢ = ¢(x,y)

_99 _0¢
Txz = ay s Tyz Ox

(14.6.4)

so that the equilibrium equations are satisfied identically. We can again generate the compati-
bility relation among the two nonzero stress components by differentiating and combining
relations (14.6.3), 3 to eliminate the displacement terms. Substituting (14.6.4) into that result
gives the governing relation in terms of the stress function

9 (10¢\ 0 (109)
5 G+ (Goy) = 2 (146

where the shear modulus p must now be left inside the derivative operations because the
material is inhomogeneous. Recall that, for the homogeneous case, relation (14.6.5) reduced to
the Poisson equation V¢ = —20.

Incorporation of the boundary condition that tractions vanish on the lateral surface S leads
to identical steps as given previously by equations (9.3.10) through (9.3.12), thus leading to the
fact that the stress function must be a constant on all cross-section boundaries; that is,

c;_qﬁ =0 = ¢ = constant, on S (14.6.6)
s

For simply connected sections, the constant may again be chosen as 0. Invoking the resultant
force conditions on the cylinder end planes (domain R), as given by relations (9.3.14), again
yields
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T = ” (T} — yTy)dxdy =2 ” pdxdy (14.6.7)
R R

and the torsional rigidity J can again be defined by J = T/a.

Because we wish to use a simple radial shear modulus variation, p = wu(r), it is more
convenient to use a polar coordinate formulation. For the circular cylinder under study, the
problem reduces to an axisymmetric formulation independent of the angular coordinate and the
warping displacement vanishes. Under these conditions the displacements, strains, and stresses
reduce to

U =u, =0, ug = arz

or
e,=eg=e,=¢e,=¢e9=0, ey, = > (14.6.8)
0, =00=0.=T,=79=0, 19, = oaur

Relations (14.6.4) and (14.6.5) for the stress function formulation then reduce to a system in
terms of only the radial coordinate r

=99
=T

1d (rd¢o
—— |- =2
rdr \udr

with boundary condition ¢(a) =0.

The governing differential equation (14.6.9) can be easily integrated to give the general
solution

(14.6.9)

d(r) = —o [ru(r)dr +Ci [@dr +C; (14.6.10)

where C| and C, are arbitrary constants. We require that the solution for ¢ remain bounded as

r — 0, thus implying that each integral term in (14.6.10) be finite at the origin. Restricting

ourselves to the plausible case where the shear modulus is expected to be nonzero but bounded

at the origin, lirr(l) J ru(r)dr — 0, while the second integral, liI%jMdl‘, is singular. Based on
r— r— r

these arguments, C; must be set to 0. Finally, the boundary condition ¢(a) = 0 determines the
final constant C, and produces the general solution

$(r) = ocj e (146.11)

With this result, the shear stress and torsional rigidity then become

Tg: = orpi(r)

a 14.6.12

J = ZnJ r3,u(r)dr ( )
0
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To explore the effects of inhomogeneity, let us consider some specific gradations in shear
modulus. Following some of the examples discussed by Horgan and Chan (1999c), we
consider two cases of the following form:

n m
u) = p(14%r)

a
W) = pe”

(14.6.13)

where n > 0 and p,, > 0 and m are material constants. Note that, for either example, as n — 0
we recover the homogeneous case u(r) = u,. Also, as r — 0, 4 — p,, and so these material
examples all have finite shear modulus at r = 0.

Plots of these shear modulus gradations are shown in Figure 14-25 for various cases of
material parameter m with n = 1. For the model given by (14.6.13),, three cases are shown.
The m = 1 case corresponds to a linearly increasing shear modulus from the central axis of the
shaft, while m = —1 or —3 gives a nonlinear decreasing gradation in material stiffness. The
figure also shows the modulus variation for the exponential graded model given by (14.6.13),
for the case n = 1. All gradation forms (14.6.13) allow simple solutions to be generated for the
stress function, shear stress, and torsional rigidity.

Solutions for the gradation model given by (14.6.13), are found to be

3
-+ @ -2 m=1
— a
$(r) = » 2 n 2 e (14.6.14)
—upo|=r— (—) log‘l—l——r + po | —— (—) log|l+n||, m=—1
n n a n  \n

(14.6.13); m=1

n =0 (Homogeneous Case)
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FIGURE 14-25 Shear modulus behavior for torsion problems (n=1).
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n m
0 = uoar(l n —r) (14.6.15)
a

Note that the solution for the stress function requires integration through relation (14.6.11), and
thus closed-form solutions can only be determined for integer and other special values of the
parameter m. From relation (14.6.15), it can be shown that if m > —1, the maximum shear
stress always occurs at the boundary r = a. Recall that this result was found to be true in
general for all homogeneous cylinders of any cross-section geometry (see Exercise 9-5).
However, for the inhomogeneous case when m < —1, the situation changes and the location
of maximum shear stress can occur in the cylinder’s interior.

Horgan and Chan (1999c) have shown that for the case with n > 0, the choice of m < —1 — 1/n
produces a maximum shear stress 1y, at r = —a/n(1 4+ m). These results imply that modulus
gradation can be adjusted to allow control of the location of (7y,)max- Dimensionless shear
stress distributions for model (14.6.13); are shown in Figure 14-26 for various cases of
material parameters m and n. As expected, higher stresses occur for a gradation with increasing
shear modulus. For the homogeneous case, the shear stress distribution will be linear, as
predicted from both elasticity theory and mechanics of materials. For the nonhomogeneous
cases with n=1 and m = 41, it is noted that the maximum shear stress occurs on the
boundary of the shaft. However, for the case shown with n =1 and m = —3, the maximum
stress occurs interior at = a/2 according to our previous discussion.
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FIGURE 14-26  Shear stress distribution for the torsion problem with modulus given by
model (14.6.13);.
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FIGURE 14-27  Shear stress distribution for the torsion problem with modulus given by
model (14.6.13),.

Considering next the solutions for the gradation model (14.6.13),, relations (14.6.11) and

(14.6.12) give
n 2
b(r) = uoae*E’(ﬂJr (g) ) — poad <l+iz)f"
no\n non (14.6.16)
Ay

T, = p,0re a

It can easily be shown that if n < 1, the maximum shear stress will exist on the outer boundary,
while if n > 1, the maximum moves to an interior point within the shaft. Nondimensional shear
stress distributions for this exponential gradation are shown in Figure 14-27 for several values
of the parameter n. As observed in the previous model, for the case with decreasing radial
gradation (n > 0), the shear stress will always be less than the corresponding homogeneous
distribution. With n < 0, we have an increasing radial gradation that results in stresses larger
than the homogeneous values.

The discussion of the location of maximum shear stress can be generalized for the radial
gradation case by going back to the general shear stress solution (14.6.12),. Using this relation,
it can be shown that the necessary and sufficient condition on pu(r) for an extremum of 7, at an
interior point (r < a) is given by

1) < —@, r € (0,a) (14.6.17)
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where the prime indicates differentiation. Furthermore the location r, of this extremum is
specified by

0 =

_ o)
W(ro)

(14.6.18)

Further analysis to determine the torsional rigidities can also be carried out (see, for example,
Exercise 14-20). Horgan and Chan (1999c) have explored torsional rigidities in detail and have
developed several general results including upper and lower bounding theorems.

It should be noted that the general field equation for the torsion problem (14.6.5) is quite
similar to the corresponding field equation for the antiplane strain problem (14.5.4) discussed
previously. Thus, a transformation scheme similar to (14.5.5) may also help reduce the torsion
field equation into a more tractable relation. Following this concept, we use the transformation

d(x,y) = D(x,y)+/ 1x,y) (14.6.19)

into (14.6.5) and find the following reduction

V20 + F(u)® = —20,/1t (14.6.20)

where

1 3
R = 52 | V= 5 9] =~ i) (14.6.21)

Assuming that ;2 > 0 in the domain, boundary condition (14.6.6) implies that
®=0,onS (14.6.22)

This formulation leads to significant simplification for the case where F(u) =0, which
corresponds to the situation where ;f” 2 is harmonic. For such a case, the governing equation

reduces to the Poisson equation
V20 = 20/l (14.6.23)

and standard solution techniques for solving such equations can then be applied.

Another noteworthy area of significant research dealing with graded materials includes
studies of static and dynamic fracture mechanics; see, for example, Parameswaran and Shukla
(1999, 2002). These and other studies have investigated material gradation effects on crack tip
stresses around stationary and moving cracks.

This concludes our exploration into nonhomogeneous elasticity solutions. The examples
given illustrate some of the interesting effects caused by spatial variation of elastic moduli. As
should be evident, problem formulation and solution are more challenging. Solutions to such
problems commonly indicate significant differences in the elastic stress and displacement
fields when compared with corresponding homogeneous solutions. In some cases, material
gradation will reduce maximum stresses and change the spatial location where such max-
imums occur. This provides the possibility of tailoring material variation to achieve desired
stresses in a structure and thus of functionally grading the material. The difficult part of this
concept is how to develop manufacturing techniques that will produce the desired continuous
modulus variation in realistic materials used in engineering applications.
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Exercises

14-1. Show that, for the case of plane stress, the governing compatibility relation in terms of
the Airy stress function is given by (14.1.6)

E 0y? E0x?

? (10%¢ v P (10% v ) 0* (1+v ¢ 0
Ox? <E ox> E 8y2) 0y? < ) * axay( E axay) -
Next determine the reduced form of this equation for the special case E = E(x) and
v = constant.
14-2. Consider a special case of equation (14.1.4). Parameswaran and Shukla (1999) presented
a two-dimensional study where the shear modulus and Lamé’s constant varied as
w(x) = po(1 4 ax) and A(x) = ku(x), where p,, a, and k are constants. For such a material,
show that in the absence of body forces the two-dimensional Navier’s equations become

0% _Pu u v Ou

2 2 2
,u(,(l—i-ax)(kg—i—&-Zﬂ—&-@—&- 0 ”) —&-uoa(%ﬁ-@) —0

Oy?  Ox*  OxOy dy  Ox
Oou @

here § = — + —.
where 9 8x+8y
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14-3.

14-4.

14-5.

14-6.

Parameswaran and Shukla (2002) recently presented a fracture mechanics study of non-
homogeneous material behavior related to functionally graded materials. They
investigated a two-dimensional plane stress problem where Poisson’s ratio remained
constant but Young’s modulus varied as E(x) = E, e, where E, and a are constants. For
this case, with zero body forces, show that the governing Airy stress function equation is
given by

’o

o 0

0
Vi = 2a5- (V') +aVi§ —a’(1 +v)
This result may be compared with the more general case given by relation (14.1.6). Note
that, when a = 0, this result reduces to the homogeneous form V4¢ = 0. The nonho-

mogeneous result is a challenging equation, and its solution was developed for the
limited case near the tip of a crack using asymptotic analysis.

For the hollow cylinder problem shown in Figure 14-5, use the given boundary
conditions to explicitly determine the arbitrary constants A and B and the stress relations
(14.2.6).

For the problem in Figure 14-5 with only internal pressure, show that the general stress
field (14.2.6) reduces to relations (14.2.7).

For the hollow cylinder problem illustrated in Figure 14-5, show that the usual
restrictions on Poisson’s ratio, 0 < v < 1/2, imply that

—2+4+k+n>0, —2—-k+n<0

2+ kv —nv 2 —kv—nv
> 1, <1
k—n+2v — k+n—-2v —

Using these results, develop arguments to justify that the stresses in solution (14.2.9)
must satisfy g, < 0 and gy > 0 in the cylinder’s domain. Thus stresses in the nonhomo-
geneous problem have behavior similar to those of the ungraded case.

14-7". Following procedures similar to those for the homogeneous problem (see Section 8.4.1),

develop the following stress field for a pressurized hole in an infinite nonhomogeneous
medium with moduli variation given by (14.2.3).

an @+k—n)/2
o= (9
2 —kv—nv (a) (2+k—n)/2

06 =pi k+n—2v

r

Plot the dimensionless stress fields for this case using the same parameters v and n used
in Figures 14-7 and 14-8.

14-8. For the inhomogeneous rotating disk problem with v = 0, explore the solution for the

special case of n =3 and show that the stresses reduce to

o =0, g9 = pw2r2
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Also determine the displacement solution and show the surprising result that x(0) > 0.
This strange behavior has been referred to as a cavitation at the disk’s center.
14-9". Using MATLAB or similar software, make a plot similar to Figure 14-13 showing the

behavior of the hoop stress gy for the case with » =0 and n = —0.5, 0, 0.5, 1, 2. Discuss
your results.

14-10. Using the design criterion (14.3.14), incorporate the fundamental equations for the

inhomogeneous rotating disk problem to explicitly develop the required gradation
given by relation (14.3.15).

14-11. Rather than using polar coordinates to formulate the inhomogeneous half-space
problem of Section 14.4, some researchers have used Cartesian coordinates instead.
Using the x, z-coordinates as shown in Figure 14-14, consider the plane strain case with
inhomogeneity only in the shear modulus such that p = p(z) and v = constant. First
show that combining the strain displacement relations with Hooke’s law gives

o, = 2u(z) (% + 1/*9)
Ox

o, = 2u(z) (8—W + 1/*.9)
0z

Ou 87w)

T = W(2) (E + o

5] . . . .
where 3 = ey, = a + av is the dilatation and v* = v . Next show that the equi-
ox 0Oz 1 -2v

librium equations yield

(99 ()M aW
2 x 2V oY

v2w+(1+2u*)@+2h(z) a—w+u*9 =0
0z 0z

1d

where h(z) = —d—'u. Explore the simplification of these equations for the special inhomo-
wdz

geneous case in which p = p,, ¢**, where u, and o are constants.

14-12. Consider the axisymmetric half-space problem shown in Figure 14-19 for the case
where only Poisson’s ratio is allowed to vary with depth coordinate v = v(z). Using

cylindrical coordinates (r, 0, z) to formulate the problem, first show that the stress field
can be expressed by

o, =2 <8u,. + y*(z)S)
or

0. =2 (_(9142 + V*(z)\g)
0z

g9 = 2u (? + V*(z)&)

B ou, . ou,
T =4 0z  Or
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ou, u,
here 9 = — + —
where or + r + 0z

equilibrium equations reduce to

Ou; v(z)

is the dilatation and v*(z) = ————. Next show that the
1 —2u(2)

(V r>u,. + Br((l +2v99) =0
V2 +—a (142099 =0
"z 0z v -

14-13. For the antiplane strain problem, verify that transformation (14.5.5) will reduce the
governing equilibrium equation to relation (14.5.6). Next show that the separation of
variables scheme defined by (14.5.7) will lead to the two equations (14.5.8).

14-14. Explicitly show that the inhomogeneity functions p(x) = e *" and ¢(y) = ¢ #", that
were used for the antiplane crack problem, do in fact satisfy relations (14.5.9) with
a, = o*/4 and b, = */4.

14-15. For the torsion problem discussed in Section 14.6, explicitly justify the reductions in
polar coordinates summarized by relations (14.6.8) and (14.6.9).

14-16. Verify that the general solution to equations (14.6.9) are given by (14.6.11) and
(14.6.12) for the torsion problem.

14-17. For the torsion problem, verify the solutions (14.6.14) and (14.6.15) for the gradation
model (14.6.13);.

14-18. For the torsion problem, verify the solutions (14.6.16) for the gradation model
(14.6.13),.

14-19. Investigate the issue of finding the location of (7y,)max for the torsion problem. First
verify the results given by (14.6.17) and (14.6.18). Next apply these general relations to
the specific gradation models given by (14.6.13), », and develop explicit results for
locations of the extrema.

14-20. Show that the torsional rigidity for the exponential gradation case (14.6.13), is given by

_ . |6 (1 3 6 6
J =2na*p, prial ;+ﬁ+n—3+m
Next use a Taylor series expansion for small n to show that
4 4

J ~
2 5
Compare this result with the homogeneous case.
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15

Micromechanics Applications

Inrecent years, considerable interest has developed in micromechanical modeling of solids. This
interest has been fueled by the realization that many materials have heterogeneous microstruc-
tures that play a dominant role in determining macro deformational behavior. Materials where
this occurs include multiphase fiber and particulate composites, soil, rock, concrete, and various
granular materials. These materials have microstructures that occur at a variety of length scales
from meters to nanometers, and general interest lies with the case where the length scale is
smaller than other characteristic lengths in the problem. The response of such heterogeneous
solids shows strong dependence on the micromechanical behaviors between different material
phases. Classical theories of continuum mechanics have limited ability to predict such behaviors,
and this has lead to the development of many new micromechanical theories of solids.

Work in this area, initiated almost a century ago by Volterra (1907), began with studies of
elastic stress and displacement fields around dislocations and other imperfections. More
recently, using continuum mechanics principles, theories have been developed in which the
material response depends on particular microscale length parameters connected with the
existence of inner degrees of freedom and nonlocal continuum behavior. By nonlocal behavior
we mean that the stress at a point depends not only on the strain at that point but also on the
strains of neighboring points. Mindlin (1964) developed a general linear elasticity theory with
microstructure that allowed the stress to depend on both the strain and an additional kinematic
microdeformation tensor. Related research has led to the development of micropolar and
couple-stress theories; see Eringen (1968). These approaches allow material deformation to
include additional independent microrotational degrees of freedom. Elastic continuum theories
using higher-order gradients have also been developed to model micromechanical behavior of
solids; see, for example, Mindlin (1965), Chang and Gao (1995), Aifantis (1999), and Li et al.
(2004). A general review of modeling heterogeneous elastic solids has been provided by
Nemat-Nasser and Hori (1993). Along similar lines, Cowin and Nunziato (1983) developed
a theory of elastic materials with voids including an independent volume fraction in the
constitutive relations.

Another interesting theory called doublet mechanics (Ferrari, Granik, Imam, and Nadeau
1997) represents heterogeneous solids in a discrete fashion as arrays of points or particles that
interact through prescribed micromechanical laws. Other related work has investigated elastic
materials with distributed cracks; see, for example, Budianski and O’Connell (1976) and
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Kachanov (1994). Originally developed by Biot (reference collection, 1992), poroelasticity
allows for the coupling action between a porous elastic solid and the contained pore fluid. The
coupled diffusion-deformation mechanisms provide useful applications in many geomechanics
problems. Some work has approached the heterogeneous problem using statistical and prob-
abilistic methods to develop models with random variation in micromechanical properties; see,
for example, Ostoja-Starzewski and Wang (1989, 1990). The monograph by Mura (1987)
provides considerable elastic modeling of dislocations, inclusions, cracks, and other inhomo-
geneities using the eigenstrain technique.

We now present an introduction to some of these particular modeling schemes, including
dislocations, singular stress states, elastic materials with distributed cracks, micropolar/couple-
stress theory, elastic materials with voids, and doublet mechanics. Our brief coverage focuses
on only the linear elastic response of a given theory, generally including one or two example
applications. Of course, many other theories have been developed, and the choice of topics to
be presented is based on their appropriateness for the educational goals of the text. This review
provides a good foundation for further study and pursuit of additional theories that may be
more appropriate for a given material.

15.1 Dislocation Modeling

Deformations of an elastic solid may depend not only on the action of the external loadings, but
also on internal microstructural defects that may be present in the material. In crystalline
materials, such internal defects are commonly associated with imperfections in the atomic lattice
and are referred to as dislocations. The particular type of defect depends on the basic atomic
lattice structure of the crystal, and an example imperfection is shown in Figure 15-1 for the case
of a simple cubic packing geometry. This imperfection is associated with the insertion of an extra
plane of atoms (indicated by the dotted line) and is referred to as an edge dislocation. Other
examples exist, and we now investigate the elastic stress and displacement fields of two
particular dislocation types. As previously mentioned, studies on dislocation modeling began
almost a century ago by Volterra (1907) and detailed summaries of this work have been given by
Weertman and Weertman (1964), Lardner (1974), and Landau and Lifshitz (1986).

The two most common types of imperfections are the edge and screw dislocations, and
these are shown for a simple cubic crystal in Figure 15-2. As mentioned, the edge dislocation

FIGURE 15-1 Edge dislocation.
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(Edge Dislocation) (Screw Dislocation)

FIGURE 15-2 Schematics of edge and screw dislocations.

occurs when an extra plane(s) of atoms is inserted into the regular crystal as shown, while the
screw dislocation is associated with a shearing deformational shift along a regular plane. The
effect of such dislocations is to produce a local stress and displacement field in the vicinity of
the imperfection. For such cases, the local stress field will exhibit singular but single-valued
behavior, while the displacements will be finite and multivalued. This displacement discon-
tinuity can be measured by evaluating the cyclic property around a closed contour C that
encloses the dislocation line D shown in Figure 15-2. The value of this discontinuity is called
the Burgers vector b and is given by the following integral relation:

Ou;
b; :% du; = ¢ —dx; (15.1.1)
C Caxj J

Note that for the cases shown in Figure 15-2, the magnitude of the Burgers vector will be one
atomic spacing.

In order to determine the elastic stress and displacement fields around edge and screw
dislocations, we consider idealized elastic models. The edge dislocation model is shown in
Figure 15-3. For this case the medium has been cut in the x,z-plane for x <0, and the
dislocation line coincides with the z-axis. Two cases can be considered that include displace-

Dislocation Line

Dislocation Line

YN

/ ;
\

(Edge Dislocation in x Direction (Edge Dislocation in y Direction)

FIGURE 15-3  Edge dislocation models.
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ment discontinuities in either the x or y directions. The action of these discontinuities produces
a local stress and strain field that we wish to determine. For the edge dislocation, a plane strain
displacement field in the x,y-plane can be chosen. The Burgers vector for the general case with
both in-plane discontinuities would read b = (by, by, 0). This type of problem can be solved by
complex variable methods using the cyclic displacement condition [u + iv]c = by + ib,, where
the contour C lies in the x,y-plane and encloses the origin. We expect in this problem singular
stresses at the origin.

EXAMPLE 15-1: Edge Dislocation in the x Direction
We first consider in detail an edge dislocation where b, = b, b, = 0. The appropriate
displacement field must give rise to the required multivaluedness, and this can be
accomplished through a field of the form
u= 2 tan™! Y + ! a4
2n x  2(1 —v)x? +y?
) (15.1.2)
b 1—21/10(2+ 2 1 y
= - | x -_——
w41 =) B T T a2y
The stresses associated with these displacements are found to be
3 2 2
= 7bBy(x7+y2)
% +y%)
232
o, = b2 )
o2 +y%)
s 5 (15.1.3)
x(@x” —y9)
Txy = bB PNV
(e +y%)
0. = v(oy+ o))
Tz = Ty, = 0
where B = 11/2n(1 — v). In cylindrical coordinates, the stresses are
B
0, =069 =——sinf
r
B (15.1.4)
7,0 = —cos 0
-
It should be noted that this solution actually follows from a portion of the general
Michell solution (8.3.6), ¢ = by, r log r sin 6.
A similar set of field functions can be determined for the edge dislocation case of a y
discontinuity with b, =0, by, = b.
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EXAMPLE 15-2: Screw Dislocation in the z Direction

Next consider the screw dislocation case as shown in Figure 15-4. For this problem the
material is again cut in the x,z-plane for x < 0, and the dislocation line coincides with
the z-axis. The displacement discontinuity is now taken in the z direction as shown, and
thus the Burgers vector becomes b, = b, =0, b, = b.

This case can be easily solved with the following displacement field:

u=v=_0

(15.1.5)
w=_—tan
2n

Y

X
Clearly, this field satisfies the required cyclic displacement discontinuity. Fields of the
form (15.1.5) are commonly called antiplane elasticity (see the discussion in Section
7.4). The resulting stresses for this case are

_Hb_y

2nx2 + y?
oMb x (15.1.6)
T 2na? 492

Oy =0y,=0,=Ty, =0

Ty =

In cylindrical coordinates, these stresses can be expressed in simpler form as

—
== (15.1.7)
O =00 =0; =T, = Tp; = 0

Dislocation Line

FIGURE 15-4 Screw dislocation model.
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Notice that the edge and screw dislocation stress fields are singular at the origin. This is
expected because of the nature of the displacement discontinuities associated with each
problem. Other aspects of dislocation modeling include determination of the associated strain
energy (see exercises), effect of external force fields, dislocation interaction, and movement.
These and other modeling issues can be found in Weertman and Weertman (1964), Lardner
(1974), and Landau and Lifshitz (1986).

15.2 Singular Stress States

As discussed in the previous section, elasticity theory can be used to model defects in
solids. Obviously, such studies may involve modeling of imperfections that are not simple
edge or screw dislocations. For example, other defects may include voids and inclusions
of arbitrary shape and distribution. In some cases these defects can produce localized, self-
equilibrated residual stress fields from, say, trapped gases, thermal mismatch associated
with an inclusion, and so forth. For many such problems, elasticity models can be developed
by using solutions from a particular solution class sometimes referred to as singular stress
states. These stress states include a variety of concentrated force and moment systems
yielding stress, strain, and displacement fields that have singular behaviors at particular
points in the domain. Such cases commonly include concentrated forces as developed in the
solution of the Kelvin problem (see Example 13-1). Combinations and superposition of
this fundamental solution are normally made to generate more complex and applicable
solutions. We now develop some basic singular stress states and investigate their fundamental
features.
Define a regular elastic state in a domain D as the set

S(x) = {u,e, o} (15.2.1)
where the displacement vector u and stress and strain tensors o and e satisfy the elasticity field
equations in D.

We use the Papkovich-Neuber solution scheme from Section 13.4 with redefined scalar and
vector potentials functions to allow the displacement solution to be expressed as

2u =V(p+R - ) — 41 — v)ip (15.2.2)

where ¢ is the scalar potential and s is the vector potential satisfying the equations

Vi = — Vi =—— (15.2.3)

2(1 —v)’

with body force F. Using elements of potential theory (Kellogg 1953), a particular solution to
equations (15.2.3) in a bounded domain D can be written as
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blx) = 1 J §F@ .,

8n(1 —v) Jp R(x, ) )
L e (15.2.4)
w“”‘_SMI—uJDﬁugqm“p

where R = |x — £|.
Useful relations for the dilatation, strains, and stresses are given by

1 —2v
7

Ckk = —

Vi k

e,-j =

1
ﬂ [¢,ij -(1-= 21/)(%,]' + ‘//j,i) +xk‘//1<,ij] (15.2.5)
oij = i — 2000 — (L =20)W; ; + ;) + Xy

Let us now investigate a series of example singular states of interest. Zero body forces will be
chosen for these examples.

EXAMPLE 15-3: Concentrated Force in an Infinite Medium
(Kelvin Problem)

Consider first the simplest singular state problem of a concentrated force acting in an
infinite medium as shown in Figure 15-5. Recall this was referred to as the Kelvin

problem and was solved previously in Example 13-1. The solution to this problem is
given by the Papkovich potentials

p=0 p———1 T

— (15.2.6)
8n(1 —v)R
where R = |x| = /2% + ¥ + 22
,/” ———————— \\\
// \\
,// \\
£
// z \\
// N
/ A
/ P \
/ \
[ \
| \
i \
\ \
\ )
\ )
\ )
1
1
\\ 3/ )
1 /
1 /
\ /
i X 4
1 7
\
\ //
\

FIGURE 15-5 Concentrated force singular state problem.
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EXAMPLE 15-4: Kelvin State with Unit Loads
in Coordinate Directions

Consider next the combined Kelvin problem with unit loads a, (o« = 1,2, 3) acting along

each of three coordinate directions as shown in Figure 15-6. This singular state is
denoted by S*(x) and is given by the potentials

0; 1
- 4= _C=, wh = 15.2.
¢ =0, y; CR,wereC 8l — 1) (15.2.7)
The displacements and stresses corresponding to this case become
C X
W =5 gt G~
C B (15.2.8)
ol = e [ 1@;21 L (1 = 20)(00ij + Opgki — 07X

As a special case of this state, consider a, = [0, 0, 1], which would be state S*(x) with
potentials

. . C
¢ ==Y, =0y =—o (15.2.9)

and in spherical coordinates (R, ¢, 0) (see Figure 1-6) yields the following displace-
ments and stresses:

2C(1 — v)cos ¢
= — s u(/):
u R
cos ¢ cos ¢ 15.2.10
GR:—ZC(Z—I/)T, g9 =04 =C( —-2v) R2 (15.2.10)
sin

¢
R2 TR6:T4>9:O

UR

C(3 —4v)sin¢
- , ug =0
2u R

he = C(1 — 2v)

A\
as

az
\

<

<

FIGURE 15-6  Unit concentrated loadings.
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EXAMPLE 15-4: Cont’d

For the case with the force in the x direction, that is, the state S*(x), we get the following
fields:

2C(1 -2
uR:Msinqbcos()
UR
3-4
Uy = %cosd)cosO
y = —CC =M g
2uR
2CQ2 —
o = ,¥Sm¢wsg (15.2.11)
1-2
06:G¢:7C( 7 V)sinqbcosH
2v—1
TRp = %cosd)cos@
1-2
TR9:¥Sin0, Tf)d):O

Notice that for the Kelvin state the displacements are of order O(1/R), while the stresses
are O(1/R?), and that

JT”ds:P, JRXT”ds:O
s s

for any closed surface S enclosing the origin.

Using the basic Kelvin problem, many related singular states can be generated. For
example, define S'(x) = S., = {u,, o, ey}, where o = 1,2,3. Now, if the state S
is generated by the Papkovich potentials ¢(x) and {s(x), then S’ is generated by

¢/(x) = d),a + lpy

Ve (15.2.12)

Further, define the Kelvin state S*(x;£) as that corresponding to a unit load applied in
the x, direction at point €, as shown in Figure 15-7. Note that S*(x;&) = S*(x — &€). Also
define the set of nine states S* (x) by the relation

S (x) = 8%(x) (15.2.13)
or equivalently,

$Px) = S*(x1,X2,X3) — S8 (x1 — Op1h, x2 — dpph, x3 — Op3h)
h

_ SM(x1,x2,x3) — 8(x1, X2, x3;0p1h, Spah, Sp3h)
N h

(15.2.14)

Continued
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EXAMPLE 15-4: Kelvin State with Unit Loads
in Coordinate Directions—-Cont’'d

and thus

S — }TiI%S“’? (15.2.15)

\
\
p Zz A
/ A\
/
/ P S
/ / N
/
/ N\
| \
¢ \
\ 4 .
A 1
N
N e !
N 1
\ ]
\ y ’
\ oy ’
\ X ,’
\ ’
1 4
[ y
\ -’
\ -
A
N

FIGURE 15-7 Generalized Kelvin state.

EXAMPLE 15-5: Force Doublet

Consider the case of two concentrated forces acting along a common line of action but
in opposite directions, as shown in Figure 15-8. The magnitude of each force is specified
as 1/h, where h is the spacing distance between the two forces. We then wish to take the
limit as &7 — 0, and this type of system is called a force doublet. Recall that this problem
was first defined in Chapter 13; see Exercise 13-18.

From our previous constructions, the elastic state for this case is given by S**(x) with no
sum over «. This form matches the suggested solution scheme presented in Exercise 13-18.

A\
// \
A\ . .
! . X, Direction
4 Rt 4
’l \\
f 1/h Y
[ “
\
|
\ o |
\ 1
\‘ \ ,:
\ /
\ /
1 , 1/h /
1 7 ,/
1 4 ,
\ //
\\ P
N

FIGURE 15-8 Force doublet state.
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EXAMPLE 15-6: Force Doublet with a Moment (About y-Axis)

Consider again the case of a double-force system with equal and opposite forces but
acting along different lines of action, as shown in Figure 15-9. For this situation the two
forces produce a moment about an axis perpendicular to the plane of the forces. Again,
the magnitudes of the forces are taken to be 1/h, where # is the spacing between the lines

of action, and the limit is to be taken as 7 — 0.

The elastic state for this case is specified by S*(x), where « # f, and the resulting
moment acts along the y-axis defined by the unit vector e, = e, X eg. It can be observed
from Figure 15-9 that 8% = —8P From the previous equations (15.2.7), (15.2.12), and

(15.2.13), the Papkovich potentials for state S*(x) are given by

0 X 1
b _c oy s, c=—
¢ RV "R 8n(1 — v)

and this yields the following displacements and stresses:

C  [Bxxpx;
u?ﬁ =— R < Rzﬁ + (3 — 4v)0yixp — OupXi — 5/3ij)
C (15xuxpxix;  3(1 —2v)
O.;ﬁ — ]? < O}gf ] + 2 (5o¢ixﬁxj + 5ot_fxﬁxi — 5(/)6“)6/3)

3
R (OpixaXj + OpiXoXi + OupXiX;)

—(1 — 21/)(50”‘5[;_,' + 5@5/}1‘ + 51:1’50([}))

(15.2.16)

(15.2.17)

(15.2.18)

Note the properties of state S = {u*, o, e}: ¥ = O(R™?), o™ = O(R3), and

J T°%ds = 0, J R x T*dS = ¢,pe,
S N

for any closed surface S enclosing the origin.

,// \\
Y i \ . .
Yy \_ X, Direction
4 /(\\
[ N ’ \
{ ~ 7 N
! . // \\
\ N ’ )
\ b A 1/h .
N h\\ ‘,
i i \
xg Direction \ 1/h S, /
1 ’ / LN /
\ 2 4
\ 4 //
e / v

FIGURE 15-9 Double-force system with a moment.
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EXAMPLE 15-7: Center of Compression/Dilatation

A center of compression (or dilatation) is constructed by the superposition of three
mutually perpendicular force doublets, as shown in Figure 15-10. The problem was intro-
duced previously in Exercise (13.19). The elastic state for this force system is given by

1
S =S 15.2.19
® =35 3505 @ (15.2.19)
with summation over o« = 1,2,3. This state is then associated with the following
potentials:
-3 1 X; 1
o= yr=——"1 15.2.20
¢ 2(1 = 2v)R Vi 2(1 = 2v)R3 ( )
and these yield the displacements and stresses
Xi
" _2,uR3 (15.2.21)
o0 — i 3)6ij 5 L
/) R3 R2 y

Note that this elastic state has zero dilatation and rotation. In spherical coordinates the
displacements and stresses are given by

o __ o _ 0 __
Up = g =uy=0

1
S
2
R

(15.2.22)

1
oy = ZUgZ—F,T§9=T§¢=TZ¢=0
A center of dilatation follows directly from the center of compression with a simple sign
reversal and thus can be specified by —8°(x).

FIGURE 15-10 Center of compression.
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EXAMPLE 15-8: Center of Rotation

Using the cross-product representation, a center of rotation about the o-axis can be
expressed by the state

“S(x) = %%s/ff(x) (15.2.23)

where summation over f and 7 is implied. Thus, centers of rotation about the coordinate
axes can be written as

IS(x) — 1(823 _ 832)

2
2S(x) = %(s-" -8 (15.2.24)
3S(x) _ %(812 _ 821)

Using the solution (15.2.16), the potentials for this state become

C
ad) =0, 11,0,- = mgzijxj (15.2.25)

with the constant C defined in relation (15.2.16). The corresponding displacements and
stresses follow as

1

o

Ui = — o3 &uijXj
87;;1R (15.2.26)
Yo = — SRS (&t XiXj + ExikXiXi)

This state has the following properties: [(*TdS =0, [(R x *TdS = d,e;, where the
integration is taken over any closed surface enclosing the origin.

In order to develop additional singular states that might be used to model distributed singular-
ities, consider the following property.

Definition: Let S(x;4) = {u(x;1), o(x;1), e(x;1)} be a regular elastic state for each param-
eter A € [a, b] with zero body forces. Then the state S defined by

b
S'(x) = J S(x;2)dA (15.2.27)

a

is also a regular elastic state. This statement is just another form of the superposition principle,
and it allows the construction of integrated combinations of singular elastic states as shown in
the next example.
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EXAMPLE 15-9: Half Line of Dilatation

A line of dilatation may be created through the superposition relation (15.2.27) by
combining centers of dilatation. Consider the case shown in Figure 15-11 that illustrates
a line of dilatation over the negative x3-axis. Let S°(x;4) be a center of compression
located at (0,0, —A) for all A € [0, 00). From our previous definitions, it follows that

OO

Sy =—| S(xldi
) Jo () (15.2.28)

where S°(x;4) = S%(x1,x2,x3 + )

will represent the state for a half line of dilatation along the negative x3-axis, that is,
x3 € [0, 00).

Using the displacement solution for the center of compression (15.2.21) in (15.2.28)
yields the following displacement field for the problem:

20 x_lr" da
' ou) R3
s 0 X2 o© d;»
== - 15.2.29
us 2 L Iz ( )
z 0 __ i‘[(x (X3 + j-)dﬂv
ST, R
which can be expressed in vector form as
1 (> 1 1 [(*dA
Zu":——J V(—)d/lz—] — = Vlog(R + x3) (15.2.30)
2u)o  \R 2ulo R
The potentials for this state can be written as
“p° =log(R+x3), Y! =0 (15.2.31)
Notice the singularity at R = —x3, and of course this behavior is expected along the

negative x3-axis because of the presence of the distributed centers of dilatation.

FIGURE 15-11 Line of dilatation along the negative xz-axis.
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EXAMPLE 15-9: Cont'd

In spherical coordinates the displacement and stress fields become

, 1 —sin¢ ,

z,,0 — , z,,0 — , z,,0 — 0

R 2uUR " 2uR(1 + cos ¢) "o

B 1 cos ¢ , 1

Gl =——, g0 =—— " 50 = 15.2.32
IR g % R2(1 + cos ¢) % ( )

R%(1 + cos ¢)
Z_0 Sin(b Z_0

= Rl +cos gy’ M0 00 =0

ST T A A

(Elliptical Shaped Crack)

s
—
\r
\

(Cracked Elastic Solid)

FIGURE 15-12 Elastic solid containing a distribution of cracks.

15.3 Elasticity Theory with Distributed Cracks

Many brittle solids such as rock, glass, ceramics, and concretes contain microcracks. It is
generally accepted that the tensile and compressive strength of these materials is determined
by the coalescence of these flaws into macrocracks, thus leading to overall fracture. The need
to appropriately model such behaviors has led to many studies dealing with the elastic response
of materials with distributed cracks. Some studies have simply developed moduli for elastic
solids containing distributed cracks; see, for example, Budiansky and O’Connell (1976),
Hoenig (1979), and Hori and Nemat-Nasser (1983). Other work (Kachanov 1994) has investi-
gated the strength of cracked solids by determining local crack interaction and propagation
behaviors. Reviews by Kachanov (1994) and Chau, Wong, and Wang (1995) provide good
summaries of work in this field.

We now wish to present some brief results of studies that have determined the elastic constants
of microcracked solids as shown in Figure 15-12. It is assumed that a locally isotropic elastic
material contains a distribution of planar elliptical cracks as shown. Some studies have assumed a
random crack distribution, thus implying an overall isotropic response; other investigators have
considered preferred crack orientations, giving rise to anisotropic behaviors. Initial research
assumed that the crack density is dilute so that crack interaction effects can be neglected. Later
studies include crack interaction using the well-established self-consistent approach. In general,
the effective moduli are found to depend on a crack density parameter, defined by the following:
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2
.5227N<AF> (15.3.1)

where N is the number of cracks per unit volume, A is the crack face area, P is the crack
perimeter, and the angle brackets indicate the average value. Space limitations prevent going
into details of the various analyses, and thus only effective moduli results are given. Three
particular examples are presented, and all cases assume no crack closure.

EXAMPLE 15-10: Isotropic Dilute Crack Distribution

Consider first the special case of a random dilute distribution of circular cracks of radius
a. Note for the circular crack case the crack density parameter defined by (15.3.1)
reduces to ¢ = N(a*). Results for the effective Young’s modulus E, shear modulus fi, and
Poisson’s ratio v are given by

E 452 — v)

E 452 —v)+ 16(1 — 12)(10 — 3v)e

B H2—v) (15.3.2)
L 452 — )+ 32(1 — v)(5 — vk

_ 45(v — )2 —v)
* T 16(1 = 2100 — 3vi — 1)

where E, p, and v are the moduli for the uncracked material.

EXAMPLE 15-11: Planar Transverse Isotropic Dilute
Crack Distribution

Next consider the case of a dilute distribution of cracks arranged randomly but with all
crack normals oriented along a common direction, as shown in Figure 15-13. For this
case results for the effective moduli are as follows:

(Transverse Cracked Solid)

FIGURE 15-13 Cracked elastic solid with a common crack orientation.
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EXAMPLE 15-11: Cont’d

E 3

=316l — e
§ 3+ 16;1(2 _I/V))b (15.3.3)
L 32— +16(1 — e

where E and pi are the effective moduli in the direction normal to the cracks. A plot of
this behavior for v = 0.25 is shown in Figure 15-14. It is observed that both effective
moduli decrease with crack density, and the decrease is more pronounced for Young’s
modulus.

—_

1
©

Effective Moduli
© O ©o o o o o o
- N w N (6] [e)] ~ [e]

o

o

0.2 0.4 0.6 0.8 1

Crack Density, €

FIGURE 15-14 Effective elastic moduli for a transversely cracked solid (v = 0.25).

EXAMPLE 15-12: Isotropic Crack Distribution Using
a Self-Consistent Model

Using the self-consistent method, effective moduli for the random distribution case can
be developed. The results for this case are given by

E_l 16(1 — 7*)(10 — 3D)e
E 452 - D)
E_ 320 fﬁ)(Sj D)e (15.3.4)
U 452 — 1)
_ 45(v — D)2 — D)
T 16(1 — 2)(10v — 3vp — D)
Continued
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EXAMPLE 15-12: Isotropic Crack Distribution Using
a Self-Consistent Model-Cont’d

It is interesting to note that as ¢ — 9/16, all effective moduli decrease to zero. This can
be interpreted as a critical crack density where the material will lose its coherence.
Although it would be expected that such a critical crack density would exist, the
accuracy of this particular value is subject to the assumptions of the modeling and is
unlikely to match universally with all materials.

In the search for appropriate models of brittle microcracking solids, there has been a desire to
find a correlation between failure mechanisms (fracture) and effective elastic moduli. However,
it has been pointed out (Kachanov 1990, 1994) that such a correlation appears to be unlikely
because failure-related properties such as stress intensity factors are correlated to local behavior,
while the effective elastic moduli are determined by volume average procedures. External
loadings on cracked solids can close some cracks and possibly produce frictional sliding, thereby
affecting the overall moduli. This interesting process creates induced anisotropic behavior as a
result of the applied loading. In addition to these studies of cracked solids, there also exists a large
volume of work on determining effective elastic moduli for heterogeneous materials containing
particulate and/or fiber phases—that is, distributed inclusions. A review of these studies has been
given by Hashin (1983). Unfortunately, space does not permit a detailed review of this work.

15.4 Micropolar/Couple-Stress Elasticity

As previously mentioned, the response of many heterogeneous materials has indicated depend-
ency on microscale length parameters and on additional microstructural degrees of freedom.
Solids exhibiting such behavior include a large variety of cemented particulate materials such
as particulate composites, ceramics, and various concretes. This concept can be qualitatively
illustrated by considering a simple lattice model of such materials as shown in Figure 15-15.
Using such a scheme, the macro load transfer within the heterogeneous particulate solid is
modeled using the microforces and moments between adjacent particles (see Chang and Ma
1991; Sadd, Qui, Boardman, and Shukla 1992; Sadd, Dai, Parameswaran, and Shukla 2004b).
Depending on the microstructural packing geometry (sometimes referred to as fabric),

_________________
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(Heterogeneous Elastic Material) (Equivalent Lattice Model)

FIGURE 15-15 Heterogeneous materials with microstructure.
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this method establishes a lattice network that can be thought of as an interconnect series of
elastic bar or beam elements interconnected at particle centers. Thus, the network represents in
some way the material microstructure and brings into the model microstructural dimensions
such as the grid size. Furthermore, the elastic network establishes internal bending moments
and forces, which depend on internal degrees of freedom (e.g., rotations) at each connecting
point in the microstructure as shown. These internal rotations would be, in a sense, independ-
ent of the overall macro deformations.

This concept then suggests that an elastic continuum theory including an independent
rotation field with concentrated pointwise moments might be suitable for modeling heteroge-
neous materials. Such approaches have been formulated under the names Cosserat continuum;
oriented media; asymmetric elasticity; micropolar, micromorphic, or couple-stress theories.
The Cosserat continuum, developed in 1909, was historically one of the first models of this
category. However, over the next 50 years very little activity occurred in this field. Renewed
interest began during the 1960s, and numerous articles on theoretical refinements and particu-
lar analytical and computational applications were produced. The texts and articles by Eringen
(1968, 1999) and Kunin (1983) provide detailed background on much of this work, while
Nowacki (1986) presents a comprehensive account on dynamic and thermoelastic applications
of such theories.

Micropolar theory incorporates an additional internal degree of freedom called the micro-
rotation and allows for the existence of body and surface couples. For this approach, the new
kinematic strain-deformation relation is expressed as

ej = i — &, (15.4.1)

where e;; is the usual strain tensor, u; is the displacement vector, and ¢, is the microrotation
vector. Note that this new kinematic variable ¢; is independent of the displacement u;, and thus
is not in general the same as the usual macrorotation vector; that is,

1
wi = S ejty, | F i (154.2)

Later in our discussion we relax this restriction and develop a more specialized theory that
normally allows simpler analytical problem solution.

The body and surface couples (moments) included in the new theory introduce additional
terms in the equilibrium equations. Skipping the derivation details, the linear and angular
equilibrium equations thus become

ot Fi=0 (15.4.3)
mji i + &ijk0jx + C;=0

where ¢;; is the usual stress tensor, F; is the body force, my; is the surface moment tensor

normally referred to as the couple-stress tensor, and C; is the body couple per unit volume.

Notice that as a consequence of including couple stresses and body couples, the stress tensor

agjj no longer is symmetric. For linear elastic isotropic materials, the constitutive relations for a

micropolar material are given by

gij = /lekk(sij +(u+ K)e,'j + ueji

(15.4.4)
mi; = a(/)k,k(sij + ﬂd)i,j + ”/d)‘/,i
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where 4, u,x,a, 5,7 are the micropolar elastic moduli. Note that classical elasticity relations
correspond to the case where k = o = f§ = y = 0. The requirement of a positive definite strain
energy function puts the following restrictions on these moduli

0<3242u+x, 0<2u+rx, 0<xk

(15.4.5)
0<3u+f+y, —yp<p<y, 0<y

Relations (15.4.1) and (15.4.4) can be substituted into the equilibrium equations (15.4.3)
to establish two sets of governing field equations in terms of the displacements and micro-
rotations. Appropriate boundary conditions to accompany these field equations are more
problematic. For example, it is not completely clear how to specify the microrotation ¢;
and/or couple-stress m;; on domain boundaries. Some developments on this subject have
determined particular field combinations whose boundary specification guarantees a unique
solution to the problem.

15.4.1 Two-Dimensional Couple-Stress Theory

Rather than continuing on with the general three-dimensional equations, we now move directly
into two-dimensional problems under plane strain conditions. In addition to the usual assump-
tion u = u(x,y), v=v(x,y), w=0, we include the restrictions on the microrotation,
¢, = ¢, =0, ¢. = ¢.(x,y). Furthermore, relation (15.4.2) is relaxed and the microrotation
is allowed to coincide with the macrorotation,

1
¢ = wi = 5 et (15.4.6)

This particular theory is then a special case of micropolar elasticity and is commonly referred
to as couple-stress theory. Eringen (1968) refers to this theory as indeterminate because the
antisymmetric part of the stress tensor is not determined solely by the constitutive relations.
Stresses on a typical in-plane element are shown in Figure 15-16. Notice the similarity of
this force system to the microstructural system illustrated previously in Figure 15-15. For the

FIGURE 15-16 Couple stresses on a planar element.
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two-dimensional case with no body forces or body couples, the equilibrium equations (15.4.3)
reduce to

do, Oty
Ox + oy 0
oty Ooy
Zw 2 15.4.7
Ox 0Oy ( )
omy.  Omy,

F Ty =T =0

Ox Oy

The in-plane strains can be expressed as

o — ou o — ov
x — a.» €&y =47
Ox Oy (15.4.8)
— @ _ ¢ ——— % + ¢
Xy — ox ARG A ay z
while using (15.4.6) gives
1/0v Ou
= (= 15.4.
2 2 (8}( 8y) (15.4.9)

Notice that substituting (15.4.9) into (15.4.8), gives the result e,, = e,.
The constitutive equations (15.4.4) yield the following forms for the stress components:

oy = AMex +ey) + 2u+1)ex
gy = Aex +ey) + 2u+K)ey

Txy = (2# —+ K;)gxy = ‘ny (15410)
I X
xz_/ax’ yz—))ay

In regard to the last pair of equations of this set, some authors (Mindlin 1963; Boresi
and Chong 2000) define the gradients of the rotation ¢, as the curvatures. Thus, they establish
a linear constitutive law between the couple stresses and curvatures. This approach is com-
pletely equivalent to the current method. It is to be noted from (15.4.10) that under the
assumptions of couple-stress theory we find the unpleasant situation that the antisymmetric
part of the stress tensor disappears from the constitutive relations. In order to remedy this,
we can solve for the antisymmetric stress term from the moment equilibrium equation
(15.4.7)5 to get

1 1 /Om, Om,,
Tixy] = E(TU —Tp) = — ( e )

2\ ox Oy (15.4.11)

_ Vo2
= 2V(]§

By cross-differentiation we can eliminate the displacements from (15.4.8) and (15.4.9) and
develop the particular compatibility equations for the following case
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e, O ey & €y
4+ — =
oy? = Ox? Oxdy

Pp.  0°¢.

Oxdy  Oyox (15.4.12)
0p. Dey Oe,

Ox  Ox Jy

0p, 0Oe, Oey

dy  ox dy

Using the constitutive forms (15.4.10), these relations may be expressed in terms of the stresses as

»ae, oy ) o
ayz + W - VV (O-X + O'y) - m (Txy + Tyx)

omy; o 0 ny;

dy Ox

(15.4.13)

0 0
my, = 12 a(fxy + Ty,\') - 212 8_)7 [ox — V(Gx + O-y)]

0 0
my, = 212 a [Uy - V(O-x + Uy)] - 12 a_y (Txy + Tyx)

where v = 1/(2A + 2p + x) and | = +/y/(4u + 2k) is a material constant with units of length.
Notice that this result then introduces a length scale into the problem. If / = 0, the couple-
stress effects are eliminated and the problem reduces to classical elasticity. It should also be
pointed out that only three of the four equations in set (15.4.13) are independent because the
second relation can be established from the other equations.

Proceeding along similar lines as classical elasticity, we introduce a stress function ap-
proach (Carlson 1966) to solve (15.4.13). A self-equilibrated form satisfying (15.4.7) identi-
cally can be written as

Ty oxdy” Y ox2 OxOy
2 2 2 2
=00 O¥ 00 0¥ (15.4.14)
Oxdy  Oy? Oxdy = Ox?
ow v
nmy, = a’ myz - a_y

where @ = @(x,y) and ¥ = ¥(x,y) are the stress functions for this case. If ¥ is taken to be
zero, the representation reduces to the usual Airy form with no couple stresses. Using form
(15.4.14) in the compatibility equations (15.4.13) produces
Vi =0
9 22 gy 20
a('{’—lv Y)=-2(1 —w)l O_y(v D) (15.4.15)

2('1/ —PViy) =21 — u)lzi(vzqs)
Oy Ox
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Differentiating the second equation with respect to x and the third with respect to y and adding
eliminates @ and gives the following result:

VY — PV =0 (15.4.16)

Thus, the two stress functions satisfy governing equations (15.4.15); and (15.4.16). Now we
consider a specific application of this theory for the following stress concentration problem.

EXAMPLE 15-13: Stress Concentration Around a Circular
Hole: Micropolar Elasticity

We now wish to investigate the effects of couple-stress theory on the two-dimensional
stress distribution around a circular hole in an infinite medium under uniform tension at
infinity. Recall that this problem was previously solved for the nonpolar case in
Example 8-7 and the problem geometry is shown in Figure 8-12. The hole is to have
radius a, and the far-field stress is directed along the x direction as shown. The solution
for this case is first developed for the micropolar model and then the additional
simplification for couple-stress theory is incorporated. This solution was first presented
by Kaloni and Ariman (1967) and later by Eringen (1968).

As expected for this problem the plane strain formulation and solution are best done
in polar coordinates (r, 0). For this system, the equilibrium equations become

do, 10ty o,—09
a Tra0 Ty Y
Otrg 1009  Trg — Tor

2 ) 15.4.17
or + r 00 r ( )
6n/lrz 1 amOZ my;

or +r a0 + r

+ T — Tor = 0

while the strain-deformation relations are

7814, fl %_’_
A N

15.4.18
_ 8140 ¢ _ 1 8ur + ¢ ( )
€ro = or 2 €0r = -\ 00 Up z
The constitutive equations in polar coordinates read as
oy = )b(er +ep) + (2# + Ke,
o9 = Me, +eg) + 2u + K)eq
Tr) = (‘U. + K)erg + Hegr, Tor = (,LL + K)e()r =+ uery (15419)
09, 10¢.
My, =7Y—(~—, My =7)Y—
o M T 60
Continued
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EXAMPLE 15-13: Stress Concentration Around a Circular
Hole: Micropolar Elasticity-Cont’d

and the strain-compatibility relations take the form

aeHr _ laer €or — €ro _ % .
or r oo r or
ey 10eqy eg—e 10¢,

0

or r 00 r r o0
a’n(?z 1 aerz my; _
o ra0 " 0

(15.4.20)

For the polar coordinate case, the stress-stress function relations become

100 10°¢ 10°%  10Y¥
“ror T Roe roro0 2 o0
1 ?® 10°% 10¥
=207 Tror00 200
g L0 100 10¥ 15V (15.4.21)
roro0 200 ror 2 9o?
10°0 100 Y
= a0 a0 o
oY 19y
e = g T a0

or’

[

g

Using constitutive relations (15.4.19), the compatibility equations (15.4.20) can be
expressed in terms of stresses, and combining this result with (15.4.21) will yield the
governing equations for the stress functions in polar coordinates

0 v _ o 212 2
E('P Lv=Y) = -2(1 V)lzrag(vd’)

% 5 (15.4.22)
;%(lp ~BV*Y) =2(1 - u)l%a V2d)
where
2 _ y(u+ K) 2= v
1 K(ZZ“J’K)’ ’ 22(2“+K) (15.4.23)
. ? 10 10

a2 e T2 g

Note that for the micropolar case, two length parameters [} and [, appear in the theory.
The appropriate solutions to equations (15.4.22) for the problem under study are
given by

T

A
b= 4r2(1 —co0s20) + A logr + (—22+A3> cos 20
r

| (15.4.24)
P = (’—;‘ + AsKx(r /1 )) sin20
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EXAMPLE 15-13: Cont’d

where K, is the modified Bessel function of the second kind or order n and A;
are constants to be determined with A4 = 8(1 — l/)l%A3. Using this stress function
solution, the components of the stress and couple stress then follow from (15.4.21)
to be

o, = Z(1—i—cos20) —21—<6A2 ﬂ—%) cos 26
2As [31
+l—i|: IK,)(F/11)+< )Kl(r/ll)}cos%)
= g(l —cosZH)———i— <@—%> 0s 20

2A§

o {3’1 K(,(,/11)+< )Kl(r/ll) cos 20
A

T 64, 245 6
wo=— (5t 7 5 ) sin20 (15.4.25)
2 r4 r2
As 16/ 124 _
*1:‘ —'K(f/ll)+( +—>K1(r/ll) sin 20
1

T 6A, 2A; O6Ay)\ .
Tor = — (§+r—4+r—2—r—4> sin 260

3
+ﬁ (1 + ol )K,,(r /1) + (31' +ﬂ)1<1(; /11)] sin 20

My = — {%ﬁl‘s {211 K,(r/l) + ( 4121>K1(r/11)] } sin 20
1

my, = {%4—2145 [K r/lh)+— 2h Kl(l/ll)}}cosﬂ)

For boundary conditions we use the usual forms for the nonpolar variables, while the
couple stress m,. is taken to vanish on the hole boundary and at infinity

o.(a,0) = 1,9(a,0) = m-(a,0) =

0,(00,0) = Z(1 + cos 20)
2 (15.4.26)

T
T,9(00,0) = — 5 sin 20

m;(oo, 6) =0

Using these conditions, sufficient relations can be developed to determine the arbitrary
constants A;, giving the results

Continued
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EXAMPLE 15-13: Stress Concentration Around a Circular
Hole: Micropolar Elasticity-Cont’d

T Ta*(1 — F)
Al=—=d? A=
R 41+ F)
2 - 272
U LY. A (15.4.27)
2(1 +F) 1+F
TallF
Ag=—— 1
1+ F)K(a/l)
where
2 2 24K, -1
L @ | 2aKy(a/l) (15.4.28)

2
F=281 I/)l% 4+ 2 + I Ky(afl)
This then completes the solution to the problem.

Let us now investigate the maximum stress and discuss the nature of the concen-
tration behavior in the vicinity of the hole. As in the previous nonpolar case, the
circumferential stress gy on the hole boundary will be the maximum stress. From the
previous solution

(15.4.29)

oo(a.0) = T<1 _ 2cos 20)

1+F

As expected, the maximum value of this quantity occurs at 0 = +7/2, and thus the
stress concentration factor for the micropolar stress problem is given by

_ (O'H)max _ 3+F

K -7
T 1+F

(15.4.30)

Notice that for micropolar theory, the stress concentration depends on the material
parameters and on the size of the hole.

This problem has also been solved by Mindlin (1963) for couple-stress theory, and
this result may be found from the current solution by letting /; = I, = [. Figure 15-17
illustrates the behavior of the stress concentration factor as a function of a//; for several
cases of length ratio /,/I; with v = 0. It is observed that the micropolar/couple-stress
concentration factors are less than that predicted by classical theory (K = 3), and
differences between the theories depend on the ratio of the hole size to the microstruc-
tural length parameter /; (or /). If the length parameter is small in comparison to the hole
size, very small differences in the stress concentration predictions occur. For the case
ly =1, =1=0, it can be shown that F — 0, thus giving K = 3, which matches with the
classical result. Mindlin (1963) also investigated other far-field loading conditions for
this problem. He showed that for the case of equal biaxial loading, the couple-stress
effects disappear completely, while for pure shear loading couple-stress effects produce
a significant reduction in the stress concentration when compared to classical theory.

Originally, it was hoped that this solution could be used to explain the observed
reduction in stress concentration factors for small holes in regions of high stress gradients.
Unfortunately, it has been pointed out by several authors, Schijve (1966), Ellis and Smith
(1967), and Kaloni and Ariman (1967), that for typical metals the reduction in the stress
concentration for small holes cannot be accurately accounted for using couple-stress theory.
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EXAMPLE 15-13: Cont’d
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FIGURE 15-17  Stress concentration behavior for the micropolar theory (v = 0).

Additional similar solutions for stress concentrations around circular inclusions have been
developed by Weitsman (1965) and Hartranft and Sih (1965). More recent studies have had
success in applying micropolar/couple-stress theory to fiber-reinforced composites (Sun and
Yang 1975) and granular materials (Chang and Ma 1991). With respect to computational
methods, micropolar finite element techniques have been developed by Kennedy and Kim
(1987) and Kennedy (1999).

15.5 Elasticity Theory with Voids

A micromechanics model has been proposed for materials with distributed voids. The linear
theory was originally developed by Cowin and Nunziato (1983) and a series of application
papers followed, including Cowin and Puri (1983), Cowin (1984a,b), and Cowin (1985). The
theory is intended for elastic materials containing a uniform distribution of small voids, as shown
in Figure 15-18. When the void volume vanishes, the material behavior reduces to classical
elasticity theory. The primary new feature of this theory is the introduction of a volume fraction
(related to void volume), which is taken as an independent kinematic variable. The other
variables of displacement and strain are retained in their usual form. The inclusion of the new
variable requires additional microforces to provide proper equilibrium of the micropore volume.
The theory begins by expressing the material mass density as the following product:

p = (15.5.1)

where p is the bulk (overall) mass density, 7y is the mass density of the matrix material, and v is
the matrix volume fraction or volume distribution function. This function describes the way the
medium is distributed in space and is taken to be an independent variable, thus introducing an
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FIGURE 15-18 Elastic continuum with distributed voids.

additional kinematic degree of freedom in the theory. The linear theory with voids deals with
small changes from a stress- and strain-free reference configuration. In this configuration
relation (15.5.1) can be written as pp = ypvgr. The independent kinematical variables of this
theory are the usual displacements u; and the change in volume fraction from the reference
configuration expressed by

b =v—ug (15.5.2)

The strain-displacement relations are those of classical elasticity
1
ej = E(ui,j +uj;) (15.5.3)

and likewise for the equilibrium equations (with no body forces)
Oij,j = 0 (1554)

The general development of this theory includes external body forces and dynamic inertial
terms. However, our brief presentation does not include these complexities.

In order to develop the microequilibrium of the void volume, new micromechanics theory
involving the balance of equilibrated force is introduced. Details of this development are
beyond the scope of our presentation, and we give only the final results

hiitg=0 (15.5.5)

where 4; is the equilibrated stress vector and g is the intrinsic equilibrated body force. Simple
physical meanings of these variables have proved difficult to provide. However, Cowin
and Nunziato (1983) have indicated that these variables can be related to particular self-
equilibrated singular-force systems as previously discussed in Section 15.2. In particular, #;
and g can be associated with double-force systems as presented in Example 15-5, and the
expression /;,; can be related to centers of dilatation; see Example 15-7.

The constitutive equations for linear isotropic elastic materials with voids provide relations
for the stress tensor, equilibrated stress vector, and intrinsic body force of the form
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0ij = Aey0jj + 2pei; + PPy
h; = oc(]f)’,« (15.5.6)
8= —Wi’ — ¢ — Pew

where the material constants A, u, o, 8, &, w all depend on the reference fraction vg and satisfy
the inequalities

344+ 2u
[32

Note that even though we have dropped dynamic inertial terms, constitutive relation (15.5.6);
includes a time-dependent response in the volume fraction. This fact indicates that the theory
will predict a viscoelastic type of behavior (Cowin 1985) even for problems with time-
independent boundary conditions and homogeneous deformations.

For this theory, the boundary conditions on stress and displacement are the same as those of
classical elasticity. The boundary conditions on the self-equilibrated stress vector are taken to
have a vanishing normal component, that is, h;n; = 0, where n; is the surface unit normal
vector. Using this with the constitutive statement (15.5.6), develops the boundary specification
on the volume fraction

£>0,0>0 >0, w>0,3.+2u>0, M= >3 (15.5.7)

¢ni=0 (15.5.8)

This completes our brief general presentation of the theory, and we will now discuss the
solution to the stress concentration problem around a circular hole discussed previously in
Example 15-13.

EXAMPLE 15-14: Stress Concentration Around a Circular
Hole: Elasticity with Voids

Consider again the stress concentration problem of a stress-free circular hole of radius a
in an infinite plane under uniform tension, as shown in Figure 8-12. We now outline the
solution given by Cowin (1984b) and compare the results with the micropolar, couple-
stress, and classical solutions. The problem is formulated under the usual plane stress
conditions,

0 = 0x(X,¥), 0y = 0y(X,¥), Tay = Tuy(X, ¥), 02 = Tpz = Ty, =0
For this two-dimensional case the constitutive relations reduce to

2u
T on (lew + Pp)oy; + 2ue;;

o B 2up
g=—wd— (§_i+2u>¢_i+2uekk

Ojj = 5
T

(15.5.9)

where all indices are taken over the limited range 1,2. Using a stress formulation, the
single nonzero compatibility relation becomes

Continued
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EXAMPLE 15-14: Stress Concentration Around a Circular
Hole: Elasticity with Voids-Cont’d

wh
akk,mm_/l_i_‘ud)’mm =0 (15510)
Introducing the usual Airy stress function, denoted here by 1, allows this relation to be
written as
iy — P2 o (15.5.11)
A+
For this case, relation (15.5.5) for balance of equilibrated forces reduces to
o . p up
Vi — = —wh= Vi — 15.5.12
Vb= ad—wd 3A+2u( 4 A+u¢> ( )
The parameter / is defined by
2
o B
—=¢— 15.5.13
2T +u ( )

and has units of length, and thus can then be taken as a microstructural length measure
for this particular theory.

Relations (15.5.11) and (15.5.12) now form the governing equations for the plane
stress problem. The presence of the time-dependent derivative term in (15.5.12) requires
some additional analysis. Using Laplace transform theory, Cowin (1984b) shows that
under steady boundary conditions, the solutions ¢ and iy can be determined from the
limiting case where t+ — oo, which is related to taking w = 0. Thus, taking the Laplace
transform of (15.5.11) and (15.5.12) gives the following

(15.5.14)

- o B S up -
Vip—=¢ = Vi —

= 3z+2u< Ly >
where ¢ = ¢(s), ¥ = Y(s) are the standard Laplace transforms of ¢,, and s is the
Laplace transform variable. The basic definition of this transform is given by

flo) = J fedt
0

o o
2
follow from our previous discussions to be

and the parameter 4 is defined by + ws. Boundary conditions on the problem

0',~:‘E,<9:5:00ni‘:a

For the circular hole problem, the solution to system (15.5.14) is developed in polar
coordinates. Guided by the results from classical elasticity, we look for solutions of the
form f(r) + g(r) cos 20, where f and g are arbitrary functions of the radial coordinate.
Employing this scheme, the properly bounded solution satisfying the boundary condi-

tion % =0 at r = a is found to be

or
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—p A3(Z+ )

b = _ F(r) — 1] cos 20
P s peon 3 g 0T
; » N o (15.5.15)
- Pl Avtogr + (22 4+ 45 — P2 cos2
1/ /l+,uh¢+{4+ logz+(r2+ 3 4)cos 0}
where F is given by
_ Auéh? 1 2hKy(r/h)
Foy— 1 1 2 15.5.16
O = G OMuws + 4ueN Lﬂ @K} (a/h) ( )

and p is the Laplace transform of the uniaxial stress at infinity, K is the modified Bessel
function of the second kind of order 2,

N=tTPar—3y >0
4p

and the constants A;, A, Az are determined from the stress-free boundary conditions as

A= %ﬁaz, Ay = —%ﬁa“, Ay = %ﬁazF(a)
Note in relation (15.5.16) the bar on F indicates the dependency on the Laplace
transform parameter s, and the bar is to be removed for the case where s — 0 and
h(s) is replaced by h.

This completes the solution for the Laplace-transformed volume fraction and Airy
stress function. The transformed stress components can now be obtained from the Airy
function using the usual relations

L_loy 1oy o 19h 10

=o' 80*° 7= 92 BT 200 T r oro0
Wenow consider the case where the far-field tension T'isa constantin time, and thusp = T'/s.
Rather than formally inverting (inverse Laplace transformation) the resulting stress com-
ponents generated fromrelations (15.5.17), Cowin develops results for the cases of t = O and
t — oo. Itturns out that for the initial condition at # = 0, the stresses match those found from
classical elasticity (see Example 8-7). However, for the final-value case ( — oc0), which
implies (s — 0), the stresses are different than predictions from classical theory.

Focusing our attention on only the hoop stress, the elasticity with voids solution for
the final-value case is determined as

(15.5.17)

T a? L F'(r) at
09:5{(1+r—2)+00529{a Fa) 1+3r_4 (15.5.18)
The maximum value of this stress is again found at r = ¢ and 0 = /2 and is given by
a*F'(a
(69)max = 0¢(a, £m/2) = T<3 ~-3 F(a)))

_1 (15.5.19)

201 Ki(L)

=T|3+(2N+[1+@+L )N]LK 0

o

Continued
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EXAMPLE 15-14: Stress Concentration Around a Circular
Hole: Elasticity with Voids-Cont’d
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FIGURE 15-19 Stress concentration behavior for elastic material with voids.

where L = a/h. Tt is observed from this relation that the stress concentration factor
K = (0¢)max /T will always be greater than or equal to 3. Thus, the elasticity theory with
voids predicts an elevation of the stress concentration when compared to the classical
result. The behavior of the stress concentration factor as a function of the dimensionless
hole size L is shown in Figure 15-19. It can be seen that the stress concentration factor
reduces to the classical result as L approaches zero or infinity. For a particular value of
the material parameter N, the stress concentration takes on a maximum value at a finite
intermediate value of L.

It is interesting to compare these results with our previous studies of the same stress
concentration problem using some of the other micromechanical theories discussed in
this chapter. Recall in Example 15-13 we solved the identical problem for micropolar
and couple-stress theories, and results were given in Figure 15-17. Figures 15-17 and
15-19 both illustrate the stress concentration behavior as a function of a nondimensional
ratio of hole radius divided by a microstructural length parameter. Although the current
model with voids indicates an elevation of stress concentration, the micropolar and
couple-stress results show a decrease in this factor. Micropolar/couple-stress theory also
predicts that the largest difference from the classical result occurs at a dimensionless
hole size ratio of zero. However, for elasticity with voids this difference occurs at a
finite hole size ratio approximately between 2 and 3. It is apparent that micropolar
theory (allowing independent microrotational deformation) gives fundamentally differ-
ent results than the current void theory, which allows for an independent microvolu-
metric deformation.
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15.6 Doublet Mechanics

As a final example, we wish to investigate a micromechanical theory that has demonstrated
applications for particulate materials in predicting observed behaviors that cannot be shown using
classical continuum mechanics. The theory known as doublet mechanics (DM) was originally
developed by Granik (1978). Ithas been applied to granular materials by Granik and Ferrari (1993)
and Ferrari et al. (1997) and to asphalt concrete materials by Sadd and Dai (2004a). Doublet
mechanics is a micromechanical theory based on a discrete material model whereby solids are
represented as arrays of points or nodes at finite distances. A pair of such nodes is referred to as a
doublet, and the nodal spacing distances introduce /ength scales into the theory. Current applica-
tions of this scheme have normally used regular arrays of nodal spacing, thus generating a regular
lattice microstructure with similarities to the micropolar model shown in Figure 15-15. Each node
in the array is allowed to have a translation and rotation, and increments of these variables are
expandedina Taylor series about the nodal point. The order at which the series is truncated defines
the degree of approximation employed. The lowest-order case that uses only a single term in
the series will not contain any length scales, while using additional terms results in a multi-
length-scale theory. The allowable kinematics develop microstrains of elongation, shear, and
torsion (about the doublet axis). Through appropriate constitutive assumptions, these microstrains
can be related to corresponding elongational, shear, and torsional microstresses.

Although not necessary, a granular interpretation of doublet mechanics is commonly
employed, in which the material is viewed as an assembly of circular or spherical particles.
A pair of such particles represents a doublet, as shown in Figure 15-20. Corresponding to the
doublet (A, B) there exists a doublet or branch vector {, connecting the adjacent particle centers
and defining the doublet axis «. The magnitude of this vector 17, = |{,,| is simply the sum of the
two radii for particles in contact. However, in general the particles need not be in contact, and the
length scale #,, could be used to represent a more general microstructural feature. As mentioned,
the kinematics allow relative elongational, shearing, and torsional motions between the particles,
and this is used to develop elongational microstress p,, shear microstress t,, and torsional
microstress m,, as shown in Figure 15-20. It should be pointed out that these microstresses are not
second-order tensors in the usual continuum mechanics sense. Rather, they are vector quantities
that represent the elastic microforces and microcouples of interaction between doublet particles.
Their directions are dependent on the doublet axes that are determined by the material micro-
structure. Also, these microstresses are not continuously distributed but rather exist only at
particular points in the medium being simulated by DM theory.

Doublet Axis o

P pre - -
// I/ /\\//
! // \
I
£ by + _* )
o PP LI \_ /
ya \\\ 9 S/
/ N _’
] /711’( o R
e
7 A y
- /'\/\ /
\\\ /,/
(Doublet Geometry) (Doublet Microstresses)

FIGURE 15-20 Doublet mechanics geometry.
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If u(x,¢) is the displacement field coinciding with a particle displacement, then the incre-
ment function can be written as

Auy = u(x + 4,0 — u(x,t) (15.6.1)

where @ = 1, ..., n, and n is referred to as the valence of the lattice. Considering only the case
where the doublet interactions are symmetric, it can be shown that the shear and torsional
microdeformations and stresses vanish, and thus only extensional strains and stresses exist. For
this case the extensional microstrain &, (representing the elongational deformation of the
doublet vector) is defined by

gy = Jx At (15.6.2)
,

where g, = £, /1, is the unit vector in the « direction. The increment function (15.6.1) can be
expanded in a Taylor series as

M m
Au, = Z('an (4, - V)"u(x, 1) (15.6.3)

m=1

Using this result in relation (15.6.2) develops the series expansion for the extensional
microstrain

M -1 n
( )m 8" Uu;
&y = Yui Z:lmT%kl oo Yok, C’?xli (15.6.4)

where ¢q,; are the direction cosines of the doublet directions with respect to the coordinate
system. As mentioned, the number of terms used in the series expansion of the local deformation
field determines the order of approximation in DM theory. For the first-order case (m = 1), the
scaling parameter 1, drops from the formulation, and the elongational microstrain is reduced to

&y = quiqoj€ij (1565)
where ¢;; =% (u;,; + u;,;) is the usual continuum strain tensor.

For this case, it has been shown that the DM solution can be calculated directly from the
corresponding continuum elasticity solution through the relation

G = Y Qo (15.6.6)
=1

This result can be expressed in matrix form

(o) = [Qlip) = (p} = Q] (o) (15.6.7)

where for the two-dimensional case, {0} = {0.0y7,, }7 is the continuum elastic stress vector in
Cartesian coordinates, {p} is the microstress vector, and [Q] is a transformation matrix. For
plane problems, this transformation matrix can be written as
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(@)? (@) (g3)°
Q1= | (g)* (g2)* (g32)?
qi11q12 421922 431932

(15.6.8)

This result allows a straightforward development of first-order DM solutions for many

problems of engineering interest; see Ferrari et al. (1997).

EXAMPLE 15-15: Doublet Mechanics Solution
of the Flamant Problem

was given by

2Px%y
(2 + y?)?

Ox

Oy = —

(2 + y?)?
2Pxy?

Ty =——
Y A+

on a surface y = constant was shown in Figure 8-20.

FIGURE 15-21 Flamant problem for the doublet mechanics model.

We now wish to investigate a specific application of the doublet mechanics model for a
two-dimensional problem with regular particle packing microstructure. The case of
interest is the Flamant problem of a concentrated force acting on the free surface of a
semi-infinite solid, as shown in Figure 15-21. The classical elasticity solution to this
problem was originally developed in Section 8.4.7, and the Cartesian stress distribution

3
2Py (15.6.9)

This continuum mechanics solution specifies that the normal stresses are everywhere
compressive in the half space, and a plot of the distribution of normal and shear stresses
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Continued
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EXAMPLE 15-15: Doublet Mechanics Solution
of the Flamant Problem-Cont’d

The doublet mechanics model of this problem is established by choosing a regular
two-dimensional hexagonal packing, as shown in Figure 15-21. This geometrical
microstructure establishes three doublet axes at angles y = 60° as shown. Using only
first-order approximation, DM shear and torsional microstresses vanish, leaving only
elongational microstress components (pp,p2,p3) as shown. Positive elongational com-
ponents correspond to tensile forces between particles.

For this fabric geometry the transformation matrix (15.6.8) becomes

cos?y cos?y 1
[0] = sin?y sin?y 0 (15.6.10)

—cosysiny cosysiny 0

Using this transformation in relation (15.6.7) produces the following microstresses:

4PV (V3x+y)
p1 3n(2 + y2)?
2 _
Dy = w (15.6.11)
3n(x2 +y?)
2Py(3x% — y?)
pp=———

3n(x? 4 y2)?

Although these DM microstresses actually exist only at discrete points and in specific
directions as shown in Figure 15-21, we use these results to make continuous contour
plots over the half-space domain under study. In this fashion we can compare DM
predictions with the corresponding classical elasticity results. Reviewing the stress
fields given by (15.6.9) and (15.6.11), we can directly compare only the horizontal
elasticity component o, with the doublet mechanics microstress p;. The other
stress components act in different directions and thus do not allow a simple direct
comparison.

Figure 15-22 illustrates contour plots of the elasticity ¢, and DM p; stress compon-
ents. As mentioned previously, the classical elasticity results predict a totally compres-
sive stress field as shown. Note, however, the difference in predictions from doublet
mechanics theory. There exists a symmetric region of tensile microstress below the
loading point in the region y > /3 |x|. It has been pointed out in the literature that there
exists experimental evidence of such tensile behavior in granular and particulate
composite materials under similar surface loading, and Ferrari et al. (1997) refer to
this issue as Flamant’s paradox. It would appear that micromechanical effects are the
mechanisms for the observed tensile behaviors, and DM theory offers a possible
approach to predict this phenomenon. Additional anomalous elastic behaviors have
been reported for other plane elasticity problems; see Ferrari et al. (1997) and Sadd and
Dai (2004b).
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EXAMPLE 15-15: Cont’d

y

(Classical Elasticity o, Contours)

y

(Doublet Mechanics p; Microstress Contours)

FIGURE 15-22 Comparison of horizontal stress fields from classical elasticity and
doublet mechanics.

Many other micromechanical theories of solids have been developed and reported in
the literature. Our brief study has been able to discuss only a few of the more common modeling
approaches within the context of linear elastic behavior. This has been and will continue to be a
very challenging and interesting area in solid mechanics research.
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Exercises

15-1. Show that the general plane strain edge dislocation problem shown in Figure 15-3 can be
solved using methods of Chapter 10 with the two complex potentials
iub
4n(1 —v)

ub

I
= mlogz, Y(2) =

7(2) log z

where b = b, + iby. In particular, verify the cyclic property [u + iv]c = —b, where C is
any circuit in the x,y-plane around the dislocation line. Also determine the general stress
and displacement field.

15-2. Justify that the edge dislocation solution (15.1.2) provides the required multivalued
behavior for the displacement field. Explicitly develop the resulting stress fields given
by (15.1.3) and (15.1.4).
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15-3. Show that the screw dislocation displacement field (15.1.5) gives the stresses (15.1.6)
and (15.1.7).

15-4. For the edge dislocation model, consider a cylinder of finite radius with axis along the
dislocation line (z-axis). Show that although the stress solution gives rise to tractions
on this cylindrical surface, the resultant forces in the x and y directions will vanish.

15-5. The stress field (15.1.7) for the screw dislocation produces no tangential or normal
forces on a cylinder of finite radius with axis along the dislocation line (z-axis).
However, show that if the cylinder is of finite length, the stress 7,9 on the ends will not
necessarily be zero and will give rise to a resultant couple.

15-6. Show that the strain energy (per unit length) associated with the screw dislocation
model of Example 15-2 is given by

S
K log =2

Wsm‘ew = E R
¢

where R, is the outer radius of the crystal and R, is the core radius of the dislocation.
This quantity is sometimes referred to as the self-energy. The radial dimensions are
somewhat arbitrary, although R, is sometimes taken as five times the magnitude of the
Burgers vector.

15-7. Using similar notation as Exercise 15-6, show that the strain energy associated with
the edge dislocation model of Example 15-1 can be expressed by

ub? R,

Weige = ———log—
4 = (1 — ) °R,

Note that this energy is larger than the value developed for the screw dislocation in

Exercise 15-6. Evaluate the difference between these energies for the special case of
1

v= 4.

15-8. For the Kelvin state as considered in Example 15-4, explicitly justify the displacement
and stress results given in relations (15.2.8) and (15.2.10).

15-9. Verity that the displacements and stresses for the center of compression are given by
(15.2.21) and (15.2.22).

15-10. A fiber discontinuity is to be modeled using a line of centers of dilatation along the
xp-axis from O to a. Show that the displacement field for this problem is given by

_1(1 1
“T\R TR

1 (1 X1X2 1(x — a)xz)

U = — | — — =
: 2u\RX3+x3 R X3+x3
1 1 x1x3 1 (x; —a)x3
Uy = — | — — =
7 2 R2+x2 R ©»+x3

where R = \/ (¥ — @)* +x3 + 2% and R is identical to that illustrated in Figure 15-11.
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15-11%*.

15-12.

15-13.

15-14.

15-15.

15-16.

15-17.

15-18".

15-19".

For the isotropic self-consistent crack distribution case in Example 15-12, show that
for the case v = 0.5, relation (15.3.4); reduces to

9 (1-2p
t=—|——=
16 \1— 12
Verify the total loss of moduli at ¢ =7 . Using these results, develop plots of the

effective moduli ratios 7/v, E/E, f/u versus the crack density. Compare these
results with the corresponding values from the dilute case given in Example 15-10.

Develop the compatibility relations for couple-stress theory given by (15.4.12). Next,
using the constitutive relations, eliminate the strains and rotations, and express these
relations in terms of the stresses, thus verifying equations (15.4.13).

Explicitly justify that the stress-stress function relations (15.4.14) are a self-
equilibrated form.

For the couple-stress theory, show that the two stress functions satisfy
Vio =0, V?¥ - PV'Y =0

Using the general stress relations (15.4.25) for the stress concentration problem of
Example 15-13, show that the circumferential stress on the boundary of the hole is
given by

oo(a.0) = T(] 7200529)

1+F

Verify that this expression gives a maximum at 0 = £7/2, and explicitly show that
this value will reduce to the classical case of 3T by choosing /1 =1, =1=0.

Starting with the general relations (15.5.6), verify that the two-dimensional plane
stress constitutive equations for elastic materials with voids are given by (15.5.9).

For elastic materials with voids, using the single strain-compatibility equation,
develop the stress and stress function compatibility forms (15.5.10) and (15.5.11).

Compare the hoop stress ay(r, t/2) predictions from elasticity with voids given by
relation (15.5.18) with the corresponding results from classical theory. Choosing
N :1/2 and L = 2, for the elastic material with voids, make a comparative plot of
oo(r,m/2)/T versus r/a for these two theories.

For the doublet mechanics Flamant solution in Example 15-15, develop contour plots
(similar to Figure 15-22) for the microstresses p; and p,. Are there zones where these
microstresses are tensile?
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16

Numerical Finite and Boundary
Element Methods

Reviewing the previous chapters would indicate that analytical solutions to elasticity problems
are normally accomplished for regions and loadings with relatively simple geometry. For
example, many solutions can be developed for two-dimensional problems, while only a limited
number exist for three dimensions. Solutions are commonly available for problems with simple
shapes such as those having boundaries coinciding with Cartesian, cylindrical, and spherical
coordinate surfaces. Unfortunately, problems with more general boundary shape and loading
are commonly intractable or require very extensive mathematical analysis and numerical
evaluation. Because most real-world problems involve structures with complicated shape
and loading, a gap exists between what is needed in applications and what can be solved by
analytical closed-form methods.

Over the years, this need to determine deformation and stresses in complex problems has
lead to the development of many approximate and numerical solution methods (see brief
discussion in Section 5.7). Approximate methods based on energy techniques were outlined in
Section 6.7, but it was pointed out that these schemes have limited success in developing
solutions for problems of complex shape. Methods of numerical stress analysis normally recast
the mathematical elasticity boundary value problem into a direct numerical routine. One such
early scheme is the finite difference method (FDM) in which derivatives of the governing field
equations are replaced by algebraic difference equations. This method generates a system of
algebraic equations at various computational grid points in the body, and the solution to the
system determines the unknown variable at each grid point. Although simple in concept, FDM
has not been able to provide a useful and accurate scheme to handle general problems with
geometric and loading complexity. Over the past few decades, two methods have emerged that
provide necessary accuracy, general applicability, and ease of use. This has led to their
acceptance by the stress analysis community and has resulted in the development of many
private and commercial computer codes implementing each numerical scheme.

The first of these techniques is known as the finite element method (FEM) and involves
dividing the body under study into a number of pieces or subdomains called elements. The
solution is then approximated over each element and is quantified in terms of values at special
locations within the element called the nodes. The discretization process establishes an
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algebraic system of equations for the unknown nodal values, which approximate the continu-
ous solution. Because element size, shape, and approximating scheme can be varied to suit the
problem, the method can accurately simulate solutions to problems of complex geometry and
loading. FEM has thus become a primary tool for practical stress analysis and is also used
extensively in many other fields of engineering and science.

The second numerical scheme, called the boundary element method (BEM), is based on an
integral statement of elasticity (see relation (6.4.7)). This statement may be cast into a form
with unknowns only over the boundary of the domain under study. The boundary integral
equation is then solved using finite element concepts where the boundary is divided into
elements and the solution is approximated over each element using appropriate interpolation
functions. This method again produces an algebraic system of equations to solve for unknown
nodal values that approximate the solution. Similar to FEM techniques, BEM also allows
variation in element size, shape, and approximating scheme to suit the application, and thus the
method can accurately solve a large variety of problems.

Generally, an entire course is required to present sufficient finite and boundary element
theory to prepare properly for the techniques numerical/computational application. Thus, the
brief presentation in this chapter provides only an overview of each method, focusing on
narrow applications for two-dimensional elasticity problems. The primary goal is to establish a
basic level of understanding that will allow a quick look at applications and enable connections
to be made between numerical solutions (simulations) and those developed analytically in the
previous chapters. This brief introduction provides the groundwork for future and more
detailed study in these important areas of computational solid mechanics.

16.1 Basics of the Finite Element Method

Finite element procedures evolved out of matrix methods used by the structural mechanics
community during the 1950s and 1960s. Over the years, extensive research has clearly
established and tested numerous FEM formulations, and the method has spread to applications
in many fields of engineering and science. FEM techniques have been created for discrete and
continuous problems including static and dynamic behavior with both linear and nonlinear
response. The method can be applied to one-, two-, or three-dimensional problems using a
large variety of standard element types. We, however, limit our discussion to only two-
dimensional, linear isotropic elastostatic problems. Numerous texts have been generated that
are devoted exclusively to this subject; for example, Reddy (2006), Bathe (1982), Zienkiewicz
and Taylor (2005), Fung and Tong (2001), and Cook, Malkus, Plesha, and Witt (2001).

As mentioned, the method discretizes the domain under study by dividing the region into
subdomains called elements. In order to simplify formulation and application procedures,
elements are normally chosen to be simple geometric shapes, and for two-dimensional
problems these would be polygons including triangles and quadrilaterals. A two-dimensional
example of a rectangular plate with a circular hole divided into triangular elements is shown in
Figure 16-1. Two different meshes (discretizations) of the same problem are illustrated, and
even at this early stage in our discussion, it is apparent that improvement of the representation
is found using the finer mesh with a larger number of smaller elements. Within each element,
an approximate solution is developed, and this is quantified at particular locations called the
nodes. Using a linear approximation, these nodes are located at the vertices of the triangular
element as shown in the figure. Other higher-order approximations (quadratic, cubic, etc.) can
also be used, resulting in additional nodes located in other positions. We present only a finite
element formulation using linear, two-dimensional triangular elements.
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(Discretization with 228 Elements)

N x (Triangular Element)

(Discretization with 912 Elements)

FIGURE 16-1 Finite element discretization using triangular elements.

Typical basic steps in a linear, static finite element analysis include the following:

1. Discretize the body into a finite number of element subdomains

2. Develop approximate solution over each element in terms of nodal values

3. Based on system connectivity, assemble elements and apply all continuity and boundary
conditions to develop an algebraic system of equations among nodal values

4. Solve assembled system for nodal values; post process solution to determine additional
variables of interest if necessary

The basic formulation of the method lies in developing the element equation that approxi-
mately represents the elastic behavior of the element. This development is done for the generic
case, thus creating a model applicable to all elements in the mesh. As pointed out in Chapter 6,
energy methods offer schemes to develop approximate solutions to elasticity problems, and
although these schemes were not practical for domains of complex shape, they can be easily
applied over an element domain of simple geometry (i.e., triangle). Therefore, methods of
virtual work leading to a Ritz approximation prove to be very useful in developing element
equations for FEM elasticity applications. Another related scheme to develop the desired
element equation uses a more mathematical approach known as the method of weighted
residuals. This second technique starts with the governing differential equations, and through
appropriate mathematical manipulations, a so-called weak form of the system is developed.
Using a Ritz/Galerkin scheme, an approximate solution to the weak form is constructed, and
this result is identical to the method based on energy and virtual work. Before developing the
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element equations, we first discuss the necessary procedures to create approximate solutions
over an element in the system.

16.2 Approximating Functions for Two-Dimensional

Linear Triangular Elements

Limiting our discussion to the two-dimensional case with triangular elements, we wish to
investigate procedures necessary to develop a linear approximation of a scalar variable u(x,y)
over an element. Figure 16-2 illustrates a typical triangular element denoted by £2, in the x,y-
plane. Looking for a linear approximation, the variable is represented as

u(x,y) = c1 + cox + c3y (16.2.1)

where ¢; are constants. It should be kept in mind that in general the solution variable is expected
to have nonlinear behavior over the entire domain and our linear (planar) approximation is only
proposed over the element. We therefore are using a piecewise linear approximation to represent
the general nonlinear solution over the entire body. This approach generally gives sufficient
accuracy if a large number of elements are used to represent the solution field. Other higher-order
approximations including quadratic, cubic, and specialized nonlinear forms can also be used to
improve the accuracy of the representation.

(X3,¥3)
Fo=To+ T3+ I3

(X1,31)
(X2,¥0)

(Element Geometry)

£
Y3

N

(Lagrange Interpolation Functions)

FIGURE 16-2 Linear triangular element geometry and interpolation.
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It is normally desired to express the representation (16.2.1) in terms of the nodal values of
the solution variable. This can be accomplished by first evaluating the variable at each of the
three nodes

u(x1,y1) = up = ¢y + X1 + €31
u(xz,y2) = up = 1 + c2x2 + C3y2 (16.2.2)

u(x3,y3) = uz = 1 + c2x3 + €33

Solving this system of algebraic equations, the constants c¢; can be expressed in terms of the
nodal values u;, and the general results are given by

= (ot g + apuy + o3u3)

2A,
1
= ﬁ(ﬁlul + Bouz + Bsu3) (16.2.3)

1
= E(Vlul + Ypuy + Y3u3)

where A, is the area of the element, and o; = x;yx — xyj, B; =yj — Y& Vi = Xx — Xj, where
i #j # k and i,j,k permute in natural order. Substituting for ¢; in (16.2.1) gives

1
u(x,y) = oA [(oruy + opun + o3u3)
+ (Brur + Pauz + Pauz)x
+ (yrur + yauz + y3u3)y] (16.2.4)
3
:Z ui(x, y)
i=1
where ; are the interpolation functions for the triangular element given by
1
Yi(x,y) = 5 (i + Bix +7,y) (16.2.5)
24,

It is noted that the form of the interpolation functions depends on the initial approximation
assumption and on the shape of the element. Each of the three interpolation functions
represents a planar surface as shown Figure 16-2, and it is observed that they will satisfy the
following conditions:

3
Vi) =8 Y =1 (16.2.6)
i=1

Functions satisfying such conditions are referred to as Lagrange interpolation functions.
This method of using interpolation functions to represent the approximate solution over an
element quantifies the approximation in terms of nodal values. In this fashion, the continuous
solution over the entire problem domain is represented by discrete values at particular nodal
locations. This discrete representation can be used to determine the solution at other points in
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the region using various other interpolation schemes. With these representation concepts
established, we now pursue a brief development of the plane elasticity element equations
using the virtual work formulation.

16.3 Virtual Work Formulation for Plane Elasticity

The principle of virtual work developed in Section 6.5 can be stated over a finite element
volume V, with boundary S, as

J 0jjoe;dV = J T} ou;dS +J FiouidV (16.3.1)
Ve Se

Ve
For plane elasticity with an element of uniform thickness 4., V, = h,Q, and S, = h.I',, and

the previous relation can be reduced to the two-dimensional form

he J (0 bey + aydey 4 21, 0ey )dxdy
@ (16.3.2)
—h, J (T ou + Tyovyds — h, J (Fou + Fyév)dxdy = 0
r. ’ Q.

Using matrix notation, this relation can be written as

T

dey Oy
he J oe, oy dxdy
Q,
20e,y Tyy (16.3.3)

L (Y (L (e

We now proceed to develop an element formulation in terms of the displacements and choose a
linear approximation for each component

3

(e, y) =Y uhi(x, )
i=1
3

V6 = Y vith(x,)

i=1

(16.3.4)

where ;(x, y) are the Lagrange interpolation functions given by (16.2.5). Using this scheme
there will be two unknowns or degrees of freedom at each node, resulting in a total of six
degrees of freedom for the entire linear triangular element. Because the strains are related to
displacement gradients, this interpolation choice results in a constant strain element (CST), and
of course the stresses will also be element-wise constant. Relation (16.3.4) can be expressed in
matrix form:
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“_W10¢20¢30”2_
{u}*[o b M — [1(A) (16.3.5)

The strains can then be written as
e, 9/0x 0
(e} = ey =10 0/0dy {M}
2e,, a/ay ajox| "
a/ox 0
=10 0/9y | [$pl{A} = [BI{A}
0/dy 0/0x

(16.3.6)

where

0 0 0
N N
[B]= |0 o 0 (Tyz 0 a—;
Oy Oy Oy Ny s O (16.3.7)
dy Ox 0Oy Ox Jy Ox
B 0 B O p3 O
= O 7 0 7 0 7
B Baovs B

Hooke’s law then takes the form
{o} =[Cl{e} = [C][B]{A} (16.3.8)

where [C] is the elasticity matrix that can be generalized to the orthotropic case (see Section
11.2) by

Ch Ci2 O
[C]=|Cn Cxn O (16.3.9)
0 0 Ces
For isotropic materials,
E
-+ - plane stress
Cii = Coy — 1 —12
11 — L2 — E(l _ V) l ) )
——————~———...plane strain
Axvd—20) P
E
— .. plane stress (16.3.10)
Cp=1{ 1-v

erﬁﬁ - plane strain

E
Cee == m --plane stress and plane strain
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Using results (16.3.5), (16.3.6), and (16.3.8) in the virtual work statement (16.3.3) gives

he JQ {SAY (IBI"[CI[B]){ A }dxdy

" (16.3.11)
F, r;
e | {5A}T[¢]T{ ' }dxdy ~he| 1oAY IS s =0
Q, Fy r, Ty
which can be written in compact form
{6A} (IKI{A} — (F} —{Q)}) =0 (16.3.12)

Because this relation is to hold for arbitrary variations {A}7, the expression in parentheses
must vanish, giving the finite element equation

[K]{A} = {F} +{Q} (16.3.13)

The equation matrices are defined as follows:

K] = th [BIT[C][B)dxdy - - - stiffness matrix

e

{F}:hej (4] {F

}dxdy - body force vector (16.3.14)
y

{Q} = he J [] {T"} -+ loading vector

Using the specific interpolation functions for the constant strain triangular element, the [B]
matrix had constant components given by (16.3.7). If we assume that the elasticity matrix also
does not vary over the element, then the stiffness matrix is given by

[K] = heA.[B]'[C][B] (16.3.15)
and multiplying out the matrices gives the specific form

BiCu + :1C66 By 1C17 + ﬁulcﬁﬁ BiBCrii +7172Cs6  B172C12 + B271Co6 - B1B3Cii +7173Cs6  B173C12 + B371Ces
71Cn + ﬁ Ces ﬁz/lclz + ﬁly2C66 2172C0 + B1BrCes B371Cra + BIIBCGG 7173C22 + B1B3Ce6
K] = he : B3C11 +73Ces B212Ci2 + ﬁ;/zcﬁb BaB3Cii +7273Ce6  B273C12 + P32 Cos
44, : : : 73Cn +B3Css  BavyCio + ov3Cos 1273C2 + B2B3Cos
: : : : B5Cui +73Ces B373C12 + B373Coo

. 72Cn + 3Ces

(16.3.16)

Note that the stiffness matrix is always symmetric, and thus only the top-right (or bottom-left)
portion need be explicitly written out. If we also choose body forces that are element-wise
constant, the body force vector {F} can be integrated to give

hA,

{F} {F\ Fy F, F, Fy F,)7 (16.3.17)
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The {Q} matrix involves integration of the tractions around the element boundary, and its
evaluation depends on whether an element side falls on the boundary of the domain or is
located in the region’s interior. The evaluation also requires a modeling decision on the
assumed traction variation on the element sides. Most problems can be adequately modeled
using constant, linear, or quadratic variation in the element boundary tractions. For the typical
triangular element shown in Figure 16-2, the {Q} matrix may be written as

{Q}:he[ W{T*"’ }ds
S
:hej' [nﬁ]T{T;7 }dswzfj [W{Tﬁ }dsm,J [amT{Tg}ds
I'p T;l I T; I3 T),Jl

Wishing to keep our study brief in theory, we take the simplest case of element-wise
constant boundary tractions, which allows explicit calculation of the boundary integrals. For
this case, the integral over element side I'y; is given by

(16.3.18)

¥ Ty Ty
Ty T
T YT heLiy | T"
h Ty > tds=h J L Nds =<2 16.3.19
eJr12 [¢] {T;’l} S e s djo;’l ) T}n ( )
WsTY 0
l//3T; 0 )1

where L), is the length of side I'},. Note that we have used the fact that along side I'1,, ¥, and
¥, vary linearly and ; = 0. Following similar analysis, the boundary integrals along sides I'»3
and I'3; are found to be

0 Ty
0 Ty
T" heLy; | T" T" heLsi | 0
th [aﬂ]T{ ;E}ds = W th [ap]T{ ;z}ds = (16.3.20)
Iy T}' 2 T)’ I3 T}' 2 0
Ty Ty
T; 23 T; 31

It should be noted that for element sides that lie in the region’s interior, values of the
boundary tractions will not be known before the solution is found; therefore the previous
relations cannot be used to evaluate the contributions of the {Q} matrix explicitly. However,
for this situation, the stresses and tractions are in internal equilibrium, and thus the integrated
result from one element will cancel that from the opposite adjacent element when the finite
element system is assembled. For element sides that coincide with the region’s boundary, any
applied boundary tractions are then incorporated into the results given by relations (16.3.19)
and (16.3.20). Our simplifications of choosing element-wise constant values for the elastic
moduli, body forces, and tractions were made only for convenience of the current abbreviated
presentation. Normally, FEM modeling allows considerably more generality in these choices,
and integrals in the basic element equation (16.3.14) are then evaluated numerically for such
applications.
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16.4 FEM Problem Application

Applications using the linear triangular element discretize the domain into a connected set of
such elements; see, for example, Figure 16-1. The mesh geometry establishes which elements
are interconnected and identifies those on the boundary of the domain. Using computer
implementation, each element in the mesh is mapped or transformed onto a master element
in a local coordinate system where all calculations are done. The overall problem is then
modeled by assembling the entire set of elements through a process of invoking equilibrium at
each node in the mesh. This procedure creates a global assembled matrix system equation of
similar form as (16.3.13). Boundary conditions are then incorporated into this global system to
reduce the problem to a solvable set of algebraic equations for the unknown nodal displace-
ments. We do not pursue the theoretical and operational details in these procedures, but rather
focus attention on a particular example to illustrate some of the key steps in the process.

EXAMPLE 16-1: Elastic Plate Under Uniform Tension

Consider the plane stress problem of an isotropic elastic plate under uniform tension
with zero body forces as shown in Figure 16-3. For convenience, the plate is taken with
unit dimensions and thickness and is discretized into two triangular elements as shown.
This simple problem is chosen in order to demonstrate some of the basic FEM solution
procedures previously presented. More complex examples are discussed in the next
section to illustrate the general power and utility of the numerical technique.

1
4 3

Y

N 2 .-y
1 2

\

FIGURE 16-3 FEM analysis of an elastic plate under uniform tension.

The element mesh is labeled as shown with local node numbers within each element
and global node numbers (1-4) for the entire problem. We start by developing the
equation for each element and then assemble the two elements to model the entire plate.
For element 1, the geometric parameters are f;, = —1, f, =1, f3=0, y, =0, 7, = —1,
y3 =1, and A; = 1/2. For the isotropic plane stress case, the element equation follows
from our previous work:
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EXAMPLE 16-1: Cont'd

M1 0 -1 14 0 —]

L _171/ —171’ 0 uD T??

2 2 2 2 () 7

3—v 1+v 1—v v H)

E_ | 2 2 2 )Y T
2(1 —1?) 3—v 1—v | ‘)(21) = T;D (16.4.1)

. . . B .

2 1 E v ugl) Tglx-)

(1) (1)

2 (]) V3 T3}

In similar fashion forelement 2, f;, =0, f, =1, f3=—1, y,=—1, 7, =0, 73 =
1, A; = 1/2, and the element equation becomes

rl—v 1—v l—-v 1—-v 7
7 00 T T 2 u? T
. 1 —v 0 v —1 ) T('f)
| 0 -1 v VL o)
E . ' . 1—v 1—v _1—1/ “(2) ) Ty (16.4.2)
2(1 —1?) 2 ) V(22> = T;i) 4.
3—v 1—v e 7o
2 2 ) 3
3—v V3 T3y
L 2

These individual element equations are to be assembled to model the plate, and this is
carried out using the global node numbering format by enforcing x and y equilibrium at
each node. The final result is given by the assembled global system

KR KRR KD K KR KR KD K]
KK K K KK K HKE K K
KUKD KD K 0o
KK KD 0 o
KK KRS KD K
KRG K K
K2 K2

) . Ké? - (16.4.3)
gy (TR (04
nl [rers
U, 75!

v, i
v [T 10 41
vl e
Uy )
Va T?;)
T3y
Continued
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EXAMPLE 16-1: Elastic Plate Under Uniform Tension—-Cont'd

where U; and V; are the global x and y nodal displacements, and K;; D and K 2 are the local
stiffness components for elements 1 and 2 as given in relations (16 4.1) and (16.4.2).

The next step is to use the problem boundary conditions to reduce this global system.
Because the plate is fixed along its left edge, U; =V, = Uy = V4 = 0. Using the
scheme presented in equations (16.3.18) through (16.3.20), the tractions on the
right edge are modeled by choosing T3 = T/2, g) =0, Ty) +T5) =T/2, T(')
T(z) = 0. These conditions reduce the global system to

1 1 1 1
K Ky Ky Ko U, T/2
K<1> KD KD 2 (1644
K§'5)+K§23) K<1>+K<2> U, T/2 o
kx| Ln ) Lo

This result can then be solved for the nodal unknowns, and for the case of material with
properties E = 207 GPa and v = 0.25, the solution is found to be

U, 0.492
v, | ) 0081 u

Ui (=3 oaar (TX107"m (16.4.5)
Vs ~0.030

Note that the FEM displacements are not symmetric as expected from analytical
theory. This is caused by the fact that our simple two-element discretization eliminated
the symmetry in the original problem. If another symmetric mesh were used, the
displacements at nodes 2 and 3 would then be symmetric. As a postprocessing step, the
forces at nodes 1 and 4 could now be computed by back-substituting solution (16.4.5) into
the general equation (16.4.3). Many of the basic steps in an FEM solution are demon-
strated in this hand-calculation example. However, the importance of the numerical
method lies in its computer implementation, and examples of this are now discussed.

16.5 FEM Code Applications

The power and utility of the finite element method lies in the use of computer codes that implement
the numerical method for problems of general shape and loading. A very large number of both
private and commercial FEM computer codes have been developed over the past few decades.
Many of these codes (e.g., ABAQUS, ANSYS, ALGOR, NASTRAN, ADINA) offer very
extensive element libraries and can handle linear and nonlinear problems under either static or
dynamic conditions. However, the use of such general codes requires considerable study and
practice and would not suit the needs of this chapter. Therefore, rather than attempting to use a
general code, we follow our numerical theme of employing MATLAB software, which offers a
simple FEM package appropriate for our limited needs. The MATLAB code is called the PDE
Toolbox and is one of the many toolboxes distributed with the basic software.

This software package provides an FEM code that can solve two-dimensional elasticity
problems using linear triangular elements. Additional problems governed by other partial
differential equations can also be handled, and this allows the software to also be used for
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the torsion problem. The PDE Toolbox is very easy to use, and its simple graphical user
interface and automeshing features allow the user to create problem geometry quickly and
appropriately mesh the domain. Some additional user details on this MATLAB package are
provided in Appendix C (Example C-9). We now present some example FEM solutions to
problems developed by analytical methods in earlier chapters.

EXAMPLE 16-2: Circular and Elliptical Holes in a Plate
Under Uniform Tension

We wish to investigate the numerical finite element solution to the two-dimensional
problem of an elastic plate under uniform tension that contains a circular or elliptical hole.
These problems were previously solved for the case of an unbounded plane domain; the
circular hole (see Figure 8-12) was developed in Example 8-7, while the elliptical hole
(Figure 10-17) was solved in Example 10-7. It is noted that for a standard FEM solution
we must have a finite size domain to discretize into a mesh. Because of the problem
symmetry, only one-quarter of the domain need be analyzed; however, due to the simple
problem geometry we do not use this fact and the entire domain is discretized.

The circular hole example is shown in Figure 16-4. The code allows many different
meshes to be generated, and the particular case shown is a fine mesh with 3648 elements
and 1912 nodes. Using this software, various types of FEM results can be plotted, and the
particular graphic shows contours of the horizontal normal stress ¢,. The concentration

- AT ATV AT VAT VATATAYAA o >

- —

- —
vava)

- —

- 7

—
(Finite Element Mesh: 3648 Elements, 1912 Nodes)

N

(Contours of Horizontal Stress o)

FIGURE 16-4 FEM solution of a plate under uniform tension containing a circular hole.

Continued
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EXAMPLE 16-2: Circular and Elliptical Holes in a Plate
Under Uniform Tension-Cont'd

effect around the hole is clearly evident, and FEM results give a stress concentration
factor K ~ 2.9 (based on nominal stress applied at the boundaries). Recall that our
theoretical result for an infinite plane gave K = 3, and results for the finite-width plate
can be found from Peterson (1974) giving K ~ 3.2 for this geometry (width/diameter
=~ 4.23). Thus, the FEM result is slightly less than that predicted from theory and
Peterson, indicating that the numerical model has some difficulty in properly capturing
the high stress gradient in the vicinity of the hole. Using a finer mesh or higher-order
elements would result in a value closer to the theoretical/experimental prediction.

A similar problem with an elliptical hole of aspect ratio »/a = 2 is shown in Figure
16-5. The mesh for this case has 3488 elements with 1832 nodes. Again, FEM results
are illustrated with contours of horizontal stress ¢,. The concentration effect is reflected
by the high stress values at the top and bottom of the ellipse, and the stress concentration
factor was found to be K =~ 3.3. Using Figure 10-18 from our previous analytical
solution in Example 10-7, an aspect ratio of 2 would result in K = 5. Thus, we again
experience a lower concentration prediction from the finite element model, and the
difference between FEM and theory is larger than in the previous example with the
circular hole. The lower FEM concentration value is again attributable to the numerical
model’s inability to simulate the high stress gradient near the top and bottom of the
ellipse boundary. Again, a finer mesh and/or higher-order elements would result in

better FEM predictions.
-+ ——
-+ —
- - —
-+ ——

(Contours of Horizontal Stress o)

FIGURE 16-5 FEM solution of a plate under uniform tension containing an elliptical hole.
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EXAMPLE 16-3: Circular Disk Under Diametrical Compression

Consider next the problem of a circular disk under diametrical compression, as origin-
ally discussed in Example 8-10. The problem was solved for the case of concentrated
loadings as shown in Figure 8-35, and contours of the maximum shear stress were
compared with photoelastic data in Figure 8-36. Recall that the photoelastic contours
result from an actual experiment in which the loading is distributed over a small portion
of the top and bottom of the disk. This distributed loading case was solved using the
MATLAB PDE Toolbox, and the results are shown in Figure 16-6. The figure illustrates
two FEM models with different meshes along with contours of maximum shear stress.
With the loading distributed over a small portion of the disk boundary, the maximum
stresses occur slightly interior to the loading surfaces. As expected, the finer mesh
produces better results that more closely compare with analytical and photoelastic

predictions shown in Figure 8-36.
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FIGURE 16-6 FEM solution of a disk under diametrical compression.
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EXAMPLE 16-4: Torsion Problem Examples

Recall that in Chapter 9 we formulated the torsion problem in terms of the Prandtl stress
function ¢, which satisfies the Poisson equation V?¢ = —2ua in the cross-section. For
simply connected sections, ¢» =0 on the boundary, while for multiply connected
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FIGURE 16-7 FEM solutions to three torsion problems.
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EXAMPLE 16-4: Cont'd

sections the function could be set to zero on the outer boundary but must be a different
constant on each inner boundary. This two-dimensional problem is easily solved using
finite elements and in particular using the PDE Toolbox. Figure 16-7 illustrates three
sections that have been solved using the MATLAB software with linear triangular
elements. The first problem is that of a circular section with a circular keyway, and this
problem was originally presented in Exercises 9-19 and 9-20. FEM results show stress
function contours over the section, and the slope of these contours gives the shear stress in
the perpendicular direction. It is readily apparent that the maximum shear stress occurs at
the root of the keyway acting tangent to the boundary at point A. The second example
shown is a square section with a square keyway. The stress function contour lines indicate
high-stress regions at the two reentrant corners of the keyway. The final example is a
multiply connected section with a square outer boundary and a triangular inner hole.
Contours for this case show three high-stress regions at each vertex of the triangular
cutout. Countless other torsion examples can be quickly analyzed using this simple FEM
code, and quantitative stress results can also be generated (see Exercise 16-10).

16.6 Boundary Element Formulation

A second numerical method has recently emerged that provides good computational abilities
and has some particular advantages when compared to FEM. The technique known as the
boundary element method (BEM) has been widely used by computational mechanics investi-
gators, leading to the development of many private and commercial codes. Similar to the finite
element method, BEM can analyze many different problems in engineering science including
those in thermal sciences and fluid mechanics. Although the method is not limited to elastic
stress analysis, this brief presentation discusses only this particular case. Many texts have been
written that provide additional details on this subject; see, for example, Banerjee and Butter-
field (1981) and Brebbia and Dominguez (1992).

The formulation of BEM is based on an integral statement of elasticity, and this can be cast
into a relation involving unknowns only over the boundary of the domain under study. This
originally led to the boundary integral equation method (BIE), and early work in the field was
reported by Rizzo (1967) and Cruse (1969). Subsequent research realized that finite element
methods could be used to solve the boundary integral equation by dividing the boundary into
elements over which the solution is approximated using appropriate interpolation functions.
This process generates an algebraic system of equations to solve for the unknown nodal values
that approximate the boundary solution. A procedure to calculate the solution at interior
domain points can also be determined from the original boundary integral equation. This
scheme also allows variation in element size, shape, and approximating scheme to suit the
application, thus providing similar advantages as FEM.

By discretizing only the boundary of the domain, BEM has particular advantages over
FEM. The first issue is that the resulting boundary element equation system is generally much
smaller than that generated by finite elements. It has been pointed out in the literature that
boundary discretization is somewhat easier to interface with computer-aided design (CAD)
codes that create the original problem geometry. A two-dimensional comparison of equivalent
FEM and BEM meshes for a rectangular plate with a central circular hole is shown in
Figure 16-8. It is apparent that a significant reduction in the number of elements (by a factor
of 5) is realized in the BEM mesh. It should be pointed out, however, that the BEM scheme
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(FEM Discretization: 228 Elements)

(BEM Discretization: 44 Elements)

FIGURE 16-8 Comparison of typical FEM and BEM meshes.

does not automatically compute the solution at interior points, and thus additional computa-
tional effort is required to find such information.

Some studies have indicated that BEM more accurately determines stress concentration
effects. Problems of infinite extent (e.g., full-space or half-space domains) create some
difficulty in developing appropriate FEM meshes, whereas particular BEM schemes can
automatically handle the infinite nature of the problem and only require limited boundary
meshing. There exist several additional advantages and disadvantages related to each method;
however, we do not pursue further comparison and debate. For linear elasticity, both methods
offer considerable utility to solve very complex problems numerically. We now proceed with a
brief development of the boundary element method for two-dimensional elasticity problems.

The integral statement of elasticity was developed in Section 6.4 as Somigliana’s identity.
Using the reciprocal theorem, one elastic state was selected as the fundamental solution, while
the other state was chosen as the desired solution field. For a region V with boundary S, this led
to the following result:

cui(§) = L [T:(x)Gij(x, &) — u;Tij(x, E)nildS + JV FiGj(x, &)dV (16.6.1)

where the coefficient ¢ is given by
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1,§inV
c= %,f on S (16.6.2)
0, £ outside V

Gjj(x, &) is the displacement Green’s function that comes from the fundamental solution to
the elasticity equations and corresponds to the solution of the displacement field at point x
produced by a unit concentrated body force e located at point &

u¥ (x) = Gyj(x:€)e;(€) (16.6.3)

The stresses associated with this state are specified by

0 = Ti(x, E)er = [AGu,10i + (Gir j + G, i) lex (16.6.4)

y

and the tractions follow to be

TI-G = ognj = Tjxnjex = pirex (16.6.5)
with py = Tyn;. Relation (16.6.1) gives the displacement of a given observational point £ in
terms of boundary and volume integrals. If point & is chosen to lie on boundary S, then the
expression will contain unknowns (displacements and tractions) only on the boundary. For this
case (£ on S), relation (16.6.2) indicates ¢ = 1/2, but this is true only if the boundary has a
continuous tangent (i.e., is smooth). Slight modifications are necessary for the case of non-
smooth boundaries; see Brebbia and Dominguez (1992).

Restricting our attention to only the two-dimensional plane strain case, the Green’s function
becomes (Brebbia and Dominguez 1992)

1 1
G,‘j = m |:(3 — 41/) In <;> 51] -+ i,;r,]} (1666)

where r = |x — £| is the distance between points x and £. Relation (16.6.5) can be used to
determine the traction p;; associated with this specific Green’s function, giving the result

1 or or
pij = Tikjnk = — m [(1 — 21/) (% (S,‘j + I”’ ,'}’lj — I‘,j}’l,') + 2%1',,')”,1] (1667)

It is convenient to use matrix notation in the subsequent formulation and thus define

|:Gll G12:| |:p11 Plz}
G = N p =
Gy Gxp P21 P2

T e

The boundary integral equation (16.6.1) can then be expressed in two-dimensional form as

(16.6.8)

cu = J [GT — puldS + J GFav (16.6.9)
r R
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Node j Element I

FIGURE 16-9 Boundary discretization using elements with constant approximation.

It is noted that by allowing point £ to be on the boundary, this relation will contain unknown
displacements or tractions only over I'. We now wish to apply numerical finite element
concepts to solve (16.6.9) by discretizing the boundary I" and region R into subdomains over
which the solution will be approximated. Only the simplest case is presented here in which the
approximating scheme assumes piecewise constant values for the unknowns.

Referring to Figure 16-9, a typical boundary I is discretized into N elements. The unknown
boundary displacements and tractions are assumed to be constant over each element and equal
to the value at each midnode. Subdivision of the interior into cells would also be required in
order to compute integration of the body force term over R. However, such interior integrals
can be reformulated in terms of boundary integrals, thereby maintaining efficiency of the basic
boundary techniques. This reformulation is not discussed here, and we now formally drop body
force contributions from further consideration. Using this discretization scheme, relation
(16.6.9) can be written as

N N
cu' + Z (J P ds) W= Z (J G ds> T (16.6.10)
j=1 I j I

where index i corresponds to a particular node where the Green’s function concentrated force
is applied, and index j is related to each of the boundary elements including the case j = i.
Notice that for the choice of constant approximation over the element, there is no formal
interpolation function required, and nodal values are simply brought outside of the element
integrations.

Reviewing the previous expressions (16.6.6) and (16.6.7), the integral terms J} G ds and
Jr p ds relate node i to node j and are sometimes referred to as influence functions. Each of
these terms generates 2 X 2 matrices that can be defined by

AV = J pds

s (16.6.11)
BV = J G ds

r

j

For the constant element case, some of the integrations in (16.6.11) can be carried out analytically,
while other cases use numerical integration commonly employing Gauss quadrature. It should be
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noted that the i = j case generates a singularity in the integration, and special methods are normally
used to handle this problem.
Relation (16.6.10) can thus be written as

N N
cdul + ZAU”} — ZBU'TJ' (16.6.12)
j=1 Jj=1

and this result specifies the value of # at node i in terms of values of u and T at all other nodes
on the boundary. If the boundary is smooth, ¢/ = % at all nodes. By defining

i A"j, 147
Al — {AU +jli _ (16.6.13)

equation (16.6.12) can be written in compact form as

N N
> Al = BT (16.6.14)
j=1 j=1

or in matrix form

[Al{u} = [BI{T} (16.6.15)

Boundary conditions from elasticity theory normally specify either the displacements or
tractions or a mixed combination of the two variables over boundary I". Using these specified
values in (16.6.14) or (16.6.15) reduces the number of unknowns and allows the system to be
rearranged. Placing all unknowns on the left-hand side of the system equation and moving all
known variables to the right generates a final system that can always be expressed in the form

[CI{X} = (D} (16.6.16)

where all unknown boundary displacements and tractions are located in the column matrix
{X} and all known boundary data have been multiplied by the appropriate influence function
and moved into {D}. Relation (16.6.16) represents a system of linear algebraic equations that
can be solved for the desired unknown boundary information. This BEM system is generally
much smaller than that from a corresponding FEM model. However, unlike the FEM system,
the [C] matrix from (16.6.16) is not in general symmetric, thereby requiring more computa-
tional effort to solve for nodal unknowns. Using modern computing systems, usually this
added computational effort is not a significant factor in the solution of linear elasticity
problems.

Once this solution is complete, all boundary data is known and the solution at any desired
interior point can be calculated reusing the basic governing boundary integral equation. For
example, at an interior point relation (16.6.9) with no body forces will take the form

u = J GTdS — J pudsS (16.6.17)
r r

Following our previous constant element approximation, this expression can be discretized as
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(16.6.18)

i _ Z Al

Sillee)r 5o
-3

and the interior displacement can then be determined using standard computational evaluation
of the influence functions A7 and BY. Internal values of strain and stress can also be computed
using (16.6.17) in the strain-displacement relations and Hooke’s law, thereby generating
expressions similar to relation (16.6.18); see Brebbia and Dominguez (1992).

EXAMPLE 16-5: BEM Solution of a Circular Hole in a Plate
Under Uniform Tension

Consider again the problem of Example 16-2 of a plate under uniform tension that contains
a stress-free circular hole. The finite element solution was shown in Figure 16-4 for a very
fine FEM mesh with 3648 triangular elements. A simple BEM FORTRAN code using
constant and quadratic elements is provided in the text by Brebbia and Dominguez (1992),
and this was used to develop the numerical solution. This simple BEM code does not have
drawing or automeshing capabilities, and thus problem data was input by hand. The
boundary element solution was generated using two different models that incorporated
problem symmetry to analyze half of the domain as shown in Figure 16-10. One model used
32 constant elements, while the second case used 14 three-noded quadratic elements.

--- T T T T

- --4

-{---4

-1 T +

-<{---4 4

-<---1

-<---4

- L L L |
- T U T I

(32 Constant Element Mesh) (14 Quadratic Element Mesh)

FIGURE 16-10 BEM solution of a plate under uniform tension containing a circular hole.
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EXAMPLE 16-5: Cont'd

The constant element model is limited to having nodes located at the midpoint of
each element (see Figure 16-9), and thus does not allow direct determination of the
highest stress at the edge of the hole. For this case using the stress value at node A in
Figure 16-10, the stress concentration factor is found to be K ~ 2.75. The quadratic
element case uses three nodes per element, including nodes located at the element
boundaries. For this case node B in Figure 16-10 is used to determine the highest stress,
and this gives a stress concentration factor of K ~ 3.02. The particular model has a
width to diameter ratio of 10, and for such geometry, results from Peterson (1974)
would predict a stress concentration of about 3. As expected, the BEM results using
constant elements were not as good as the predictions using quadratic interpolation.
Comparing this BEM analysis with the finite element results in Example 16-2 indicates
that the quadratic boundary element results appear to give a more accurate estimate of
the actual stress concentration using much fewer elements. However, this conclusion is
based on the particular element models for each analysis, and using other element types
and meshes could produce somewhat different results and comparisons.

Many additional FEM and BEM examples can be developed and compared to illustrate
other interesting features of these computational stress analysis methods. Unfortunately, such
an excursion would require developments outside the current scope of the text, and thus we do
not pursue such material. The interested reader is encouraged to consult the chapter references
for additional study.
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Exercises

16-1. Starting with the general linear form (16.2.1), verify the interpolation relations (16.2.4)
and (16.2.5).

16-2. For the constant strain triangular element, show that the stiffness matrix is given by
(16.3.16).
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16-3.

16-4.

16-5.

16-6.

16-7".

16-8 .

16-9 .

16-10".

16-11.

For the case of element-wise constant body forces, verify that the body force vector is
given by relation (16.3.17) for the linear triangular element.

Verify boundary relation (16.3.19) for the linear triangular element with constant
boundary tractions 77 and T7.

For Example 16-1, show that the element stiffness equations for the isotropic case are
given by relations (16.4.1) and (16.4.2).

Verify the nodal displacement solution given by (16.4.5) in Example 16-1.

Using the MATLAB PDE Toolbox (or equivalent), develop an FEM solution for the
stress concentration problem under biaxial loading given in Exercise 8-22. Compare
the stress concentration factor from the numerical results with the corresponding
analytical predictions.

Using the MATLAB PDE Toolbox (or equivalent), develop an FEM solution for the
stress concentration problem under shear loading given in Exercise 8-23. Compare
the stress concentration factor from the numerical results with the corresponding
analytical predictions.

Using the MATLAB PDE Toolbox (or equivalent), develop an FEM solution for the
curve beam problem shown in Figure 8-32. At the fixed section, compare numerical
stress results (g,) with analytical predictions (o) given by equations (8.4.65).

Using the MATLAB PDE Toolbox (or equivalent), develop an FEM solution for
the torsion of a cylinder of circular section with circular keyway as shown in Exercise
9-19. Verify the result of Exercise 9-20, that the maximum shear stress on the keyway
is approximately twice that found on a solid shaft. In order to investigate the shear
stress, use the Toolbox plot selection window to plot contours of the variable
abs(grad(u)).

Verify the traction relation (16.6.7) for the plane strain case.
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Appendix A Basic Field Equations in Cartesian,
Cylindrical, and Spherical
Coordinates

For convenience, the basic three-dimensional field equations of elasticity are listed here for
Cartesian, cylindrical, and spherical coordinate systems. This will eliminate searching for these
results in various chapters of the text. Cylindrical and spherical coordinates are related to the
basic Cartesian system, as shown in Figure A-1.

z V4

? A
® _\ ,":
i o 7
' SR
P4 ;

o I y 0 . y

X ' X
(Cylindrical Coordinates) (Spherical Coordinates)

FIGURE A-1  Cylindrical and spherical coordinate systems.
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Strain-Displacement Relations

Cartesian Coordinates
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Cylindrical Coordinates
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Spherical Coordinates
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Equilibrium Equations

Cartesian Coordinates
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Cylindrical Coordinates
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Cylindrical Coordinates
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Appendix B Transformation of Field
Variables Between Cartesian,
Cylindrical, and Spherical
Components

This appendix contains some three-dimensional transformation relations between displace-
ment and stress components in Cartesian, cylindrical, and spherical coordinates. The coordin-
ate systems are shown in Figure A-1 in Appendix A, and the related stress components are
illustrated in Figure B-1. These results follow from the general transformation laws (1.5.1) and
(3.3.3). Note that the stress results can also be applied for strain transformation.

TR

(Cylindrical System) (Spherical System)

FIGURE B-1 Stress components in cylindrical and spherical coordinates.
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Cylindrical Components from Cartesian

The transformation matrix for this case is given by
cos sinf O
[Q]= | —sinf cosh O (B.1)
0 0 1
Displacement Transformation

u, =ucosf +vsinf
ug = —usin + vcos0 (B.2)

U, =w
Stress Transformation

0, cos” 0 + ¢, sin? 0 + 21, sin 0 cos 0

o, =
69 = o, sin® 0 + oy cos? 0 — 27,y sin 0 cos 0
g, =0,
) ) (B.3)
7,0 = —0ysinf cos 0 4 g, sin 0 cos 0 4 7, ( cos? 0 — sin® 0)
Tg: = Ty:€0s 0 — 7., sin 0
Tz = Ty sin0 + 1., cos 0
Spherical Components from Cylindrical
The transformation matrix from cylindrical to spherical coordinates is given by
sing 0 cos¢
[Q]= |cos¢p O —sing B.4)
0 1 0
Displacement Transformation
ug = u, sin ¢ + u, cos ¢
Uy = Uy COS P — 1, sin P (B.5)
Uug = Up
Stress Transformation
or = 0, sin® ¢+ o, cos? ¢ + 27,, sin ¢ cos ¢
oy =0, cos? ¢+ 0. sin® ¢ — 21,, sin ¢ cos ¢
op = 09 (B.6)

Trp = (0, — 0;)sin ¢ cos d — 7,( sin? ¢ — cos? )
Tgo = T;0COS P — Tp. sin ¢
Tgr = Trg SIN ¢ + Ty, COS ¢
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Spherical Components from Cartesian

The transformation matrix from Cartesian to spherical coordinates can be obtained by com-
bining the previous transformations given by (B.1) and (B.4). Tracing back through tensor
transformation theory, this is accomplished by the simple matrix multiplication

[singg 0 cos¢ cosf sin0 O
[Q]= |cos¢p O —sing || —sinf cos@ O
0 1 0 0 0 1

- . . (B.7)
sinpcos singsinf  cos ¢
= | cos¢cosf cos¢psinf —sing
—sinf cos 6 0
Displacement Transformation
ug = usin ¢ cos 0 + vsin ¢ sin 6 + wcos ¢
Uy = ucos ¢ cos 4+ vcos ¢sin — wsin ¢ (B.8)
ug = —usin + vcos 0
Stress Transformation
or = 0, sin’ ¢ cos? 0 + oy sin® ) sin® 0 + g, cos® ¢
+ 21y, sin? ¢ sin 0 cos 0 + 21y, sin ¢ cos ¢ sin 0 + 27, sin ¢ cos ¢ cos 0
G4 = 0, c0s” ¢ cos® O + a, cos® ¢ sin® 0 + o, sin® ¢
+ 21, cos? ¢ sinf cos 6 — 21, sin ¢ cos ¢ sin ) — 21, sin ¢ cos ¢ cos 0
69 = o, sin® 0 + oy cos’ 0 — 21,y sin 0 cos 0
TRy = O Sin ¢h cos ¢ cos? 0 + oy sin ¢ cos ¢ sin? 6 — o sin ¢ cos ¢ (B.9)

+ 21, sin ¢ cos ¢ sin 0 cos 0 — 7,,( sin? ¢ — cos® ¢) sin 0
— 1.,(sin’® ¢ — cos’ ¢) cos O

Tgp0 = — 0, c0s P sin 0 cos 0 + @y cos ¢ sin 0 cos 0 + 1, cos P(cos” O — sin? 0)
— Ty sin¢gpcos 0 + 1., sin¢p sin 0

Tgr = —0, sin ¢ sin 0 cos 0 + g, sin ¢ sin 0 cos 0 + 1, sin p( cos” O — sin* 0)

+ 1y, cos¢pcosl — 1. cos ¢ sin0

Inverse transformations of these results can be computed by formally inverting the system
equations or redeveloping the results using tensor transformation theory.

504 APPENDIX B



Appendix C MATLAB Primer

Many locations in the text use numerical methods to calculate and plot solutions to a variety of
elasticity problems. Although other options are available, the author has found MATLAB
software ideally suited to conduct this numerical work. This particular software has all of the
necessary computational and plotting tools to enable very efficient and simple applications for
elasticity. MATLAB is a professional engineering and scientific software package developed
and marketed by MathWorks, Inc. In recent years, MATLAB has achieved widespread and
enthusiastic acceptance throughout the engineering community. Many engineering schools
now require and/or use MATLAB as one of their primary computing tools, and it is expected
that it will continue to replace older structured programming methods. Its popularity is because
of a long history of well-developed and tested products, its ease of use by students, and its
compatibility across many different computer platforms (e.g., PC, Mac, and UNIX). The
purpose of this appendix is to present a few MATLAB basics to help students apply particular
software applications for the needs of the text. The software package itself contains an
excellent Help package that provides extensive information on various commands and proced-
ures. Also, many books are available on the software package; see, for example, Palm (2008).
It is assumed that the reader has some prior background and experience with at least one other
programming language, and thus has a basic understanding of programming techniques.

C.1 Getting Started

MATLAB is both a computer programming language and a software environment for using the
language. Under the Microsoft Windows operating system, the MATLAB window appears as
shown in Figure C-1. It is from this window that the Help menu can be accessed, and this provides
extensive information on most topics. In this command window, the user can type instructions after
the prompt ‘“>>.”” However, it is much more efficient to create and save application programs
within the editor/debugger window. This window is activated by clicking the File menu in the
Command window and selecting either New to start a new creation or Open to open an existing file.
MATLARB files are called m-files and have the extension ‘“*.m’’. Within the editor/debugger
window, a new application code can be created or an existing one modified. In either case, the
resulting file can then be saved for later use, and the current file can be run from this window.
An example program appearing in the editor/debugger window is shown in Figure C-2.
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C.2 Examples

Rather than attempting a step-by-step explanation of various MATLAB commands, we instead
pursue a learn-by-example approach. In this fashion most of the needed procedures are
demonstrated through the presentation and discussion of several example codes that are used
in the text. Key features to be learned from these examples include the following:

® Input of problem data

® Generation of spatial variables
® Calculation procedures

® Plotting and display techniques

Readers with previous programming experience should be able to review these examples
quickly and use them (with selected support from the Help menu) to develop their own codes.

EXAMPLE C-1: Transformation of Second-Order
Tensors

Our first example is a simple MATLAB code to conduct the transformation of second-order
tensors. The transformation rule is given by relation (1.5.1)3, and this has been incorporated into
the code as shown. Code lines preceded with a percent (%) symbol are not executed and are used
for comments to explain the coding. A semicolon ending a code line suppresses screen printing
that particular calculation. The rotation tensor [@] and tensor to be transformed [A] are input from
within the program, and thus the code must be modified if either of these matrices is changed. The
disp command displays each of the matrices to the screen after the code is run.

Continued

EXAMPLE C-1: Transformation of Second-Order
Tensors—Cont’'d

Screen output created from this code is given by

>> Original Matrix

1 1 1
0 4 2
0 1 1
Rotation Matrix
0 0 -1
0 1 0
1 0 0
Transformed Matrix
1 -1 0
-2 4 0
-1 1 1
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EXAMPLE C-2: Calculation of Invariants, Eigenvalues,
and Eigenvectors of a Matrix

MATLAB provides very simple and efficient methods to determine the invariants, principal
values, and directions of second-order tensors (matrices). The basic tool for the eigenvalue
problem is the command eig( ), which will generate both the eigenvalues and eigenvectors. The
following simple code illustrates the basics for the matrix originally given in Example 1-3.

% MATLAB CODE: Example C-2

% Elasticity: Theory, Applications and Numerics - Elsevier

% M.H. Sadd, University of Rhode Island

% Program to Numerically Calculate Invariants, Principal Values
% and Directions of a Matrix

% Program Uses Matrix from Example 1-3

clc;clear all;

% Input Matrix

A=[2,0,0;0,3,4;0,4,-3]

% Calculate Invariants

invariants = [trace(A),(trace(A)A2-trace(A*A))/2,det(A)]
[V,L]1= eig(A);

% Principal Values are the Diagonal Elements of the L Matrix
principal_values =[L(1,1),L(2,2),L(3,3)]

% Principal Directions are the Columns of the V Matrix
principal_directions = [V(:,1),V(:,2),V(:,3)]
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EXAMPLE C-2: Cont’d

Screen output created from this code is given by

A =

20 0

0 3 4

0 4 -3
invariants =

2 =25 =50

principal_values =
-5 2 5

principal_directions =

0 1.0000 0O
04472 0 —0.8944
—-0.8944 0 —0.4472

EXAMPLE C-3: XY Plotting of Stresses in Figure 8-9

The MATLAB code shown was developed to calculate and plot the radial and circumferential
stresses in a thick-walled cylinder under internal pressure loading from Example 8-6. The
theoretical expressions for the stresses are given by equations (8.4.3), and the plot is shown in
Figure 8-9. The nondimensional radial coordinate r/r, is conveniently generated from 0.5 to 1,
and the length(r) expression gives the number of terms in the r array, which is used as the limiter
on the looping index. This simple code illustrates the for-end looping and calculation procedure
and the basic XY plot call used to draw the two stress curves. Note the plot formatting used to
label the axes. Additional format control is available through the Help menu, and the plot can also
be edited within the generated plot window.

% MATLAB CODE C-3; Elasticity: Theory, Applications & Numerics
% Martin H. Sadd, University of Rhode Island
% Calculate and Plot Stresses in Thick-Walled Cylinder Problem Example 8-6
% Internal Pressure Loading Case with r1/r2=0.5; Generate Figure 8-9
clear;
% Generate Nondimensional Radial Coordinate Space: r/r2
r=[0.5:0.01:1];
% Calculation Loop for Stresses
for i=1:length(r)
sr(i)=0.3333*(1-(1/r(i)N2);
st(i)=0.3333+(1+(1/r(i)) 72);
end
% Plotting Call
plot(r,sr,r,st),xlabel(‘Dimensionles Distance, ‘),ylabel(‘Dimensionless Stress’)
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EXAMPLE C-4: Polar Contour Plotting of Hoop Stress
Around a Circular Hole in Figure 8-13

This example illustrates a code used to plot the hoop stresses on the boundary of a circular hole in an
infinite plane under uniform far-field tension (see problem geometry in Figure 8-12). The hoop stress
was given by equation (8.4.15),, and the plot on the boundary of the hole is shown in Figure 8-13.
Similar to the previous example, this code calculates the necessary stress values and then displays
them in a polar plot. The angular coordinate is generated from O to 27. For this code, the use of the
for-loop is dropped since MATLAB can automatically handle calculations with matrix/vector
arguments. The plotting call used in this example is the polar command that generates Figure 8-13.
Additional formatting can be applied to the polar plot call to control line type, thickness, and so on, and
these can also be edited in the plot window.

% MATLAB CODE: Example C-4

% Elasticity: Theory, Applications and Numerics - Elsevier

% M.H. Sadd, University of Rhode Island

% Calculate and Plot Normalized Hoop Stress on Circular Hole
% In Infinite Plane Under Uniform Tension at Infinity: Example 8.7
% Nondimensional Plot Generates Figure 8-13

clear;

% Input (r/a)- Variable and Generate Angular Coordinate Space
r=1,;

t=[0:0.01:2xpi];

% Calculation Loop

st = 0.5%(1+(1/r)A2)-0.5%(1+3x(1/r)Ad)xcos(2xt);

% Plotting Call

polar(t,st)

title(‘Nondimensional Hoop stress Around Hole’)

EXAMPLE C-5: Displacement Vector Distribution Plotting
in Figure 8-22

Consider next the example of plotting the displacement vectors for the Flamant problem of
Section 8.4.7 shown in Figure 8-19. For the normal loading case, the displacement field is given
by relations (8.4.43), and these are plotted in Figure 8-22 for the near-field case (0 < r < 0.5) with
a Poisson’s ratio of 0.3 and Y/E = 1. Radial coordinates are generated by the logspace command
as explained in the comment line, and this range can easily be changed to investigate other regions
of the half plane. Within the calculation loops, the Cartesian coordinates and displacement
components are changed to reflect the system used in Chapter 8. The plotting is done using the
quiver command, which draws two-dimensional vectors with components ux and uy at locations x
and y. Additional details on this type of plotting can be found in the Help menu.

% MATLAB CODE C-5: Elasticity: Theory, Applications & Numerics

% Martin H. Sadd, University of Rhode Island

% Displacement Vector Distribution Plot for Flamant Problem - Figure 8-19
% Normal Loading Case (X=0); Generates Figure 8-22

% Input Parameters

510 APPENDIX C



EXAMPLE C-5: Cont'd

Y=1; E:l; I’1U=0.3;
% Input Radial Coordinates: logspace(M,N,*) Generates Region 10"M < r< 10"N
r=logspace(-3,-0.5,60);
% Input Theta Coordinates
t=[0:pi/20:pi];
% calculation Loops
for i=1:length(r)
for j=1:length(t)
x(i,))=r(i)*cos(t(j));
y(i,))=r(i)*sin(t(j));
% Coordinate Change
x(i,))=-x(i,});
y(i,))=-y(i,});
% Calculate Polar Displacement Components
ur(i,j)=Y/(pi=E)*((1-nu)=(t(j)-pi/2)*«cos(t(j))-2+log(r(i))*sin(t(j)));
ut(i,j)=Y/(pi=E)*(-(1-nu)=(t(j)-pi/2) *sin(t(j))-2*log(r(i))*cos(t(j))-(1+nu)*cos(t(j)));
% Calculate Cartesian Displacement Components
ux(i,j)=cos(t(j)=ur(i,j)-sin(t(j))*ut(,j);
uy(i,j)=sin(t(j))=ur(i,j)+cos(t(j))*ut(i,j);
% Corrdinate Change
ux(i,j)=-ux(i,j); uyG,j)=-uy(,j);
end
end
clf;
hold on;
axis equal;
% Plotting Call for Vector Distribution
quiver(x,y,ux,uy)

EXAMPLE C-6: Plotting of Warping Displacement Contours
in Figure 9-8

The following MATLAB code has been developed to calculate and plot the warping displacements
for the torsion of a cylinder with elliptical section shown in Figure 9-7. This code uses many of the
same commands from the previous examples to input parameters, generate the variable grid space,
and conduct the calculations to determine the warping displacement array. The plotting call uses the
contour command, which generates contours of constant w within the grid space that was created to
lie inside the elliptical boundary. The code generates the displacement contours shown in Figure 9-8.
Again, additional formatting details on this plotting command can be found in the Help menu.

% MATLAB CODE C-6: Elasticity: Theory, Applications & Numerics
% Martin H. Sadd, University of Rhode Island

% Generates 2-D Warping Displacement Contours for

% Elliptical Section Under Torsion - Figure 9-8

close all

clear all

Continued
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EXAMPLE C-6: Plotting of Warping Displacement Contours
in Figure 9-8-Cont’d

% Input Geometry and Angle of Twist
a=1.0; b=0.5; alpha=1.0;
% Input Grid Space
r=[0.01:0.05:1]; t=[0:pi/10:2*pil;
% Generate Contour Data
K=alpha=(b/"2-an2)/(ar2+b"2);
for i=1:length(r)
for j=1:length(t)
x(i,j)=a*r(i)*cos(t(j));
j(,))=b*r(i)*sin(t(j));
w(i,)=K=x(i,j)*y(i,j);
end
end
% Plotting Call with 20 Contours
contour(x,y,w,20);
axis equal

EXAMPLE C-7: Plotting a Three-Dimensional Warping
Displacement Surface in Figure 9-8

This example illustrates how MATLAB can make a three-dimensional surface plot of the warping
displacement for the torsion of an elliptical section. Figure 9-8 shows the surface plot created from
this code. After generating appropriate x- and y-location arrays, the warping displacement values are
calculated and stored in the array w. Using the surf command, the warping surface is then generated
in a three-dimensional system. Numerous viewing parameters can be edited to suit the desired view.

% MATLAB CODE: Example C-7

% Elasticity: Theory, Applications & Numerics

% Professor Martin H. Sadd, University of Rhode Island

% Three Dimensional Plot of Warping Displacement Surface
% for Elliptical Section Under Torsion

clc;clear all; close all

t =[0:5:3601;
r=1[0:0.05:1];
a=1;b=0.5;

for i = 1:length(r)
for j = 1:length(t)
th =1(j)*pi/180;
xc = axr(i)«cos(th);
yc = b«r(i)+sin(th);
w(i,J) = -xcryc;

y(i,)) =yc;
x(i,j) = xc;
end

end

surfc(x,y,w);

colormap gray

h = findobj(gcf,‘type’,‘patch’);
set(h,‘LineWidth’, 1.0, ‘EdgeColor’,k’");
axis([-1 1-110)

axis square

view(20,10)
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EXAMPLE C-8: Determination of Roots for Orthotropic
Materials

In Chapter 11 anisotropic solutions to plane elasticity problems required the roots of the characteristic
equation (11.5.7). As indicated in Exercise 11-12, for orthotropic materials this characteristic equa-
tion reduces to a quadratic withroots f8; ,. The MATLAB code shown calculates these two roots and
writes the results to the screen command window. This code illustrates some of the basic formatting
issues related to inputting names and data and printing calculated information to the screen.

% MATLAB CODE C-8: Elasticity: Theory, Applications & Numerics

% Martin H. Sadd, University of Rhode Island

% Calculate Beta Parameters of Orthotropic E-Glass Material

clear;

% Input Number of Materials,Names and Stiffness Moduli

N=1;

name(1,:)="E-Glass/Epoxy";

e1(1)=38.6; €2(1)=8.3; nul12(1)=0.26; mul2(1)=4.2;

% Calculate Compliances

for i=1:N

s11(i)=1/el(i); s22(i)=1/e2(i); s12(i)=-nul2(i)/el(i); s66(i)=1/mul2(i);

% Calculate Beta Values From Solution to Quadratic Characteristic Equation
b1(i)=sqrt(-(1/(2#s11(i)))*(-(2xs12(i)+s66(i))+sqrt((2xs12(i)+s66(i))N2-4+s1 1(i)*s22(i))));
b2(i)=sqrt(-(1/(2xs11(i)))*(-(2xs12(i)+s66(i))-sqrt((2xs12(i)+s66(i)) N 2-4xs11(i)xs22(i))));
% Print Results to Screen

fprintf(1,\n ")

disp(name(i,:))

fprintf(i,' beta(1)=%5.3f",b1(i))

fprintf(1," beta(2)=%5.3",b2(i))

end

Screen output from this particular case is given by

>>

E-Glass/Epoxy
beta(1)=0.758 beta(2)=2.845
>>

EXAMPLE C-9: PDE Toolbox: Finite Element Application
of a Circular Hole in a Plate Under Uniform Tension
from Example 16-2

In Chapter 16 the PDE Toolbox was presented as MATLAB application software that could conduct
two-dimensional finite element analysis. We now present some of the basic steps in generating the
solution to the problem of a circular hole in a plate under uniform tension as originally discussed in
Example 16-2. Once properly installed, the PDE Toolbox is activated by typing the command pdetool
in the MATLAB command window. This brings up the graphical user interface (GUI) window shown
in Figure C-3. Within this window, the first step is to select the type of problem by choosing one of the
items from the pull-down menu, as shown in Figure C-4. The figure illustrates the selection of
‘“Structural Mech., Plane Stress.”” Other useful choices include ‘‘Structural Mech., Plane Strain’’
for plane strain analysis and *‘Generic Scalar,”” which can be used to find numerical solutions to the
torsion problem; see Example 16-4 and Figure 16-7. After selecting the problem type, click the PDE
button to open a window to input the desired values of elastic moduli and body forces.

Continued
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EXAMPLE C-9: PDE Toolbox: Finite Element Application
of a Circular Hole in a Plate Under Uniform Tension
from Example 16-2-Cont’'d
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FIGURE C-4 Selection of a problem type in the PDE Toolbox.
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EXAMPLE C-9: Cont'd

Once the problem type and input parameters have been chosen, problem geometry can be
created using the simple drawing package within the GUI window. This feature is activated by
selecting Draw Mode from the Draw menu. The problem of a rectangular plate with a central
circular hole is created by drawing a rectangle and circle, and then subtracting the circular area
from the rectangle as shown in the drawing mode window in Figure C-5.

After completing the problem geometry, the next step is to input the appropriate boundary
conditions. This step is done in the boundary mode window that is selected from the Boundary
menu. Figure C-6 shows this window for the current example, and the software has automatically
divided the rectangular and circular boundaries into four segments. Unfortunately, this simple
code does not provide selection options in defining the boundary segments, and this places limits
on boundary condition specification. In any event, once in the boundary mode window, one or
more boundary segments can be selected by pointing and clicking. Boundary condition specifica-
tion can then be made on the selected segments by clicking Specify Boundary Conditions on the
Boundary menu. This brings forward the Boundary Condition window shown in Figure C-7.
Through appropriate selection of the various parameters defined in the window, displacement
(Dirichlet), traction (Neumann), and mixed conditions can be specified. For displacement specifi-
cation, u = rl and v =12, while traction conditions correspond to Ty = gl and T, = g2. In this
fashion, conditions on each boundary segment can be specified.

The next step in the finite element analysis (FEA) process is to mesh the domain, and this is
easily done using the automeshing features of the Toolbox. After completing the boundary condi-
tions, an initial coarse mesh can be generated by simply clicking the toolbar button denoted with a
triangle [2]. Normally, this coarse mesh will not be appropriate for final use, and a finer mesh can be
generated by clicking the toolbar button with the finer triangles. Continued use of this button will
generate meshes with increasing numbers of elements. Normally, only one or two mesh refinements
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FIGURE C-5 Draw Mode window for a rectangle with a circular hole.
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EXAMPLE C-9: PDE Toolbox: Finite Element Application
of a Circular Hole in a Plate Under Uniform Tension from
Example 16-2-Cont’d

are necessary to create a useful mesh. These and other meshing procedures can also be found in
the Mesh tab in the main menu. Figure 16-4 illustrates a reasonably fine mesh for this problem.
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FIGURE C-6 Boundary Mode window for a rectangle with a circular hole.
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FIGURE C-7 Boundary specification window.
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FIGURE C-8 Plot selection window.

Having finished the creation of problem geometry, boundary conditions, and finite element
meshing, the solution is now ready to be completed and the results displayed. However, before
running the solver, select the desired graphical solution output. The choice of results to be
displayed is found in the Parameters tab under the Plot menu. Selecting this tab activates the
Plot Selection window, as shown in Figure C-8. Numerous choices are available on the variables
to be plotted and the type of plot to be made. Selecting the variable x stress and choosing a contour
plot type produces contours of g,, as shown in Figure 16-4. Many other graphical displays can be
sequentially generated and saved for later use. Different stages of the finite element solution can
be revisited after completion of the final solution. However, going back and modifying an earlier
stage normally requires that all subsequent solution steps be redone; for example, going back to
the drawing stage requires the boundary conditions and meshing data to be input again. Because
the software is so easy to use, redoing certain steps is normally not a difficult task.

This brief discussion presents only some of the basics of the PDE Toolbox. Further and more
detailed information can be found under the Help menu, and an entire user manual (PDF format) is
available for reference and/or printout.

Reference

Palm W1J: A Concise Introduction to MATLAB, McGraw-Hill, New York, 2008.
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Appendix D Review of Mechanics of Materials

Beginning undergraduate studies of the mechanics of deformable solids is normally taught in
a course called mechanics of materials or strength of materials. Based on very restrictive
assumptions, this study develops stress, strain, and displacement field solutions for a very limited
class of elastic solids with simple geometry. Strength of materials theory commonly makes use
of assumptions on the geometry of the deformation (e.g., plane sections remain plane) and thus
assumes the distribution of displacements and strains. Further simplification is also sometimes
made on the stress field. Because of the level of approximation, strength of materials is often
referred to as the elementary theory when compared to the more exact elasticity model.
Nevertheless, decades of application have shown that mechanics of materials provides reason-
able estimates for many practical stress analysis problems. Furthermore, strength of materials
solutions have provided guidance for the development of particular elasticity solutions.

We now pursue a brief review of the basic strength of materials solutions of extension, torsion,
and bending/shear of elastic rods and beams as shown in Figure D-1. Rod and beam structures are
normally defined as prismatic solids with a length dimension much larger than the other two
dimensions located within the cross-section. General loadings to such structures commonly
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FIGURE D-1 Extension, torsion, and bending/shear deformation of beam-type structures.
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include an axial force P, a shear force V, a torque 7, and a bending moment M. Mechanics of
materials theory develops an approximate solution for each of these four loading types.

Commonly these solutions will be restricted to cases with particular cross-sectional shapes
that are related to section properties of A = area, / = polar moment of inertia, and I =
rectangular moment of inertia. Because these solutions are useful to compare with related
elasticity models, we now briefly review their development. In addition to these problems, we
review curved beams and cylindrical pressure vessels.

D.1 Extensional Deformation of Rods and Beams

We begin with the simplest case concerning the extensional deformation of an elastic rod or
beam under purely axial loading P, as shown in Figure D-2. For this case the cross-section can
be of general shape, but the resultant loading must pass through the section’s centroid so as not
to produce bending effects. The fundamental deformation assumption is that all points in the
cross-section displace uniformly in the axial direction (x-direction), thus making the problem
one-dimensional.

Under this assumption, the only nonzero stress component considered is the normal component
0 = g, and it is assumed to be uniformly distributed over the section, as shown in Figure D-2.
A simple force balance will give P = cA, where A is the cross-sectional area. This result then
generates the simple stress relation:

0=— D.1)

Because the problem is one-dimensional, Hooke’s law reduces to ¢ = E¢ and the single strain

d
component is given by ¢ = d_u Combining these results with relation (D.1) produces the simple
x

displacement or deformation relation:

P
=|-—d
u JAEX

PL
=1F (constant loading)

(D.2)

X

FIGURE D-2 Extensional deformation problem.
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D.2 Torsion of Circular Rods

The next loading case concerns the torsional loading and deformation of rods as shown in
Figure D-3. For this case, the cross-section must be circular or hollow circular, thereby
simplifying the section deformation. The deformation assumption for this problem is that
points within the cross-section displace only tangentially and in proportion to the distance from
the section’s center. Thus, cross-sections perpendicular to the rod’s axis remain plane during
the deformation and no section warping will occur.

X

FIGURE D-3  Torsional deformation problem.

Under such deformation, the section shear strain y = 7,, will vary linearly from the center.
Typical of the elementary theory, only one nonzero stress component will be considered; this is the
shear stress, T = 7,9, lying in the cross-sectional plane. Because the strain component varies
linearly, the section shear stress also behaves in the same manner as shown in Figure D-3. Applying
equilibrium between the applied loading T and the assumed shear stress distribution gives

T:J (@r)rdA:T'ﬂJ 2dA =1
A\ ¢ ¢ Ja c

where J = fA r2dA is known as the polar moment of inertia of the cross-section and for a solid
4

circular section of radius ¢, J = - Rearranging the previous expression gives the standard

stress relationship for the torsion problem:

Tc
Tmax = 7 (D3)

and, of course, relation (D.3) can be used to calculate the shear stress at any radial distance.

To determine the angle of twist ¢, consider a rod element of length dx as shown in Figure
D-3. Under small torsional deformation, the outer fiber arc AB can be expressed in two ways,
thus giving the relation y,,,,.dx = d¢c. This result then implies

A _ ma _ T
dx c Ju
where p is the shear modulus. Integrating this result gives the familiar relation
T
=|—d
¢ J T

o~ (D.4)
= — (constant loading)
Ju
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D.3

Bending Deformation of Beams under
Moments and Shear Forces

The application of transverse external loadings will introduce internal bending moments M and
shear forces V in beam type structures as shown in Figure D-4. Each of these internal forces
will generate stresses within the structure, and mechanics of materials theory has developed
approximate relations to calculate them. Beam deflection relations have also been formulated
to determine the resulting deformation of the beam’s centroidal axis (x-axis).

Transverse Loading

\
/' ’
v L’
.
,/
y L’
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M 4
7/'“ g
d
z= d
/)< v

FIGURE D-4 Bending and shear loadings on beam structures.

Before heading into these stress and deflection analysis relations, we first explore the
standard methods of determining bending moment and shear force distributions in beams.
These distributions will be needed for stress and deflection calculations. Typically this proced-
ure involves a static equilibrium analysis of the beam, taking into account the particular support
conditions and the nature of the applied loadings. Although other, more complicated conditions
can be modeled, most beam problems involve three types of idealized supports: pinned, roller,
and fixed as shown in Figure D-5. Such support conditions involve particular constraints on the
deformation and these can be translated into particular support reaction forces.

We will now explore the typical procedures to determine the internal bending moment and
shear force distribution for a particular beam problem, with the understanding that other
problems with different loadings and support conditions can be handled in the same funda-
mental manner. Consider the problem of a simply supported beam (pinned and roller supports)
carrying a single concentrated loading of P, as shown in Figure D-6.

We wish to determine the moment and shear distribution as a function of coordinate x. This
is easily done by constructing one or more sections through the beam in locations where the
distributions are continuous, and is given by a single unique relation. For the problem under
study, there exist two such regions: 0 < x < g and ¢ < x < L. After making the appropriate
sections, a free-body diagram of each portion of the beam can then be constructed, as shown in
Figure D-7. Note that the vertical reaction R from the left support has been calculated from
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FIGURE D-5 Common supports for beam problems.
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FIGURE D-6 Simply supported beam example.
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overall equilibrium analysis of the entire beam, and the shear force V and bending moment M
have been included at the cut location x. Normal positive sign conventions for the shear and
moment are drawn in the figure.
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FIGURE D-7 Free-body diagrams of sectioned beam segments.

Applying equilibrium analysis (balance of vertical forces and moments) yields the
following results for the shear force and bending moment in each portion of the beam.

Pb/L, 0<x<a
Vx) =

—Pa/L, a<x<L
Pbx/L, 0 <x<a
Pa(L—x)/L, a<x<L

(D.5)

Mx) = {

These results are plotted in Figure D-8, and the maximum values can then be easily deter-

mined; for example, M., = M|,_, = Pba/L. Note that a general relation between the moment
M

and shear, V =—, can be developed by an equilibrium analysis of a differential beam

element. Solutions to other problems follow using the same basic procedures.
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FIGURE D-9 Assumed deformation within beams.

Referring to Figure D-9, the fundamental mechanics of materials assumption for beam theory is
that plane sections perpendicular to the beam axis before deformation remain plane after deform-
ation. Recall that the beam axis is the line that goes through the centroid of each cross-sectional
area. This assumption leads to the result that the extensional strains due to bending vary linearly
from the beam axis. Neglecting all other normal strain and stress components, the bending stress,
0 = 0y, also varies linearly, and thus ¢ = Ky, where K is some constant. Applying equilibrium
between the applied loading M and the assumed bending stress distribution gives

M= ,J Ky*dA = fKJ y2dA = —KI
A A
where [ = jA y*dA is the moment of inertia of section area A about the neutral axis (z-axis in

Figure D-4) that goes through the centroid of the cross-section. This result establishes the value
for the constant K, and thus the stress relation is now given by the familiar relation
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(D.6)

This simple linear relation predicts maximum stresses at either the top or the bottom of the
section depending on the location of the centroid; this is illustrated in Figure D-10 for the case
of a centrally located centroid. Note that the positive moment produces compression at the top
of the section and tension at the bottom.

FIGURE D-10 Bending stress distribution in the beam section.

The fundamental hypothesis that plane sections remain plane during deformation provides
the basis to determine the theory for beam deflection analysis. As shown in Figure D-9, the
beam axis is bent into a locally circular shape with a radius of curvature p. Denoting A0 as the
included angle between nearby sections, the longitudinal strain can be expressed as

oo P YAO—pAO _ y
' pAO p

where y represents the coordinate measure as shown. Using Hooke’s law and relation (D.6), the
strain can also be written as

eI My
T E EI

Combining these two results gives the Euler-Bernoulli curvature-flexure relation:

L ®.7)
p i
where 1/p is the curvature. From geometry, the curvature of any two-dimensional space curve
v(x) is given by
d*v
1 a2 d*v

. A\ 2 27 e
dx

where we have assumed small deformations and small slopes. Now interpreting v(x) as the

vertical deflection of the beam axis (positive upward), we can write the equation of the elastic
curve as
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dx> EI
Note that, for the case where deflection is positive downward, the right-hand side of relation
(D.8) picks up a minus sign. Once the moment distribution M(x) has been determined, relation
(D.3.8) can then be integrated to determine the transverse beam deflection—that is, the elastic
deflection curve v(x). This solution scheme requires the use of particular boundary conditions
to evaluate the arbitrary constants of integration that are generated during the integrations.
Consider the simple cantilever beam example shown in Figure D-11. The beam is fixed at
x = L and carries a single concentrated force at the free end, x = 0. Taking a single section at
any location x, the shear and moment distributions are easily foundtobe V = —Pand M = —Px.
Using equation (D.8) and integrating twice yields

d*v
EIE:—PX

dv Px?
El—=——+4+C

dx y T4

P3
E[v:*%+clx+C2

Boundary conditions at x = L require zero deflection and zero slope, and thus lead to relations

dv(L) PL?
EI =——4+(C; =0
dx y to
3

PL
Elv(L) = —?+C1L+C2 =0

which can be solved to determine the constants C; = PL?/2 and C, = —PL?/3. Combining
these results gives the final form for the beam deflection relation:

! 3 2 3
_ _
V= l( x +3L°x —2L°)

From this relation the maximum deflection is found at the free end,

PL3

Vmax = V(O) = _E

The results of another example beam deflection problem are shown in Figure D-12.
The final step in our review of beam problems concerns the effect of the shear force V.
Although not explicitly stated, the previous discussion of beam deflection was concerned only

v X
|
W ——_ L

Elastic Curve

FIGURE D-11  Cantilever beam example.
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FIGURE D-12  Uniformly loaded beam deflection problem.
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FIGURE D-13 Loadings on a beam element.

with the bending moment loading. It has been shown that shear effects on beam deflections are
only important for very short beams whose length to section dimension ratio is less than 10.
Generally, then, mechanics of materials theory neglects shear force effects when calculating
beam deflections. However, in regard to beam stresses, the internal shear force must give rise
to a resulting shear stress distribution over the cross-section. For this case, no simple assump-
tion exists for the deformation or strain distribution, and thus we must make some modification
from our previous stress analysis developments.

Figure D-13 illustrates a typical beam element for the general case where the moment will
be changing with location x. Thus, the resulting bending stress distribution on the left-hand
side of the element will not be identical to the stress on the right-hand side. This fact will create
an imbalance of forces and will generate a shear stress 7 on a horizontal plane, as shown in the
sectioned element in Figure D-13. Note that the identical shear stress will also exist on the
vertical plane at the same location y'. Assuming that this shear stress is uniformly distributed
over the differential beam element length dx, we apply a simple equilibrium force balance in
the x-direction to get

M +dM M am (1
T yda — | (5 )ydA - ) =0 =t ="Z ()| yaa
J, (57 ppaa= [, (7 pran s =02 =G (F) ]

where ¢ is the thickness of the section at y = y/, and A’ is the partial section area above

dM
the level y =y’ Now, as previously mentioned, i V, and if we let Q = [,, ydA, our force
X

balance reduces to
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This is the mechanics of materials formula for the shear stress distribution in beam-bending
problems. It should be observed that Q is the first area moment of section A’ about the neutral
axis, and it varies as a function of the vertical coordinate measure y’, vanishing when y’
corresponds to the top or bottom of the section. This parameter can also be expressed by

0= J ydA =y A’
AI

where j' is the vertical distance to the centroid of the partial area A’.
To explore shear stress variation across an example beam section, consider the rectangular
section shown in Figure D-14. Recall that for a cross-section of rectangular shape of height &

1
and width b, the moment of inertia is given by the relation / = Ebh3' Taking y = y/, the

relation for Q can be written as

o 1 (h h R Y
0=sa= 3 (3-2)| G- ) -2 (5 ) (A0

Using these results in the shear stress formula (D.9) gives

vQ 6V (iW?
=2 (5) ®-1D

which predicts a parabolic shear stress distribution over the section (see Figure D-14) that

. . 3V .
vanishes at the top and bottom and takes on maximum Tp,x = A at the neutral axis (y = 0).

This concludes our brief review of the standard four stress and deflection analyses for
extension, torsion, and bending and shear of beams.

A A
g Ty 1% (hZ y2>

277/ o

z h

Neutral Axis /

<—b—>|

FIGURE D-14 Rectangular section shear stress distribution analysis.
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D.4 Curved Beams

We now discuss the mechanics of materials analysis of curved beams. This topic is often
omitted in the first undergraduate course and is sometimes covered in later courses on
advanced mechanics of materials, machine design, or structures. The analysis is concerned
with the bending deformation of a prismatic beam (constant cross-section) that is in a circular
shape, as shown in Figure D-15. These structures commonly occur in various machine parts
such as hooks and links. Clearly this structure is not modeled well using straight beam theory,
and thus strength of materials must be used to develop a suitable curved beam analysis.

It has been shown that for curved beams the normal strain no longer varies linearly from the
neutral axis. We again consider only cross-sections that have an axis of symmetry perpendicu-
lar to the moment axis, as shown in Figure D-16. Consistent with mechanics of materials
theory, we assume again that cross-sections remain plane after the deformation. Using the
isolated beam segment illustrated in Figure D-16, this assumption allows simple calculation of
the strain distribution.

L <

M M

FIGURE D-15 Curved beam geometry.

ri

W\
JARN;

Neutral Axis

Elongated Fiber

FIGURE D-16 Curved beam section and strain analysis.

Considering a beam fiber located a distance r from the center of curvature, the original fiber
length is rdf and the change in length is given by (R — r)dy, where each section rotates an
amount dis/2 because of the applied moment. Using classical definition, the fiber strain is
given by
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rd0 r

&g =

where k = diy/d0 is a constant parameter for a given element. It is observed that, unlike
straight beams, the strain varies in a nonlinear hyperbolic fashion. Under the usual assumption
that one component of stress and strain exists, Hooke’s law gives the bending stress

R-1
r

o9 =0 = Ee =FEk

(D.13)

With the results just given, the location of the neutral axis and the stress—moment relation can
be determined. Similar to straight beam theory, the location of the neutral axis is found by
requiring that the resultant force normal to the cross-sectional area A must vanish, and thus

R—r A
JadA:JEk( Dia=0=R=-2 (D.14)
r fdA
A A -
;.
A

The location dimension R is then a function only of section properties and does not correspond
to the section centroid as found in straight beam theory.

This location can be easily calculated for particular geometric shapes. For example, using
the inner and outer radial dimensions shown in Figure D-15, the location for a rectangular
section is R = (b — a)/log(b/a). Note that this result indicates that, even for a rectangular
section with two axes of symmetry, the neutral axis is not located at the centroid (geometric
center).

The stress—moment relation is found by the usual equilibrium statement that balances the
applied section moment to the resulting stress field:

o2
M:J(R—r)aa’A:JEk(R D A
A A
(D.15)
= Ek R2J@72RJdA+erA
;.
A A A
— EXAGF — R)

where 7 is the location of the section centroid measured from the center of curvature.
Combining this result with relation (D.13) gives the desired relation

MR —r)
o= 2GR (D.16)
A specific comparative example is shown in Figure D-17 for a curved beam of rectangular
section of unit thickness with propertiesa = 3,b = 5,and M = 1 (using suitable consistent
units). The results compare bending stresses predicted from both straight and curved beam
theory. The nonlinear distribution from curved beam theory is clearly evident; however, results
from straight beam theory compare reasonably well. For beams with a relatively large radius of
curvature, the two theories are in good agreement, while for cases with small values of 7 /(b — a),
the differences become significant.
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FIGURE D-17 Comparison of curved and straight beam theory for rectangular section.

D.5 Thin-Walled Cylindrical Pressure Vessels

We conclude our review of mechanics of materials with a discussion of the analysis of thin-
walled cylindrical pressure vessels. The elementary theory is concerned only with the uniform
stresses developed in the side walls away from any concentration effects at the ends. The only
loadings on the vessel are due to application of a uniform internal pressure p. It is further
assumed that the vessel thickness 7 is much smaller than the mean radius r of the side wall.

As shown in Figure D-18, under these conditions an axial stress g, and a hoop stress o, are
generated at all points on the lateral sides of the cylinder. Because the vessel is assumed to
have thin walls, variation of the stress through the wall thickness can be neglected. The
resulting state of stress is then assumed to be biaxial, under the condition that the pressure
loading on the inside surface is normally much smaller than the axial and hoop stresses.

To determine these two side-wall stresses in terms of vessel geometry and pressure loading,
a simple equilibrium analysis is done. The cylindrical vessel is first sectioned to isolate a
semicircular strip of width dx, as shown in Figure D-19. Then an equilibrium analysis in the
horizontal direction is conducted on the segment to give

20,(tdx) — pQ2rdx) = 0 =
_pr D.17)

g,
Ty

Note that, because the vessel is thin, our analysis makes no distinction between inner, outer,
and mean vessel radius.
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Internal Pressure, p

FIGURE D-19 Cylindrical vessel section.

To determine the axial stress, we conduct an axial force balance of a sectioned half-vessel
(similar to Figure D-18 with a left end cap) to get

o,2mrt) — p(nrz) =0=

_pr (D.18)
%= o

Relations (D.17) and (D.18) provide the mechanics of materials predictions for the stresses in
the pressure vessel structure. Note that the hoop stress is twice the magnitude of the axial
stress. These forms indicate that for 7/t >> 1 the two side-wall stresses are much larger than p.
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A
Airy stress function, 144, 147, 151, 267,
334, 392-393

Alternating symbol, 7
Angle of twist, 218
Analytic function, 261
Angular momentum, 67
Anisotropic elasticity, 80, 297
Antiplane strain, 143, 213, 415
Antisymmetric tensors, 6
Approximate solution methods, 106
Approximating functions (FEM), 476
Axisymmetric problems

plane case, 171

three-dimensional case, 387

B
Basis vectors, 4
Beam problems
pure bending, 155
sinusoidal transverse loading, 162
uniform axial loading, 153
uniform transverse loading, 157
Beltrami-Michell compatibility equations
general equations, 97
plane strain, 137
plane stress, 140
Beltrami stress function, 381
Bending of curved beams, 194
Bessel function, 417418, 455
Betti-Rayleigh reciprocal theorem, 120-121
Bianchi relations, 51
Biharmonic equation, 145, 147
Biharmonic functions, 145, 366, 368
Biharmonic solutions, 145, 147
Biharmonic vectors, 367, 368, 384
Body couple, 449
Body forces, 55
Body force vector, finite element theory, 480
Boundary conditions, 92-95

Boundary element method, 107, 474, 489
Boundary integral equation, 489
Boussinesq potentials, 374

Boussinesq problem, 371, 374

Brazilian test, 197

Bulk modulus, 84

Burgers vector, 433

C

Calculus of variations, 128

Cartesian coordinate system, 8

Cartesian tensor notation, 10

Castigilianos theorem, 126

Cauchy stress, 60

Cauchy’s integral formula, 263

Cauchy’s integral theorem, 262

Cauchy-Riemann equations, 262

Cellular materials, 389

Center of dilatation, 379, 387, 442

Center of flexure, 247

Center of rotation, 443

Cerruti’s problem, 372

Cesaro integral, 46

Characteristic equation (principal value
problem), 12-16

Circumferentially orthotropic, 329

Clapeyron’s theorem, 120

Coefficient of thermal expansion, 86, 338

Comma notation, 17

Compatibility equations. See Beltrami-
Michell compatibility
equations; Saint-Venant
compatibility equations

Complementary energy, 124-126

Completeness, 365, 372

Complex conjugate, 260

Complex derivative, 261

Complex displacements, 267

Complex Fourier series, 274, 321

Complex potential functions, 271

Complex stresses, 268
Complex temperature, 352
Complex variable, 259
Complex variable methods
anisotropic plane problem, 315
anisotropic torsion problem, 310-311
plane problem, 266292
thermoelastic plane problem, 352-359
torsion problem, 259
Compliance tensor, 298
Composites, 297, 301, 306
Concentrated force problem
plane problem, 182, 278, 279, 317-320
three-dimensional problem, 370-372,
410-414, 437-440
Conformal mapping/transformations, 265,
283, 320
Conical shaft under torsion, 242
Conjugate functions, 262
Conservation of angular momentum, 67
Conservation of energy, 338
Conservation of linear momentum, 66
Constitutive relations, 77
Contact problems, 189
Continuum mechanics, 3
Contraction of tensors, 5
Conversion between plane strain
and plane stress
isothermal case, 141
thermoelastic case, 342
Convex region, 373
Coordinate systems
Cartesian, 8, 473
cylindrical, 21, 497
general orthogonal curvilinear, 22
polar, 25
spherical, 22, 497
Coordinate transformation, 8
Cosserat continuum, 449
Couple stress tensor, 449
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Couple stress theory, 56, 448-457

Coupling term (thermoelastic energy
equation), 338

Crack density parameter, 445

Crack problems, 192-193, 287-292,
325-328, 359, 416418

Cross product, 16

Curl operation, 18, 24

Curved beams, 194-197

Curvilinear anisotropy, 328

Cyclic functions, 272, 318, 319, 356

Cylindrical coordinates, 21, 497

D
Deformation, 31
Degrees of freedom, 478
Del operator, 18
Determinant, 7
Dilatation, 40, 50
Dirac delta function, 277
Direct solution method, 102
Dislocations

edge, 432434

screw, 52, 432, 435
Displacement formulation, 98—100
Displacement gradient tensor, 33
Displacement potentials, 365
Displacement vector, 32
Divergence operation, 18-20, 24
Divergence theorem, 20
Dot product, 16
Doublet mechanics, 431, 463
Dual vector, 28
Duhamel-Neumann thermoelastic

law, 86, 338

Dyadic notation, 11

E
Eigenvalue problem, 12-16
Elasticity with distributed cracks,
431, 445, 471
Elasticity with voids, 432, 457, 471
Elastic material, 77-79
Elastic limit, 78
Elastic moduli, 80, 82
Element assembly, 482
Elliptical hole problem, 286288,
320-324, 357-359
Energy equation, 338
Energy methods
minimum complementary energy, 125
minimum potential energy, 124
Engineering strains, 36
Equilibrated body force, 458
Equilibrated force, 458
Equilibrated stress vector, 458
Equilibrium equations, 66
Cartesian, 67, 499
cylindrical, 70, 499
polar, 75
spherical, 70, 499
Essential boundary conditions, 124

Euler-Bernoulli beam theory,
126-128

Eulerian description, 32

Even functions, 166

Extension of cylinders, 216

F
Fabric tensor, 298
Failure criteria (distortional strain
energy), 117
Finite difference method, 107, 473
Finite element method, 107, 473, 474
Fixity conditions, 154, 156, 160, 164
Flamant solution, 182, 280, 407, 465
Flamants paradox, 466
Flexure of cylinders
circular section, 247
general formulation, 243
rectangular section, 249
Force doublet, 378, 386, 440, 441
Fourier integral form, 416
Fourier law of heat conduction, 337
Fourier methods, 105, 161, 233
Fourier series, 165
Fourier integral, 416
Fracture mechanics, 193, 212, 288,
325, 359, 416
Functionally graded materials,
80, 391, 407
Fundamental solution, 121

G
Galerkin vector, 365, 367, 384
Gamma function, 409
Generalized plane stress, 141-142
Global reference system, 482
Graded materials, 391, 393, 394,
399, 407, 425
Gradient operation, 18, 24
Granular materials, 200, 214, 431
Green’s theorem in the plane, 21
Greens function, 121, 491

H

Half-space problems, 181, 280, 319, 371,
372, 407

Harmonic functions, 246, 262, 366, 367

Heat conduction, 337

Heat flux vector, 337

Helmbholtz representation theorem, 365

Hollow cylindrical domain, plane problem,
172

Holomorphic functions, 261

Homogeneous materials, 80

Hooke’s law, 79, 81, 298-304, 392-393,
403, 479

Hydrostatic compression (tension), 84

Hyperelastic materials, 117

1
Incompatibility tensor, 51
Incompressibility, 84

Index notation, 4
Indirect tension test, 197
Induced mappings, 321
Infinite space problems, 279, 369,
437445
Infinitesimal (small) deformations, 32, 34
Inhomogeneous elastic half-space, 407, 413
Inner product, 5
Integral equation, 418
Integral transform methods, 106, 460
Interface conditions,
perfectly bonded interface, 95
slip interface, 95-96
Internal energy, 338
Interpolation functions, 477
Invariants
general tensor, 13
stain, 40
stress, 61
Inverse solution method, 103
Irrotational vector field, 365
Isochromatic fringe patterns, 191,
200, 212, 214
Isotropic materials, 80
Isotropic tensors, 10, 27, 81, 86, 87

K
Kelvin problem, 121, 369,

437440
Kolosov-Muskhelishvili potentials, 268
Kronecker delta, 7

L

Lagrange interpolation functions, 476

Lagrangian description, 32

Lamé’s constant, 81

Lamé’s strain potential, 366-367

Lamellar vector field, 365

Laplace equation, 105, 143, 222,
233,262

Laplace transform, 460

Laplacian operation, 18, 24-26

Laurent series, 263

Legendre differential equation, 377

Legendre functions and polynomials, 377

Length scales, 431, 452, 463

Line integrals, 20, 262-263

Line of dilatation, 444

Loading vector, finite element theory, 480

Local coordinates, 482

Love strain potential, 369

M

Maclaurin series, 263

Material symmetry, 299-304, 306

Material symmetry group, 299

MATLAB, 505

Matrix notation, 16

Matrix products, 16

Maximum shear stress, 63, 72,
191, 200, 211

Maxwell stress function, 365, 382
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Mechanics of materials, 518

Membrane analogy, 225

Mesh (FEM), 474

Michell solution, 169

Micromechanics, 431

Micropolar stress theory, 56, 448, 454

Modulus of elasticity, 82, 84

Mohr’s circle, 63

Monoclinic materials, 301

Morera stress function, 365, 382

Multiply connected regions,
45,223, 237

Multivaluedness, 46, 264, 272, 433

N
Navier equations
antiplane strain case, 143
general equations, 99, 392, 500-501
plane strain case, 136-137
plane stress case, 140
Natural boundary conditions, 124
Negative Poisson’s ratio, 389
Neumann principle, 297
Nodal displacements, 477, 482
Nodal forces, 480
Nodal points, 473
Nonhomogeneous elasticity
airy stress function, 392-393
antiplane strain problems, 415-418
Hooke’s law, 392
plane hollow cylindrical domain
problem, 396402
point force on half-space, 407414
rotating disk problem, 402—407
torsion problem, 418-425
uniaxial tension, 394-396
Nonhomogeneous materials, 80, 391

(0]

Octahedral plane, 65
Octahedral stress, 65

Odd functions, 166
Orthogonality conditions, 10
Orthotropic materials, 301, 306

P
Papkovich-Neuber solution, 365, 372-376
Permutation symbol, 7
Photoelastic results
contact loadings, 191
crack problem, 212
disk under compression, 200
granular media, 214
Physical components, 23
Piola-Kirchhoff stress, 60
Plane axisymmetric problem, 171, 207
Plane strain
isothermal, 135
thermal 340
Plane stress
isothermal, 138
thermal 341

Point force problem, 182, 280,
407, 465

Poisson equation, 219

Poisson’s ratio, 82, 83

Polar coordinates, 25

Polar coordinate formulation
isothermal, 145
thermoelastic, 347

Polar orthotropic materials, 329

Polynomial solutions, 151

Poroelasticity, 432

Positive definite strain energy form, 116

Potential functions, 365

Potential theory, 223, 343, 436

Power series method for Airy

function, 105, 151

Prandtl stress function, 219, 420

Principal value problem
principal directions, 13
principal values, 12

Proportional limit, 78

Pure shear, 83

Q

Quadratic form of strain energy, 116

R

Radial stress distribution, 408

Radially orthotropic, 329

Rayleigh-Ritz method, 106, 128

Reciprocal theorem, 120-121

Reference temperature, 338

Reissner’s principle, 126, 130

Residues, 264

Restrictions on elastic moduli, 119, 305

Rigid body motion, 31, 34, 37-38

Rosette strain gage, 49

Rotating disk problem
homogeneous, 210-203
nonhomogeneous, 402407

Rotation tensor, 33

Rotation vector, 34

N
Saint-Venant compatibility equations, 41
Saint-Venant’s principle, 101, 138, 215
Saint-Venant theory, deformation
of cylinders

bending flexure, 215, 243

extension, 215, 216

torsion, 215, 217
Scalar notation, 3
Scale factors, 22
Self-equilibrated forms, 381
Semi-inverse solution method, 104, 215
Shear center, 247
Shear modulus, 81, 83
Shear stress, 58
Simple tension, 82
Simply connected regions, 44, 264
Single-valued displacements, 41
Singular stress states, 436

Singularities
branch points and cuts, 264
general definition, 261
poles, 263
Solenoidal vector field, 366
Somiglianas identity, 121, 490
Specific heat capacity, 338
Spherical coordinate solutions, 361, 376,
387-389
Spherical coordinates, 22, 497
Spherical harmonics, 377
Spherically symmetric problems, 387
Stationary potential energy, 124
Steady-state thermal conditions, 339
Stiffness matrix, 480
Stokes theorem, 20
Strain compatibility, 41-46
Strain displacement relations
Cartesian, 36, 498
cylindrical, 47, 498
polar, 146
spherical, 47, 498
Strain energy, 113
Strain energy forms
distortional, 117
general, 116
volumetric, 117
Strain gage, 49
Strain tensor, 33
deviatoric strain, 41
extensional strain, 35
normal strain, 35
principal strain, 40
shear strains, 36
spherical strain, 41
Strain transformation, 38
Strength of materials theory, 518
Stress concentration factors
anisotropic case, 320-324
BEM solution, 495
elasticity with voids case, 459-462
FEM solutions, 485, 486
micropolar case, 454-457
plane elastic cases, 175, 177-178,
179, 286288
three-dimensional cases, 378-380,
387-388
Stress functions, 144, 219, 381
Stress intensity factor, 193, 291,
327, 328, 418
Stress-strain curve, 78
Stress tensor (Cuachy), 57-58
deviatoric stress, 65
normal stress, 58
octahedral stress, 65
principal stress, 61
shear stress, 58
spherical stress, 65
von Mises stress, 65
Stress tensor (Piola-Kirchhoff), 60
Stress transformation, 60
Stress vector, 57
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Summation convention, 5
Superposition principle, 100
Surface forces, 56
Symmetric tensors, 5

T
Taylor’s series, 263
Temperature, 86
Tensor definition, 10
Tensor product, 11
Tensor transformation, 8
Thermal conductivity, 338
Thermal conductivity tensor, 337
Thermal expansion coefficient, 86, 338
Thermal fracture, 359
Thermoelastic displacement potential
solution, 343
Thermoelastic plane strain formulation,
340-341
Thermoelastic plane stress formulation,
341-342
Torsion of cylinders
anisotropic formulation, 306-312
displacement formulation, 222
elliptical section, 227
equilateral triangular section, 230
general formulation, 217
multiply connected sections, 223, 238

rectangular section, 233
stress formulation, 218
thin rectangular sections, 236
thin-walled sections, 239
variable diameter, 241
Torsion problem, 417
Torsional rigidity
homogeneous case, 222
inhomogeneous case, 421
Traction boundary conditions, 92
Traction vector, 57
Transformation matrix, 8
Transformation of field variables, 502
Transversely isotropic materials, 302
Triangular element, 476
Triclinic material, 299

U

Uncoupled conduction equation, 338
Uncoupled thermoelastic formulation, 339
Uniaxial (simple) tension, 82, 119
Uniaxial tension, graded sheet, 394-396
Uniqueness theorem, 118

Unit matrix, 7

\%
Variational methods, 128-130
Vector notation, 3

Vector products, 16

Velocity field, 338

Virtual displacements, 122

Virtual work principle, 122

Virtual work formulation for finite element
method, 478

Voigt matrix notation, 298

Volume fraction, 457

Volumetric deformation, 84

von Mises stress, 65

w

Warping displacement, 217, 218
Weak form, 475

Wedge problems, 179

Weighted residual method, 130
Westergaard stress function, 288, 291

Y
Yield point, 78
Young’s modulus, 82, 83, 85

Z
Zero-value theorem, 21
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